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FOREWORD 


Seven  comprehensive  Technical  Reports  were  issued  under  Contract  N6ori-20,  Task  Order  IX, 
Project  019  101,  with  the  Office  of  Naval  Research:  a  Quarterly  Report  for  the  period  1  June  1947  to 
31  August  1947;  an  Annual  Report  (in  two  parts)  for  the  period  from  1  September  1947  to  31  August  1948; 
a  Report  (in  two  parts)  for  the  period  1  September  1948  to  31  March  1950;  a  Report  (in  two  parts)  for  the 
period  1  April  1950  to  31  March  1951;  a  Report  (in  two  parts)  for  the  period  1  April  to  31  March  1952. 

The  Technical  Report  for  1952-3,  issued  in  two  parts,  and  Part  One  of  the  Technical  Report 
for  1953-4,  which  covered  roughly  the  period  1  October  1953  to  31  March  1954,  were  issued  jointly 
under  this  Laboratory's  contract  with  the  Office  of  Naval  Research  (ONR)  and  Contract  DA-11-022-1002, 
Project  TB2-0001  (505)  with  the  Office  of  Ordnance  Research  (OOR).  Part  Two  of  the  Technical  Report 
for  1953-4  was  issued  jointly  under  these  contracts  and  Contract  AF18(600) -471 ,  Project  No.  R-351-40-4 
with  the  Office  of  Scientific  Research  (AFOSR)  of  the  Air  Research  and  Development  Command  (ARDC). 

The  Technical  Reports  for  1955  and  1956  were  issued  jointly  under  the  contracts  with  ONR,  OOR,  AFSOR, 
and  under  Contract  AF19(604)1 -0 19  with  the  Geophysics  Research  Directorate  (GRD)  of  the  Air  Force 
Cambridge  Research  Center.  The  OOR  contract  was  extended  without  additional  funds  from  1  October 
1957  through  30  September  1958  and  a  Final  Report  was  issued. 

The  work  under  the  original  ONR  Contract  N6ori-20,  IX,  Project  019101  was  completed  on 
30  September  1956,  and  a  Final  Report  was  issued.  A  new  contract,  Nonr-2121  (01),  went  into  effect 
1  October  1956:  work  described  in  the  1956  and  subsequent  Technical  Reports  and  supported  by  the  ONR 
has  been  done  under  this  contract. 

The  original  GRD  contract  terminated  25  October  1957.  This  work  was  continued  under  GRD 
contract  AF19(604)-3478  which  terminated  19  December  1959.  The  work  has  further  continued,  beginning 
15  January  I960,  under  contract  AF19(604)-6662  with  the  Electronics  Systems  Division  (AFESR)  of  the 
Air  Force  Systems  Command  (AFSC).  At  the  termination  of  this  contract  on  14  January  1963,  a  final 
report  was  issued  and  work  continues  under  a  new  contract  AF19(628)-2474,  for  the  period  15  January 
1963  through  31  March  1966. 

The  AFOSR  contract  was  extended  for  two  years  from  1  October  1956  without  added  funds  but 
with  the  provision  of  ample  computing  time,  for  the  completion  of  the  work  under  the  contract  on  the 
Univac  Scientific  (Remington -Rand  1103  and  1103A)  electronic  digital  computers  at  Wright  Field  Air 
Force  Base  (WADC);  a  Final  Report  was  issued.  With  the  availability  of  these  computer  facilities, 
new  funded  support  from  a  National  Science  Foundation  (NSF)  grant  make  it  possible  to  carry  this  work 
further  forward. 

All  the  contract  mentioned  thus  far  were  under  the  direction  of  Professor  R.  S.  Mulliken  as 
Principal  Investigator.  A  one-year  contract  from  WADC,  AF33(6l6)-5608  with  Professor  C.  C.  J. 
Roothaan  as  Principal  Investigator  went  into  effect  1  April  1958,  and  the  use  of  the  computing  facilities 
at  WADC  since  30  September  1958  on  all  the  contracts  and  the  NSF  grant  was  under  the  auspices  of  this 
contract,  extended  on  a  no-cost  basis  through  31  May  1959-  These  computing  facilities  continued  to  be 
made  available  under  a  one -year  contract  AF49(638) -699  from  AF  Office  of  Scientific  Research,  Office 
of  Aerospace  Research  which  expired  30  June  I960.  Continued  use  was  made  of  the  facilities  under 
AFOSR,  OAR  contract  AF49(638)- 1068  which  commenced  1  April  1961  and  terminated  30  April  1962. 

Under  a  new  contract  AF33(657)-8891  which  was  funded  1  May  1962,  use  of  the  computing  facilities  at 
WADC  was  continued  through  September  1962.  In  October  1962,  all  computational  efforts  were  trans¬ 
ferred  to  new  facilities  established  at  the  University  of  Chicago  Computation  Center,  with  Professor 
C.  C.  J.  Roothaan  as  Director.  These  facilities  originally  consisted  of  an  IBM  7090  and  IBM  1401 


VI 


and  peripheral  equipment,  but  in  June  1963  conversion  of  the  IBM  7090  to  a  7094  was  carried  out,  and 
in  December  of  1964  the  1401  was  replaced  by  an  IBM  7040.  All  computing  efforts  now  employ  the 
University  of  Chicago  Computing  Center  IBM  7040-7094  system. 

Beginning  12  June  1959.  a  three-year  contract  with  the  OOR  (now  the  Army  Research  Office, 
ARO)  has  been  in  effect,  sponsored  under  auspices  of. Advanced  Research  Projects  Agency,  funded 
under  ARPA  Order  368  Task  4,  for  theoretical  computations  on  light  molecules,  under  Professor 
C.  C.  J.  Roothaan  and  Dr.  B.  J.  Ransil  as  Principal  Investigators,  with  Professor  Mulliken  as 
Consultant.  At  its  expiration,  the  contract  was  renewed  for  another  three-year  period,  and  the  work 
is  continuing  with  Professor  Roothaan  as  Principal  Investigator  and  Professor  Mulliken  as  Consultant. 

The  present  Technical  Report  for  1964  is  issued  jointly  under  the  contracts  (ONR,  AFESD, 
AFOSR,  and  ARO)  which  have  supported  our  research  during  the  period  1  January  1946  through 
31  December  1964.  A  few  papers  supported  largely  by  National  Science  Foundation  grants  are  also 
included,  because  of  their  close  relation  to  other  work  here  reported  and  because  of  their  partial 
support  by  the  contracts.  Spectroscopic  equipment  used  in  the  work  under  the  National  Science 
Foundation  Molecular  Complexes  grant  (G-20375)  was  in  part  provided  by  the  ONR  contract. 

For  a  complete  list  of  papers  published  from  1  January  1953  up  to  early  I960  by  personnel 


of  the  Laboratory  of  Molecular  Structure  and  Spectra,  reference  may  be  made  to  the  Technical  Report 
1957-9,  Part  Two.  Papers  from  this  Laboratory  published  in  the  period  1947-52  are  listed  in  the  ONR 
Final  Report  of  30  September  1956. 
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SCF  EXCITED  STATES  AND 
TRANSITION  PROBABILITIES  OF 
SOME  NEON-LIKE  AND  ARGON- LIKE  IONS 

by 

Paul  S.  Bagus 


ABSTRACT 

Analytic  self-consistent  field  (SCF)  wave  functions  were  computed 
for  the  ground  states  of  the  closed-shell  atomic  systems  F",  Ne,  Na+;  and 
Cl',  Ar,  and  K+,  and  for  those  ground  and  excited  states  of  the  open-shell 
systems  that  are  obtained  by  removing  a  single  electron  from  any  one  of 
the  occupied  shells  of  these  closed- shell  systems.  Details  of  the  calcula¬ 
tion  of  the  functions  are  presented  with  emphasis  on  a  justification  of  the 
procedures  used  for  the  calculations  for  excited  states.  A  high  accuracy 
is  obtained;  the  calculations  for  the  closed-shell  systems  give  the  most 
accurate  analytic  SCF  wave  functions  that  have  yet  been  reported.  Ioniza¬ 
tion  potentials  are  calculated  and  compared  with  experimental  values. 
Computed  ionization  potentials  for  the  removal  of  a  2s  electron  from  Cl“, 
Ar,  and  K+,  for  which  no  direct  experimental  data  are  available,  are  esti¬ 
mated  to  be  accurate  to  within  1%.  It  is  found  that  the  removal  of  an 
electron  from  the  outermost  s  shell  increases  the  correlation  energy,  in 
contradiction  to  the  predictions  of  a  recently  proposed  semi -empirical 
scheme  for  estimating  the  correlation  energy.  For  example,  the  magnitude 
of  the  correlation  energy  of  the  lowest  ZS  state  of  Ar+  is  ~4  eV  greater  than 
the  magnitude  of  the  correlation  energy  of  neutral  argon.  The  effect  of  the 
nonzero  off-diagonal  Lagrangian  multipliers  is  considered  and  found  to  be 
important  for  the  inner -shell  hole  states.  The  SCF  functions  have  been  used 
to  compute  dipole  transition  probabilities  for  photon  emission.  The  tran¬ 
sition  probabilities  are  computed  in  several  different  ways  to  examine  the 
effects  of  various  approximations.  In  particular,  the  results  obtained  using 
length,  velocity,  and  acceleration  operators  are  compared.  The  calculated 
radiation  width  for  the  K-state  of  argon  is  combined  with  an  experimental 
value  of  the  K-fluorescence  yield  to  obtain  a  value  of  the  total  K-state  width 
in  agreement  with  experiment. 

I.  INTRODUCTION 

In  this  paper,  analytical  self-consistent  field  (SCF)  functions  are 
presented  for  the  ground  states  of  the  closed-shell  atomic  systems  F", 

Ne,  Na+,  Cl',  Ar,  and  K+,  and  for  those  ground  and  excited  states  of  the 
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open-shell  systems  that  are  obtained  by  removing  a  single  electron  from 
any  one  of  the  occupied  shells  of  these  closed- shell  systems.  Specifically, 
we  present  SCF  functions  for  the  lsz2sz2p5,  lsz2s2p6,  and  ls2sz2p6  con¬ 
figurations  of  F,  Ne+,  and  Na++,  which,  for  convenience,  we  refer  to  as  the 
2p-hole,  2s-hole,  and  ls-hole  states,  respectively;  and  SCF  functions  for 
the  lsz2sz2p63sz3p5,  1  sz2sz2p63s3p6,  lsz2sz2p53sz3p6,  1  sz2s2p63sz3p6,  and 
1  s2sz2p63sz3p6  configurations  of  Cl,  Ar+,  and  K++,  which  we  refer  to  as  the 
3p-hole  state,  3s-hole  state,  etc.  These  states  are  of  interest  for  X-ray 
emission  and  absorption  phenomena.  They  are  also  useful,  for  example, 
for  calculating  the  effect  of  the  electronic  charge  distribution  on  electron 
capture  by  the  nucleus.^) 

Several  properties  of  the  wave  functions  have  been  calculated. 
Expectation  values  of  r  and  rz  are  given  for  the  SCF  orbitals  and  overlap 
integrals  between  total  wave  functions  not  orthogonal  by  symmetry.  In  the 
final  section  of  this  paper,  dipole  transition  matrix  elements  between  the 
wave  functions  are  presented. 

The  SCF  wave  functions  were  calculated  using  the  Roothaan 
analytic  expansion  method.  This  method  was  developed  first  for  closed-shell 
systems  and  then  extended  to  a  large  class  of  open- shell  systems.  In  its 
present  form,  the  method  will  treat  a  system  with  any  number  of  open  shells, 
provided  there  is  at  most  one  open  shell  for  each  one-electron  symmetry 
species.  (2»3>4) 

Extensive  investigations  have  led  to  the  development  of  reliable  and 
accurate  numerical  techniques  to  implement  the  application  of  the  analysis. 
These  techniques  have  been  incorporated  into  computer  programs,  written 
for  the  IBM  704,  7090,  and  7094,  for  the  calculation  of  atomic  SCF  wave 
functions..^' 

Many  SCF  calculations  have  been  performed,  using  the  Roothaan 
analysis,  with  the  goal  of  obtaining  accurate  representations  of  the 
Hartree-Fock  functions. (5-9)  However,  these  functions  have  been  for 
ground  or  low-lying  excited  states.  The  functions  presented  here  are  the 
first  analytic  SCF  calculations  for  X-ray  excited  states  of  atomic  systems. 
To  our  knowledge,  the  only  numerical  Hartree-Fock  calculations  for  such 
states  that  correctly  take  exchange  into  account  are  those  of  Sureau  and 
Berthier  on  aluminum. 
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II.  THEORY 


In  the  Roothaan  expansion  method,  the  SCF  orbitals  omitting 

spin,  are  given  in  terms  of  basis  functions  Xp  \a  bY 

^iXa  =  2p  ^p,XaCiX,p'  ^ 

Here  X  labels  the  symmetry  species,  and  a  the  subspecies;  for  atoms, 
these  are  usually  denoted  by  £  and  m.  The  principal  quantum  number  is 
represented  by  i,  and  p  labels  different  basis  functions  of  the  same  sym¬ 
metry.  The  complete  spin-orbital  is  given  by 

^iXas  =  ^iXa  'H  s'  (2aJ 


where 


7)b  ~  a>  °r  Vs  =  P-  (2b) 

The  set  of  basis  functions  used  in  an  expansion  SCF  wave  function  is 
referred  to  as  the  basis  set  of  the  function. 

The  notation  used  in  Eqs.  (l)  and  (2)  is  that  adopted  by  Roothaan. 
Since  only  atomic  systems  are  considered  in  this  paper,  the  standard 
notation  for  atomic  orbitals,  nim,  will  be  used,  hereafter,  in  place  of 
Roothaan1  s  more  general  notation,  iXa. 

For  atomic  calculations,  the  basis  functions  are  given  by 

Xp,im(r*0^)  =  R£p(r)Y^m(0,<#!),  (3) 

where  Y£m(0,$)  are  normalized  spherical  harmonics,  and  the  radial 
functions  Rgp(r)  are  normalized  nodeless  Slater-type  orbitals  (STO's); 
namely, 

=[<W1^p>nV*rnip'vCipr-  (4) 

The  integer  ng  is  called  the  principal  quantum  number  of  the  basis 
function,  and  the  orbital  exponent.  Care  should  be  taken  not  to 
confuse  the  two  different  uses  of  "principal  quantum  number."  The 
principal  quantum  number  of  an  orbital  is  the  label  that  distinguishes 
that  orbital  from  other  orbitals  of  the  same  symmetry  species  and  sub¬ 
species.  The  principal  quantum  number  of  an  STO  is  merely  a  flexible 
parameter  of  a  basis  function.  For  example,  in  our  calculations  on 
argon,  the  Is  orbital  is  expanded  in  terms  of  Is,  2s,  and  3s  STO's. 
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The  choice  of  Slater-type  orbitals  for  the  radial  functions  R^p(r)  is 
physically  reasonable,  and  the  computation  of  necessary  integrals  between 
*•  STO's  is  simple  (at  least  for  atoms).  Several  expansion  SCF  calculations 

have  been  made  on  atomic  systems  with  the  goal  of  obtaining  accurate 
functions  using  small  basis  sets  of  STO's.  The  results  of  these  calculations 
agree  quite  well  with  Hartree-Fock  (HF)*  functions  obtained  by  direct 
numerical  integration. (9) 

The  many-electron  wave  function  is  constructed  from  one  Slater 
determinant,  or  a  linear  combination  of  a  few  Slater  determinants,  of  the 
occupied  SCF  orbitals.  The  combination  is  made  so  that  the  wave  function  is 
an  eigenfunction  of  L2,  S2,  Lz,  andSz.  (Methods  for  constructing  eigenfunctions 
of  angular  momentum  from  Slater  determinants  are  contained  in  Refs.  11 
and  12.)  The  wave  function  is  also  an  eigenfunction  of  the  inversion  operator 
and  has  a  definite  parity.  The  variational  principle  is  applied  to  obtain 
equations  for  the  coefficients  Cn^  [  in  Eq.  (1)].  These  equations  are 

then  solved  without  further  approximation.  In  particular,  the  off-diagonal 
Lagrangian  multipliers  that  couple  equations  for  open-  and  closed- shell 
orbitals  of  the  same  symmetry  are  treated  properly.  (Procedures  that 
treat  the  off-diagonal  Lagrangian  multipliers  in  an  approximate  way  are 
contained  in  Refs.  13  and  14).  It  will  be  demonstrated  in  the  discussion 
of  the  results  that  neglect  of  the  off-diagonal  Lagrangian  multipliers 
significantly  affects  the  SCF  functions  of  certain  excited  states. 

Equations  (1),  (2),  and  (3)  place  certain  restrictions  on  the  form  of 
the  SCF  orbitals  that  should  be  stated  explicitly.  Equation  (2)  requires  that 
t  the  spin-orbital  be  factored  into  a  product  of  a  spatial  function  and  a  spin 

function.  Equations  (1)  and  (3)  introduce  the  central  field  approximation  by 
requiring  that  the  orbital  be  factored  into  a  product  of  a  radial  function  and 
a  spherical  harmonic.  A  further  consequence  of  Eqs.  (l)  and  (3)  is  that  all 
the  electrons  of  a  given  shell  have  the  same  radial  function.  Thus,  0n^m 
may  be  written  as** 

=  Fni(r)Y£m(e-^)’ 


where 


Fni(r)  2p  pMCni,p*  (6) 


*The  notations  SCF  and  HF  will  oe  used  almost  interchangeably.  When 
we  wish  to  distinguish  between  analytic  expansion  orbitals  as  opposed 
to  exact  solutions  of  the  HF  equations,  we  will  use  the  notation  SCF 
orbitals  as  opposed  to  HF  orbitals. 

**The  use  of  F(r)  to  represent  the  radial  portion  of  an  orbital  is  an 
unfortunate  deviation  from  the  standard  notation  which  is,  of  course. 
R(r).  We  do  this  to  avoid  confusion  with  the  notation  for  the  basis 
function  R^p(r). 
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These  orbitals  are  symmetry-adapted;  i.e.,  they  form  bases  for  irreduci¬ 
ble  representations  of  the  symmetry  group  of  the  (atomic)  Hamiltonian. 

(For  a  discussion  of  the  symmetry  problem  in  the  HF  scheme,  see  Ref.  15.) 

An  additional  requirement  is  that  the  occupied  SCF  orbitals  form  an 
orthonormal  set, 

<^ml^nTm,>=  I'm'' 

Because  the  orbitals  are  symmetry-adapted,  this  reduces  to  the  requirement 
that 


f  >£e<r>Fn'J<r>r2  dr  *  *„.»'• 
Jo 


(7b) 


In  matrix  notation,  Eq.  (7b)  becomes 


<Sae§|£n  'i  =  6n,n'' 


(7c) 


where  cn£  is  a  vector  that  collects  the  coefficients  Cn^  and  is  the 
overlap  matrix  of  basis  functions  of  symmetry  species 


sipq  = 


R^p(r)R^q(r)r2  dr. 


(8) 


In  the  numerical  HF  procedure,  no  assumption  is  made  about  the 
form  of  the  radial  function  Fn  «(r).  The  variational  principle  is  applied  for 
arbitrary  variations  of  the  radial  functions,  subject  to  the  constraint  that 
they  form  an  orthonormal  set,  and  integro-differential  equations  for  the 
Fn^'s  are  obtained. (2,3)  (Reference  16  presents  an  excellent  review 

of  numerical  Hartree-Fock  procedures.  Reference  17  discusses  the 
applications  of  numerical  techniques  to  high-speed  digital  computers.) 

The  solutions  of  the  integro-differential  equations  satisfy  the 
cusp  condition,^ *9) 

[(l/fn£)(dfni/dr)]r_o  =  -  z/(Jt  +1),  (9a) 


where 


FnfJ(r>  =  riWr>- 


(9b) 
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The  cusp  condition  may  be  used  as  a  criterion  for  the  accuracy  of  an  ex¬ 
pansion  SCF  orbital  near  the  origin.  Moreover,  an  orbital  with  a  poor  cusp 
value  may  be  a  poor  representation  of  an  exact  HF  orbital,  nc*  only  in  the 
region  r-*0,  but  also  over  the  entire  range  of  the  function.  The  cusp  con¬ 
dition  is  a  necessary  but  not  a  sufficient  condition  that  the  orbital  be  a  so¬ 
lution  of  the  HF  equations.  A  basis  set  can  be  chosen  so  that  an  expansion 
SCF  orbital  will  satisfy  the  cusp  conditions  exactly;(8)  however,  the  orbital 
may  still  be  a  poor  approximation  of  the  exact  HF  orbital. 


The  total  Hamiltonian  operator  for  an  atomic  system  may  be 
written,  in  atomic  units,  as 


5 Y  -  ST  +<?'', 


where 
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*  =  2i(-  i  4 


and 

=  -2i(z/ri)  +  2i<j(l/rij), 


(10a) 


(10b) 


This  Hamiltonian  is  valid  for  a  system  with  nonrelativistic  Coulomb 
interactions  and  an  infinitely  heavy  nucleus. 

If  T  is  an  exact  eigenfunction  of  for  any  bound  state,  then  the 
virial  theorem, 

<y\<r\V>  /<f\f\  ¥>  =  -  2,  (11) 

is  satisfied.  If  ¥  is  an  approximate  eigenfunction  which  contains  a 
variable  scale  factor  k  such  that  ¥(x1,...,xn)  =  (kxj.  ... ,  kxn),  and 
k  has  been  chosen  to  satisfy  (3/3  k)  (<  Y'|  ¥’>  )  =  0,  then 

this  approximate  ¥  also  satisfies  Eq.  (11).' 

Exact  HF  functions  satisfy  the  virial  theorem  since  arbitrary 
variation  of  the  radial  part  of  the  orbitals  includes,  implicitly,  variation 
of  a  scale  factor.  Expansion  SCF  functions  for  an  arbitrary  basis  set 
will  not,  in  general,  satisfy  the  virial  theorem.  If,  however,  variation  of 
the  exponents,  as  well  as  the  linear  coefficients,  is  performed,  the  virial 
theorem  will  be  satisfied  when  all  parameters  have  been  optimized. 

Hence,  for  expansion  SCF  functions,  the  virial  theorem  is  a  necessary, 
but  by  no  means  sufficient,  condition  that  an  optimum  basis  set  (in  the  sense 
of  satisfying  variational  equations)  has  been  used. 
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Let  {¥(a)}  be  a  set  of  trial  functions,  where  the  index  a,  distinguishes 
different  members  of  the  set  from  which  we  wish  to  choose  an  approximate 
wave  function  for  some  state  of  a  system.  The  index  _a  may  represent  a 
set  of  variable  parameters,  any  one  of  which  may  be  discrete  or  continuous. 
Let  ¥(A)  be  chosen  from  the  set  {¥(a)}  as  the  solution  of  equations  determined 
from  application  of  the  variational  principle;  i.e.,  ¥(A)  satisfies 

6a[<¥(a)  |ST|  *(»)>/<*  (a)  |  ¥(a»]  =  0.  (12) 

If  ¥(A)  is  an  approximate  wave  function  for  the  ground  state  of  the  system 
or  for  the  lowest  excited  state  of  a  symmetry  (if  the  trial  functions  ¥(a)  are 
symmetry-adapted),  then  ¥  (A)  is  the  best  function  possible  for  the  restricted 
form  of  the  trial  functions  -  best  in  the  sense  that  the  expectation  value  of 
the  energy  for  ¥(A),  <  ¥  (A)  |sF|1f(A)  >  =  E(A),  is  more  nearly  equal  to  the 
true  energy  eigenvalue  E(t)  than  the  expectation  value  of  the  energy  for  any 
of  the  other  trial  functions  ¥(a).  Moreover,  E(A)  s  E(t),  and,  if  E(A)  =  E(t), 
then  ¥(A)  is  the  true  eigenfunction. (20*21)  * 

This  is  not  true  for  excited  states  that  are  not  the  lowest  states  of 
a  symmetry  unle s s  the  trial  functions  (¥(a)}  are  constrained  to  be  orthogonal 
to  the  exact  eigenfunctions  of  all  states  of  lower  energy.  The  imposition  of 
this  constraint  is,  of  course,  not  possible  in  general  since  the  exact 
eigenfunctions  of  the  lower  states  are  not  known.  One  procedure  would  be  to 
require  trial  functions  for  excited  states  to  be  orthogonal  to  approximate 
wave  functions  for  lower  states.  In  the  calculation  of  excited- state  SCF 
functions,  this  is  not  done;  no  explicit  requirement  of  orthogonality  to 
lower  SCF  states  is  made.'  ’ 

We  rely  on  the  physical  model  of  the  choice  of  the  form  of  the 
SCF  excited- state  wave  function  to  guarantee  near -orthogonality  to  the 
SCF  wave  functions  for  lower-lying  states.  This  physical  model  is, 
of  course,  the  orbital  or  shell  structure  of  the  atom.  Indeed,  the  only 
constraint  that  is  imposed  to  obtain  an  excited- state,  rather  than  a 
ground-state,  wave  function  is  the  specification  of  the  electronic  con¬ 
figuration.  For  a  ls-hole  state,  for  example,  the  HF  operators  are 
constructed  on  the  assumption  that  the  Is  orbital  is  occupied  by  only  one 
electron.  Eigenvectors  of  the  HF  operators  are  obtained  and  iterations 
are  performed  in  the  usual  way  until  the  condition  of  self-consistency  is 
met;  but  the  assumption  that  the  Is  orbital  is  singly  occupied  is  maintained 
throughout  the  process.  The  singly  occupied  Is  orbital  is  chosen  at  each 
iteration  to  be  the  eigenvector  (of  the  appropriate  HF  operator)  with  the 
lowest  orbital  energy.  This  choice  is  easily  justified  by  the  fact  that  the 
orbital  so  chosen  is  the  occupied  orbital  that  is  most  similar  to  a  hydro- 
genic  Is  orbital. 

The  HF  operators  are  functions  of  the  electron  density.  The  electron 
density  of  a  complex  atom  does  not  change  drastically  in  going  from  ground  to 
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excited  states.  Thus,  the  HF  operators  for  ground  and  excited  states  are  not 
drastically  different,  and  SCF  wave  functions  for  excited  states  are  very 
nearly  orthogonal  to  SCF  wave  functions  for  lower  states.  The  3s -hole 
state  of  argon  is  the  lowest  2S  state  of  Ar+;  the  Is -hole  state,  a  very  highly 
excited  2S  state,  lies  about  3000  eV  above  the  3s -hole  state.  Even  for  this 
extreme  case,  the  overlap  integral  between  the  many-electron  SCF  wave 
functions  for  these  two  states,  <  ¥  (ls-hole)  |  (3s-hole)>,  is 

5  x  10"4.  The  requirement  that  the  is -hole  SCF  wave  function  be  orthogonal 
to  the  3s-hole  SCF  wave  function  would  produce  only  a  very  small  change 
in  the  ls-hole  wave  function.  Further,  since  the  3s -hole  SCF  wave  function 
is  only  an  approximate  eigenfunction,  we  do  not  know  whether  the  constraint 
of  orthogonality  would  improve  or  worsen  the  ls-hole  wave  function. 

Overlap  integrals  between  many-electron  SCF  wave  functions  for  all  those 
states,  presented  in  this  paper,  that  are  not  orthogonal  by  symmetry  are 
given  in  Table  XV.  [M.  Cohen  and  A.  Daglarno  (Z2)  and  D.  Layzer(^) 
have  investigated  the  overlap  of  SCF  excited  states  of  the  same  symmetry 
using  expansions  of  SCF  wave  functions  in  powers  of  l/z  and  find  that 
the  overlap  is  zero  to  order  (l/z)2.] 

For  a  certain  class  of  excited-state  SCF  wave  functions,  it  is 
possible  to  state  easily  tested  conditions  that  must  be  fulfilled  in  order 
that  the  SCF  energy  be  an  upper  bound  to  the  true  energy  of  the  state.'  ' 
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III.  DETAILS  OF  THE  CALCULATION  OF 
THE  SCF  WAVE  FUNCTIONS 


To  obtain  analytic  SCF  orbitals  that  are  good  approximations  to  the 
exact  orbitals,  it  is  necessary  to  use  a  basis  set  that  very  nearly  spans  the 
true  HF  manifold.  It  is  perhaps  possible  to  do  this  by  using  large,  more  or 
less  arbitrarily  chosen,  basis  sets,  but  if  this  is  done,  several  difficulties 
arise.  Numerical  processes  that  work  well  for  basis  sets  of  reasonable 
size  become  troublesome,  and  round-off  error  becomes  important  when 
large  basis  sets  are  used.  Long  expansions  of  atomic  functions  are  poor 
starting  points  for  molecular  and  solid-state  calculations,  while  short  ex¬ 
pansions  have  proved  to  be  excellent  starting  points  for  molecular  SCF 
calculations . (25)  By  using  large  basis  sets,  one  loses  much  of  the  advan¬ 
tage  of  simplicity  that  the  analytic  representation  of  SCF  functions  has  over 
numerical  tables  of  orbitals.  For  large  atomic  systems,  the  finite  size  of 
the  computer  becomes  an  important  limiting  factor  on  the  size  of  the  basis 
set. 


For  these  reasons,  we  have  used  basis  sets  of  limited  size,  making 
a  careful  choice  of  the  exponents  and  principal  quantum  numbers  of  the 
STO's  in  order  to  minimize  the  total  SCF  energy.  Particular  emphasis  is 
placed  on  varying  the  exponents  to  find  optimum  values.  This  variation  is 
performed  automatically  by  the  computer  program.!4)  Our  method  of  ex¬ 
ponent  variation  is  to  perform  several  complete  SCF  calculations  for  dif¬ 
ferent  values  of  the  exponents  and  to  interpolate  between  these  values. 

While  we  do  not.  explicitly  solve  variational  equations  for  the  expo¬ 
nents  with  this  method,  we  do  obtain  a  stationary  value  of  the  expectation 
value  of  the  energy  with  respect  to  the  exponents.  The  particular  station¬ 
ary  value  that  we  obtain  is  a  minimum.  Explicit  variational  equations  for 
the  exponents  as  well  as  the  linear  coefficients  Cn£  p  have  been  given  by 
Dehn.(26)  The  equations  for  the  exponents  appear  to  be  difficult  to  solve. 
One  important  problem  is  that  the  basis  functions  used  to  represent:  an 
SCF  orbital  (to  a  given  accuracy)  are  by  no  means  uniquely  deter¬ 
mined.  (27,28)  Our  brute -force  variation  of  the  exponents  has  proved  to 
be  a  quite  satisfactory  procedure. 

When  basis  sets  of  limited  size  are  used,  it  is  important  to  build 
up  the  basis  set  systematically  to  the  final,  accurate  set.  The  initial  cal¬ 
culation  for  a  state  should  be  made  with  a  rather  small  basis  set..  This 
set  can  give  only  a  crude  approximation  to  the  exact  HF  wave  function, 
but  for  a  small  set  it  is  easy  to  find  the  optimum  values  of  the  principle 
quantum  numbers  and  exponents.  This  gives  a  first  or  base  reference 
point  for  more  accurate  calculations  on  the  state.  Additional  exponents 
are  then  introduced,  usually  one  at  a  time,  and  the  exponents  reopti¬ 
mized.  It  is  not  sufficient  to  optimize  only  the  exponents  of  the  new  basis 
functions;  the  exponents  of  old  functions  must  also  be  adjusted  when  a  new 
function  is  added.  In  this  way,  it  is  possible  to  gauge  the  "need"  for  the 
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new  basis  function,  and  to  make  an  educated  guess  about  the  "need"  for  an 
additional  basis  function.  The  intermediate  sets,  formed  in  this  build-up 
process,  are  often  useful  in  themselves. 

Because  of  the  many  SCF  calculations  involved  in  the  optimization 
of  the  basis  set,  the  experience  gained  in  the  calculation  of  one  state  must 
be  applied  to  the  calculation  of  similar  states  of  the  same  or  neighboring 
atoms.  Linear  extrapolations  and  interpolations  of  the  exponents  for 
states  already  computed  provide  good  approximations  to  the  optimized 
exponents  of  a  nearby  state.  This  is  particularly  true  for  smaller  basis 
sets,  since  for  these  sets  the  optimum  values  of  the  exponents  are 
well-defined.  For  larger  basis  sets,  where  several  different  sets  of 
values  of  the  exponents  will  give  functions  with  the  same  total  energy,  the 
interpolated  and  extrapolated  values  provide  a  good  starting  point  for 
exponent  variations  that  lead  to  the  optimized  values. 

Thus  the  calculation  of  the  functions  of  a  series  of  states  must  be 
done  systematically,  and  the  function  for  each  state  must  not  be  computed 
as  a  separate  problem.  This  systematic  procedure  will  also  uncover 
errors  in  optimization  of  basis  sets.  If  an  extrapolation  or  interpolation 
to  a  neighboring  state  fails  to  work  well,  one  has  excellent  reason  to 
suspect  an  error  in  one  of  the  previously  computed  states.  While  the 
calculation  of  the  SCF  wave  function  for  a  single  state  is  laborious  and 
time-consuming,  the  calculation  of  wave  functions  for  a  series  of  states 
is  fairly  economical. 

It  will  be  useful,  for  the  following  discussion,  to  introduce  the  notion 
of  a  loop  of  an  orbital.  A  hydrogenic  radial  function  with  quantum  numbers 
ni  has  n  -  i  -  1  nodes  and  n  -  i  loops  between  these  nodes  and  the  points 
r  =  0  and  r  =  •».  Similarly,  the  HF  radial  function  Fn  (r)  generally  has 
n  -  i  -  1  nodes  and  n  -  H,  loops.  The  contributions  to  the  HF  operator  of 
exchange  terms  and  off-diagonal  Lagrangian  multipliers  will  introduce, 
in  exceptional  cases,  extra  nodes  and  loops  near  the  tail  of  the  orbital;* 
but  the  function  is  very  small  in  these  loops,  and  for  this  discussion  they 
may  be  ignored.  For,  HF  orbitals  of  a  particular  state  of  a  system,  the 
Is  orbital  and  the  inner  loops  of  the  2s  and  3s  orbitals,  in  a  rough  sense, 
occupy  the  same  region  of  space.  Similarly,  the  outer  loop  of  the  2s  orbital 
and  the  middle  loop  of  the  3s  orbited  occupy  the  same  region  of  space. 

Thus,  for  a  given  state  of  a  system,  the  n^1  loops  of  HF  orbitals  of  the  same 
symmetry  roughly  define  a  distinct  range  of  values  of  r.  The  range  is 
rather  well-defined,  except  for  an  outer  loop.  The  outer  loop  of  an  orbital 
always  has  a  long  "tail"  going  slowly  to  zero.  This  division  of  r  into 
distinct  ranges  permits  us  to  consider  groups  of  basis  functions,  where 
each  group  is  chosen  to  fit  a  particular  loop. 

*See  Ref.  29  and  the  discussion  in  Section  IV-E  of  this  paper. 
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The  computer  program  used  for  the  SCF  calculations  has  facilities 
for  the  coupled  variation  of  the  exponents  of  one,  two,  or  three  basis  func¬ 
tions.  The  choice  of  the  exponents  to  be  varied,  if  any,  is  part  of  the  input 
data  to  a  run. 

When  the  exponent  of  one  basis  function  is  varied,  the  program  per¬ 
forms  complete  SCF  calculations  for  different  values  of  the  exponent  being 
varied  while  all  the  other  exponents  are  held  fixed.  An  energy  minimum  is 
found  and  bracketed  by  calculations  for  five  values  of  the  exponent  at  inter¬ 
vals  of  ^  A£.  The  optimum  value  of  the  exponent  is  determined  by  interpo¬ 
lation;  a  quartic  is  fit  to  these  five  points  and  its  minimum  is  obtained. 

The  exponent  variation  increment,  A£,  is  a  flexible  input  parameter. 

Care  must  be  taken  in  the  choice  of  A£  so  that  the  interpolation  may 
be  accurate.  If  A  £  is  chosen  too  small,  the  differences  of  the  calculated 
SCF  energies  will  be  small  and  the  interpolation  will  be  in  error  because  of 
the  round-off  errors  in  the  SCF  energies.  This  is  not  too  serious  since  the 
optimum  value  of  the  exponent  is  indeterminate  because  of  this  round-off 
error  in  the  SCF  energies;  however,  fairly  large  amounts  of  computer  time 
may  be  wasted  by  trying  to  bracket  the  energy  minimum  too  closely.  More¬ 
over,  if  the  energy  differences  are  small  enough,  a  true  energy  minimum 
may  be  missed  because  the  round-off  in  the  SCF  energies  causes  an  appar¬ 
ent,  but  false,  minimum.  Since,  for  calculations  of  the  size  presented  here, 
the  round-off  error  in  the  SCF  energy  appears  to  be  a  few  units  in  the 
eighth  significant  figure,  we  tried  to  choose  A£  so  that  the  SCF  energy 
changed  by  at  least  a  few  units  in  the  seventh  significant  figure  between 
adjacent  SCF  calculations. 

If  A^  is  chosen  too  large,  the  interpolation  will  be  in  error  because 
the  points  (in  exponent  space)  at  which  SCF  calculations  are  made  are  too 
far  apart  to  be  fit  meaningfully  by  a  quartic.  The  usual  symptom  of  this  is 
large  changes  in  the  SCF  vector  coefficients  C_  a  between  adjacent  points. 

nx'jp 

These  changes  indicate  that  the  basis  function  is  being  "used"  in  the  SCF 
orbitals  in  qualitatively  different  ways  for  different  values  of  the  exponent. 
The  best,  simple  way  to  test  whether  A£  has  been  chosen  too  large  is  to 
compare  the  interpolated  value  of  the  total  energy  with  the  energy  obtained 
from  an  SCF  calculation  using  the  interpolated  value  of  the  exponent.  This 
SCF  calculation  is  automatically  performed  by  the  program. 

The  quartic  interpolation  scheme  is  sufficiently  accurate  so  that, 
for  a  properly  chosen  A£,  the  predicted  and  computed  values  of  the  energy 
will  agree  within  round-off  error.  The  range  of  acceptable  values  of  A  £ 
is,  in  fact,  quite  large,  and  only  in  exceptional  cases  must  A  £  be  given  to 
more  than  one  or  one  and  one-half  significant  figures. 

The  procedures  for  the  coupled  variation  of  two  and  three  exponents 
are  an  extension  of  those  described  above  for  the  variation  of  a  single 
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exponent.  However,  while  a  one -dimensional  variation  requires  at  least 
five  SCF  calculations,  a  two-dimensional  variation  requires  at  least  25 
SCF  calculations,  and  a  three-dimensional  variation  requires  at  least  125. 

Multidimensional  variations  should  couple  the  exponents  of  basis 
functions  used  to  represent  a  loop  of  the  orbitals.  They  should  not  couple 
the  exponents  of  basis  functions  used  to  represent  different  loops.  A 
multidimensional  variation  will  usually  give  better  values  for  the  exponents 
than  a  series  of  one -dimensional  variations  since  a  larger  region  of 
exponent  space  is  examined  in  a  multidimensional  variation.  However,  a 
multidimensional  variation  may  use  more  computer  time  than  a  series  of 
one -dimensional  variations.  The  exponent  variation  procedures  are 
described  in  detail  elsewhere. (4) 


The  principal  quantum  numbers  of  the  STO's  of  a  basis  set  can  be 
chosen  in  a  special  way  so  that  the  cusp  condition  of  Eq.  (9)  is  automatically 
satisfied  for  all  the  SCF  orbitals. (®)  We  call  a  basis  set  of  STO's  whose 
principal  quantum  numbers  have  been  chosen  in  this  special  way  a  fixed-cusp 
set.  Extensive  experience,  especially  for  first-row  atoms, (9)  but  also  for 
some  second-row  atoms,  (30) 

has  shown  that  if  fixed-cusp  sets  are  not 
used  it  is  possible  to  obtain  accurate  SCF  orbitals  with  adequate  cusp 
values  using  smaller  basis  sets.  Often  the  best  energies  obtained  using 
these  free-cusp  sets  were  lower  than  the  best  energies  obtained  using 
the  larger  fixed-cusp  sets.  For  this  reason,  we  choose  to  use  free-cusp 
sets. 


Whereas  the  exponents,  being  continuous  parameters,  were  optimized 
by  continuous  variation,  the  principal  quantum  numbers  of  the  basis  func¬ 
tions,  being  integers,  need  to  be  chosen  more  or  less  arbitrarily.  Our  pref¬ 
erence  was  to  choose  principal  quantum  numbers  for  the  STO's  that  are 
to  represent  the  n*h  loop  of  a  series  of  orbitals  so  that  the  STO's  would 
have  the  same  power  of  r  as  hydrogenic  functions  representing  that  loop 
have.  Thus,  for  the  states  of  the  fluorine,  neon,  and  sodium  ions,  we 
used  2p  STO's  to  represent  the  2p  orbital;  and  for  the  states  of  the  chlorine, 
argon,  and  potassium  ions,  we  used  3s  STO's  to  represent  the  outer  loop  of 
the  3s  orbital. 

This  was  by  no  means  a  hard  and  fast  rule;  we  did  limited  experi¬ 
mentation  with  other  values.  The  need  for  experimentation  was  usually 
indicated  by  one  of  the  following  three  factors: 

1.  The  failure  of  the  automatic  exponent  variation  procedures  of 
our  computer  programs  to  operate  efficiently.  The  program  would  vary 
the  exponents  so  as  to  cause  the  basis  set  to  become  nearly  redundant; 
that  is,  the  basis  functions  at  some  stage  of  the  exponent  variation  process 
would  form  a  nearly  linearly  dependent  set.* 

*  A  precise  measure  of  the  redundancy  of  a  basis  set  is  the  value  of  the  determinant  of  the  overlap 
matrix  S  of  the  basis  functions.  As  the  determinant  of  S  goes  to  zero,  the  basis  set  goes  to  complete 
redundancy  (exact  linear  dependence). 
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2.  The  failure  of  a  subset  of  the  full  basis  set  to  adequately  repre^ 
sent  a  loop.  This  is  indicated  when  a  basis  function  that  is  important  in  a 
region  of  space  outside  the  loop  does  not  have  a  small  coefficient  when  it 
contributes  to  the  representation  of  the  lo<  •>.  Consider  the  Is  orbital  of 
neutral  argon,  for  example.  For  the  accurate  SCF  function  (see  Table  III), 
the  principal  quantum  numbers  of  the  basis  functions  that  represent  the 
inner  s-loop  are  1,  2,  and  3,  The  coefficients  of  these  functions  for  the 

Is  orbital  are  large,  and  the  Is  coefficients  Cjgp  of  the  remainder  of  the 
s  basis  functions  are  of  the  order  of  1  x  10"4.  We  tried  to  obtain  an  SCF 
function  of  the  same  accuracy  using  two  Is  and  one  3s  basis  functions  to 
represent  the  inner  s-loop.  In  this  case,  the  Is  coefficients  of  the  remain¬ 
der  of  the  s  basis  functions  were  as  large  as  2  x  10-2. 

3.  The  desirability  of  keeping  the  basis  set  as  nearly  linearly 
independent  as  possible.  For  the  states  of  the  chlorine,  argon,  and  potas¬ 
sium  ions,  we  believe  that  we  have  a  less  redundant  basis  set  if  we  use 
three  2p  and  one  4p  basis  functions  to  represent  the  inner  p-loop,  than 

if  we  were  to  use  four  2p  basis  functions.  This  consideration  is  important 
only  when  we  come  to  the  final,  largest  basis  sets  used  to  obtain  the  most 
accurate  SCF  wave  functions. 

The  minimization  of  the  total  SCF  energy  EsCF  was  the  fundamental 
criterion  used  to  choose  the  basis  sets  for  the  SCF  functions  reported  here. 
The  analytic  SCF  orbitals  determined  by  using  this  criterion  are  not  uni¬ 
formly  good  approximations  to  the  exact  HF  orbitals.  The  orbitals  of  the 
electrons  that  contribute  most  to  EgCF»  the  core  or  inner- shell  electrons, 
are  determined  most  accurately.  The  orbitals  of  the  electrons  which  con¬ 
tribute  least  to  EgcFi  the  valence  or  outer-shell  electrons,  are  determined 
least  accurately. 

Because  of  the  limitations  of  the  computer,  the  total  energy  is  only 
computed  to  eight  significant  figures.  The  contribution  of  the  outer  shells 
to  EscF  i®  masked  by  the  large  contributions  of  the  core,  A  rough  mea¬ 
sure  of  the  contribution  of  an  electron  in  the  ni- shell  to  EgCF  is  the 
orbital  energy  €ni-  Eor  neutral  argon,  we  have  the  values  EsCF  =  -526.817, 
eis  =  -119.610,  and  e3S  =  -1.277;  the  unit  of  energy  is  the  Hartree  (1  Har- 
tree  =  27.2098  eV).  Thus,  when  exponent  variations  are  performed  on  the 
inner  s-loop  basis  functions,  there  are  effectively  two  more  significant 
figures  in  EsCF  to  examine  than  when  exponent  variations  are  performed 
on  the  outer  s-loop  basis  functions.  To  produce  equal  changes  in  ESCF> 
larger  changes  must  be  made  in  the  exponents  (and  therefore  in  the  orbitals) 
of  the  basis  functions  used  to  represent  outer  loops  than  in  the  exponents 
of  the  basis  functions  used  to  represent  inner  loops. 

Because  it  is  more  difficult  to  obtain  accurate  orbitals  for  the  3s 
and  3p  shells  than  for  the  inner  shells,  we  paid  close  attention  to  small 
changes  in  the  total  SCF  energy  when  choosing  the  basis  functions  used  to 
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represent  the  outer  loops  of  the  3s  and  3p  orbitals  of  the  states  of  the 
chlorine,  argon,  and  potassium  ions.  Small  improvements  in  the  total 
energy  obtained  in  fitting  these  loops  are  at  least  as  important  for  the 
general  quality  of  the  wave  function  as  are  larger  improvements  obtained 
when  fitting  the  inner- shell  orbitals. 

It  was  also  necessary  to  look  for  small  energy  improvements, 
when  the  most  accurate  functions  were  computed,  so  that  the  tails  of  the 
orbitals  would  be  fit  properly.  The  tails  of  the  orbitals  make  the  smallest 
contribution  to  the  total  energy.  Thus,  small  expansion  sets  fit  the  orbitals 
in  the  regions  where  they  are  large  at  the  expense  of  the  behavior  of  their 
tails,  and  larger  basis  sets  must  be  chosen  carefully  so  that  the  tails  will 
be  represented  properly. 

The  calculations  reported  here  were  performed  with  computer 
programs  written  for  the  IBM  704  and  7090/4  by  Professor  C.  C.  J.  Roothaan 
and  the  author,  with  the  assistance  of  various  members  of  the  Laboratory 
of  Molecular  Structure  and  Spectra  at  The  University  of  Chicago.  The  pro¬ 
grams  are  available  for  distribution  upon  request. 
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IV.  RESULTS  AND  DISCUSSION  OF  SCF  CALCULATIONS 


A.  The  SCF  Wave  Functions 


Tables  I-IV  present  the  most  accurate  SCF  function  computed  for 
each  state.  Tables  V-VIII  present  a  simpler,  less  accurate,  but  quite 
useful  SCF  function  for  each  state.  The  simple  basis  sets  were  obtained 
with  relatively  little  computational  effort.  They  are  a  good  starting  point 
for  extending  these  calculations  to  other  states  of  interest  (for  example, 
to  states  formed  in  X-ray  absorption).  In  addition,  the  simple  basis  set 
functions  are  sufficiently  accurate  for  many  purposes.  Expectation  values 
of  r  and  r2,  dipole -transition  matrix  elements,  and  overlap  of  SCF  wave 
functions  were  computed  with  the  simple  set  SCF  functions  as  well  as  the 
accurate  set  SCF  functions.  The  values  obtained  usually  agree  quite  well. 
Some  comparisons  that  indicate  the  extent  of  the  agreement  will  be  given 
later. 

The  results  in  Tables  I-VIII  include  the  total  energy  for  the  non- 
relativistic,  electrostatic,  fixed-nucleus  Hamiltonian  of  Eq.  (10)  and  the 
virial  coefficient  V/T,  Exponents  of  the  basis  functions  are  given  for 
each  state.  The  principal  quantum  number  and  symmetry  type  of  each 
basis  function  are  given  in  parentheses  in  the  first  column  of  each  tabl-2. 
The  different  basis  functions  are  numbered  consecutively  within  each 
symmetry  type.  For  each  orbital,  the  SCF  orbital  energy  £n<g,  the 
cusp  [defined  in  Eq.  (9)],  and  the  vector  coefficients  Cn^ p  are  given. 

The  numbering  of  the  vector  coefficients  corresponds  to  the  numbering 
of  the  basis  functions.  All  energies  are  given  in  Hartrees.  The  results 
reported  in  Tables  I-VIII  are  from  calculations  performed  on  an  IBM  7094. 

The  total  wave  functions  for  the  states  given  in  Tables  I-VIII  are 
all  single  determinants.  The  *S  and  2S  states  have  even  parity,  and  the 
2P  states  have  odd  parity.  The  parity  follows  immediately  from  the 
electron  configurations  of  the  states. 

The  ls-hole  states  of  F",  Ne,  and  Na+,  and  the  Is-,  2s-,  and 
2p-hole  states  of  Cl",  Ar,  and  K+  are  not  the  lowest  states  of  their 
symmetry  species;  these  states  are  marked  with  asterisks  in  Tables  I-VIII. 

The  2s -hole  states  of  Ne  and  Na+,  and  the  3s -hole  states  of  Ar 
and  K+  are  the  first  excited  states  of  Ne+,  Na++,  Ar+,  and  K++,  respec¬ 
tively.  They  are  the  lowest  *S  states. 

The  2s-hole  state  of  F"  is  a  highly  excited  state  of  fluorine;  it  is, 
in  fact,  past  the  ionization  limit.  However,  Moore (31)  does  not  give  any 
other  2S  state  of  even  parity  in  the  spectrum  of  fluorine.  The  3s -hole 
state  of  Cl"  is  not  observed,  but  no  2S  states  of  even  parity  are  observed 
in  the  spectrum  of  chlorine. 1^1)  Thus  these  states  may  be  the  lowest  states 
of  their  symmetry  species. 


15 


TABLE  I.  SCF  Orbitals  and  Energies  for  F~,  N*.  and  Na+,  and  ni-bole  States  o i  F~,  Ns.  and  Na+,  Accurate  Basis  Sets 
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TABLE  11.  SCr  Orbit*!  i  and  Entrgits  for  Cl'  and  ni -bolt  Stats  a  of  Cl'.  Accuratt  Baa  la  Sat  a 
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V/T 

-1.999999 

-2.000000 

-2.000001 

-2.000001 

-2.000001 

-2.000004 

Cl<l*> 

19.955 

19.8*0 

19.830 

19.955 

19.955 

20.000 

?2(2‘) 

1*.5*5 

1*.650 

14.670 

1**530 

14.505 

16.500 

«,{3i) 

16.000 

16.000 

16.000 

16.000 

16.000 

18.000 

Cj.  ( 3») 

9.951 

9.9*0 

9.932 

9.684 

9.95* 

10.166 

{,(*•) 

5.7*8 

5.7*5 

5-7*3 

5.867 

6.010 

6.062 

C6<3») 

2.823 

2.90* 

2,878 

3.140 

3.O3O 

3.167 

Ct<3») 

1.651 

1.826 

1.8*2 

1.970 

1.923 

1.982 

Ci<2P) 

15.380 

15**40 

15.525 

16.3*5 

16.600 

16.900 

C2(2P) 

7*535 

7.550 

7.555 

7.790 

7.8*5 

8.310 

53(2p) 

*.385 

4.415 

4.405 

*.600 

*.615 

4.980 

?4<4p) 

7.200 

7.200 

7.200 

7.700 

7.700 

s.ooo 

{5(3P) 

2.612 

2.663 

2.653 

2.652 

2.861 

2.926 

Cfi  ( *P ) 

1.826 

1.976 

1.932 

2.091 

2.100 

2.136 

C7(3p) 

0.920 

I.236 

1.191 

1.307 

1.310 

1.311 

‘l» 

-10*. 505 *6 

-104.88*31 

-104.95559 

-106.27042 

-106.0*136 

-112.50264 

Cusp 

-17.00*83 

-17.0022* 

-17.00306 

-17.00187 

-17.006*1 

-17.00392 

cla,l 

0.7655* 

0.77219 

0.77275 

0.76588 

0.765*2 

0.77416 

cls,2 

0.43218 

0.*0836 

0.405*3 

0.*33«9 

0.*3*75 

0.32382 

-O.1699O 

-0.15323 

-0.1509* 

-0.17190 

-0.17195 

-0.072&7 

cls,  4 

0.00060 

0.00227 

0.00272 

-0.00055 

-0.00072 

0.00487 

ClB,5 

0.00005 

-0.00060 

-0.00082 

0.000*1 

0.00107 

0.01344 

=1.,6 

0.00003 

0.00013 

0.00015 

-0.00006 

-0.00006 

-0.00217 

C1».T 

-0.0000* 

-0.00009 

-0.00011 

-0.00001 

:0-00000 

-0.00191 

-10.22916 

-10.607*1 

-10.665*7 

-11.32032 

-11. *7391 

-n.83135 

Cusp 

-16.99333 

-16.99389 

-16.99236 

-16.9810* 

-17.02706 

-16.94919 

-0.21*48 

-0.21639 

-0.21622 

-0.21855 

-0.21801 

-0.23204 

-0.21001 

-0.20133 

-0.20016 

-0.21*60 

-0.22715 

-0.17324 

0.07593 

0.06997 

0.0693* 

0.08022 

0.07179 

0.02477 

0.17263 

0.17368 

0.17136 

0.20563 

0.13283 

0.17350 

0.90099 

0.89900 

0.90007 

0.86777 

0.9*252 

0.90538 

0.00586 

0.00550 

0.00719 

0.005*3 

0.024*3 

O.OO693 

C2.,7 

-0.00023 

-0.00015 

0.00006 

0.000*2 

0.00979 

-0.00024 

*38 

-0.73320 

-1.07288 

-1.17570 

-1.22317 

-1.20787 

-1.23087 

Cusp 

-16.9622* 

-16.9**16 

-16.9*5*0 

-16.97671 

-17.00251 

-16.98601 

0.06317 

0.065*1 

0.06693 

0.07000 

0.07341 

0.07252 

0.07620 

O.O7656 

0.07770 

0.09087 

0.09926 

0.07018 

-0.02132 

-0.02034 

-0.02053 

-0.02158 

-0.02157 

-0.00184 

-0.0060* 

-0.00017 

-0.00059 

0.01*19 

0.0331* 

0.02248 

-0.40771 

-0.*2851 

-0**3667 

-0.49099 

-0.52027 

-0.48357 

0.70755 

0.65176 

0.68652 

0.6438* 

0. 67**9 

0.64311 

C3**7 

0.43093 

0.48089 

0.4441* 

0.51051 

0.46565 

0.50431 

-7.69557 

-8.07218 

-8.1*619 

-9.00679 

-8.78960 

-9.55946 

Cusp 

-8.4*006 

-8.43660 

-8. **0*8 

-8.4*62* 

-8. *7*97 

-8.51969 

c2p,l 

0.01990 

0.01930 

0.01975 

0.0132* 

0.01236 

O.OO767 

0.6856* 

0.68305 

0.68657 

0.66057 

0.65222 

0.63922 

0.19201 

0.19262 

0.18707 

0.22510 

0.23727 

0.24850 

0.16*81 

0.16636 

0.1702* 

0.1*711 

0.15609 

0.15979 

0.00296 

0.00516 

0.00323 

0.01950 

0.0010* 

0.00535 

°20,6 

-0.00058 

-0.00107 

-0.00129 

0.01128 

0.00016 

-0.00209 

°2p,7 

0.0002* 

0.00111 

0.00063 

0.00531 

0.00000 

0.00100 

-0.15017 

-0.506*0 

-0.50063 

-0.5896T 

-0.58465 

-0.59605 

Cuap 

-8.38032 

-8.35998 

-8.35630 

-8.38535 

-8.37179 

-8.40151 

C3P,1 

-0.00350 

-0.003*6 

-0.00331 

-0.0027* 

-0.00199 

-0.00022 

-0.18172 

-0.19968 

-0.20013 

-0.22358 

-0.20251 

-0.19667 

-0.03172 

-0.02837 

-0.02733 

-0.05978 

-0.05*54 

-0.04580 

c3p.* 

-0.06118 

-0.071*3 

-0.07165 

-0.0729* 

-0.07260 

-0.07359 

0.5945* 

0.60295 

0.62287 

0.63710 

0.63463 

0.63024 

C3p,6 

0.36833 

0.31482 

0.3373* 

0.32628 

0.32834 

0.33878 

C3P,7 

0.21232 

0.21687 

0.17781 

0.18060 

0.18278 

0.17251 

•Stataa  which  art  not  th#  lowtst  of  a  syanatry  iptclta. 
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TABLE  III.  SCr  Orbit*!#  *ad  Enarg  iaa  lor  Argon  *aA  »l>Mi  Stataa  o (  Argon,  Accurals  Boat#  Soto 


*r+(2r) 

3p-hols 

ArV>) 

3s-bols 

Ar+(*P)* 

2p-hols 

Ar+(2 8)* 
2s-hol# 

*r*(2»* 

ls-hols 

I 

-526.8175 

-526.2745 

-525.5977 

-517.6690 

-514.8795 

-409.3890 

V/T 

-2.000000 

-1.999999 

-1.999999 

-1.999999 

-2.000001 

-2.000000 

«!<!») 

20.750 

20.750 

20.735 

20.700 

20.615 

20.080 

c2(2*) 

14.900 

14.900 

14.900 

14.945 

15.000 

16.845 

{,(3») 

16.500 

16.500 

16,500 

16.500 

16.500 

18.500 

C*(3») 

10.J00 

10.584 

10.758 

10.628 

10.543 

10.863 

6.206 

6.224 

6.253 

6.451 

6.498 

6.544 

{6(3*) 

3.166 

3.259 

3.232 

3.458 

3.382 

3.532 

C7(3«) 

1.993 

2.185 

2.201 

2.311 

2.278 

2.340 

16.220 

16.160 

16.195 

17.020 

17.460 

17.720 

C2(2P) 

8,230 

8.180 

8.200 

8.410 

8.500 

9.055 

^(Sk) 

5.000 

4.795 

4.865 

5.000 

5.U5 

5.450 

?4<»r) 

8.000 

8.000 

8.000 

8.500 

8.500 

0.900 

t5(3P) 

2.970 

2.955 

2.976 

3.157 

3.159 

3.214 

2.211 

2.209 

2.242 

2.359 

2.358 

2.385 

t7(3P) 

1.370 

1.550 

1.550 

1.620 

1.620 

1.650 

‘is 

-116.61014 

-119.13309 

-119.19462 

-120.65776 

-120.39576 

-127.27956 

CUSP 

-18.00366 

-18. 00349 

-18,00287 

-18.00005 

-18.00218 

-18.00163 

On, I 

0.78751 

0.78752 

0.78834 

0.79073 

0.79512 

0.83865 

Cls,2 

0.41319 

0.41322 

.0.41103 

0.40339 

0.38653 

0.23192 

Cl-,3 

-0.17634 

-0.17640 

-0.17492 

-0.17014 

-0.15765 

-0.()5294 

cl.,k 

-0.00008 

-0.00004 

-0.00022 

0.00027 

0.00121 

0.00265 

Cl.,5 

-0.00011 

-0.00016 

-0.00006 

-0.00047 

-0.00020 

0.01419 

cl.,6 

0.00007 

0.00011 

0.00006 

0.00009 

0.00011 

-0.00213 

Cl,,7 

-0.00006 

-0.00008 

-0.00008 

-0.00008 

-0.00008 

-0.00203 

*2s 

-12.32193 

-12.03568 

-12.88311 

-13.61576 

-13.77370 

-14.17473 

Cusp 

-17.99649 

-18.00356 

-18.01242 

-18.01453 

-18.02974 

-17.95176 

C2s,l 

-0.22353 

-0.22365 

-0.22356 

-0.22847 

-0.22912 

-0,25356 

°2»,2 

-0.21917 

-0.22087 

-0.22339 

-0.23284 

-0.22911 

-0,15950 

0.06753 

0.08586 

0.08258 

0.08007 

0.07458 

0.02281 

°2.,4 

0.16903 

0.16072 

0.14166 

0.13434 

0.11753 

0.15781 

c2.,5 

0.90732 

0.91795 

0.93996 

0.95521 

0.96271 

0.92791 

0.00708 

0.00704 

0.00956 

0.00977 

0.02490 

O.OO833 

c2.,7 

-0.00043 

-0.00048 

-0.00049 

-0.00085 

0.00965 

-0.00047 

*3» 

-1.27725 

-1.71114 

-1.81793 

-1.89228 

-1.87409 

-1.90809 

Cusp 

-17.96890 

-17*94414 

-17.92541 

-17.97576 

-18.00103 

-17.96324 

c3s,l 

0.06982 

0.07189 

0.07327 

0.07702 

0.08092 

0.08360 

0.03792 

0.09287 

0.09574 

0.10727 

0.11101 

0.07415 

c3a,3 

-0.02628 

-0.02782 

-0.02893 

-0.02530 

-0.02355 

-0.00188 

V* 

0.00341 

0.01304 

0.01863 

0.04101 

0.05414 

0.03755 

C3*,5 

-0.45394 

-0.48178 

-0.49483 

-0.55249 

-0.58015 

-0.53655 

C3*.6 

0.66908 

0.60576 

0.63355 

0.60842 

0.62943 

0.59459 

C3*»7 

0.46963 

0.53030 

0.50098 

0.5*305 

0.51521 

0.55658 

*2p 

-9.57127 

-10.08324 

-10.14966 

-11.10837 

-10.86748 

-II.71786 

Cusp 

-8.92591 

-8.91125 

-8.9X441 

-8.92308 

-8.96T69 

-8.9*9739 

C2p,l 

O.OI876 

0.01845 

0.01832 

0.01284 

0.01174 

0.00570 

C2p,2 

0.63009 

0.66020 

0.65271 

0.64006 

0.61717 

0.59627 

C2p#3 

0.27207 

0.23154 

0.24110 

0.25810 

0.29030 

0.30855 

C2p,4 

0.13409 

0.14874 

0.14644 

0.13301 

0.13460 

0.14165 

c2p,5 

0.00309 

0.00086 

0.00001 

0.01590 

-0.00093 

0.00252 

cap,6 

-O.OOO58 

0.00171 

0.00061 

0.01386 

0.00165 

-0.00075 

°2».7 

0.00028 

-0.00037 

-0.00031 

0.00155 

-0.00086 

0.00047 

*» 

-0.39092 

-1.04538 

-1.03104 

-1.15880 

-1.15303 

-1.17532 

CUSf> 

-8.88089 

-8.88838 

-8.86398 

-8.89927 

-8.89853 

-8.93*55 

C3p,l 

-0.00346 

-0.00391 

-0.00345 

-0.00290 

-0.00204 

0.00005 

C3P#2 

-0.18973 

-0.20843 

-0.21009 

-0.22991 

-0.20638 

-0.195*9 

-0.06049 

-0.06140 

-0.05246 

-0.06803 

-0.08549 

-0.08377 

-0.06178 

-0.06560 

-0.07057 

-0.06915 

-0.06887 

-0.06753 

0.60487 

0.66790 

0.65321 

0.68195 

0.68125 

O.68O76 

C3p,6 

0.30887 

0.33»43 

0.32329 

0.3357* 

0.33983 

0.335*9 

e3*.T 

0.22836 

0.12476 

0.14980 

0.11967 

0.11682 

0.11520 

•Ststss  ohioh  ars  not  tho  lowest  of  a  ayatry  spoelss. 
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TABLE  IV.  SCF  Orbit*}*  uut  EM»gi««  Cor  K*  «4  al-hoU  Sutti  of  K*  Accurate  Bari.  Sot* 


If-t1*) 

3P-hola 

**+(2S) 

3*-hol* 

2p-hol* 

2s-hol* 

X*(2S)* 

la-bnla 

I 

-599.0175 

-597.8915 

-597.1039 

-587.6833 

-58*. 6720 

-*66. *285 

VA 

-1.999999 

-2.000000 

-1.999999 

-2.000000 

-2.000002 

-1.999997 

Cl(l*) 

21.530 

21.5*5 

21.685 

21. *80 

21.300 

20.400 

Ca(=») 

15.255 

15.220 

15.095 

15.300 

15.400 

17.200 

t3(3*) 

17.000 

17.000 

17.000 

17.000 

17.000 

19.000 

C*(3«) 

11.085 

11.258 

11.323 

10.957 

n.262 

11.560 

6.697 

6.72* 

6.711 

6.878 

7*010 

7.025 

C6(3»! 

3.502 

3.520 

3.599 

3.787 

3.660 

3.814 

<t(3*) 

2.338 

2.491 

2.573 

2.658 

2.600 

2.662 

Ci(2p) 

17.000 

17.000 

17.020 

17.800 

18.460 

20.000 

C2(2p) 

8.890 

8.820 

8.855 

9.075 

9.210 

9.920 

«,(2P) 

.  5.*50 

5.260 

5.315 

5.610 

5.712 

6.100 

?*<*!>) 

8.800 

0.800 

8.800 

9.300 

9.300 

9.800 

C5(3P) 

3.253 

3.358 

3.371 

3.562 

3.563 

3.546 

2.412 

.  .  . 

.  .  . 

•  .  . 

2.726 

CfOp) 

1.650 

2.182 

2.173 

2.294 

2.295 

2.000 

*1. 

-133.75212 

-134.40390 

-13*. *5519 

-136.06387 

-135.76859 

-143.07622 

Cuop 

-I9.OOO74 

-19.00027 

-19.00610 

-18.9968* 

-18.99330 

-19.00504 

Cll,l 

0,80888 

0.80805 

0.80027 

0.61209 

0.82183 

0.88850 

Cl»,2 

0.38950 

0.39410 

0.42346 

0.37982 

0.3*675 

0.15967 

ci*,3 

-0.17686 

-0.18025 

-0.20056 

-0.17085 

-0. 1*7*3 

-0.0J669 

cle#4 

-0.00081 

-0.00177 

-0.00439 

-0.00043 

-0.00018 

0.00849 

«l.,5 

-0.00024 

0.00010 

0.00074 

-0.00055 

0.00047 

0.01358 

cl.,6 

0.00011 

0.00008 

0.00001 

0.00013 

-0.00003 

-O.OOI99 

Cl»*7 

-0.00009 

-0.00008 

-0.00007 

-0.00011 

-0.00002 

-0.00208 

-l*. 707 96 

-15.33970 

-15.376*8 

-16.18376 

-16.34603 

-16.79208 

Cusp 

-19.00163 

-19.00951 

-19.01782 

-19.00269 

-19.03162 

-18.95758 

C2a,l 

-0.23231 

-0.23224 

-0.22961 

-0.23712 

-0.23933 

-0.27074 

C2«,2 

-0.22932 

-0.235*8 

-0.24544 

-0.2367* 

-0.23(778 

-0.15X09 

c2.,3 

0.09750 

0.09623 

0.10267 

0.09*86 

O.OT919 

0.02290 

c2»,4 

0.15704 

0.1*080 

0.14292 

0.15644 

0.09227 

0.14450 

c2a,5 

0.92363 

0.94521 

0.94423 

0.93077 

0.99761 

0.9*82* 

c2.,6 

0.00901 

0.00953 

0.01023 

0.01075 

0.02701 

0.00953 

C2».7 

-0.00103 

-0.00166 

-0.00050 

-0.00133 

0.00777 

-0.00100 

*3* 

-1.96377 

-2.*7767 

-2.58881 

-2.68720 

-2.66508 

-2.71203 

Cu»p 

-ia.9T»*7 

-18.95978 

-18.92907 

-19.01150 

-19.00299 

-18.96578 

C3e,l 

0.076*9 

0.07862 

0.07904 

0.08360 

0.08803 

0.09344 

c 

3*  #  2 

0.10123 

0.10710 

0.11452 

0.11897 

0.12444 

0.0785* 

°3..3 

-0.03137 

-0.033*3 

-0.03861 

-0.02901 

-0.02732 

-0.00058 

C3»,4 

0.01616 

0.02255 

0.02791 

0.04360 

0.06713 

0.0*315 

S.5 

-0.50319 

-0.52525 

-0.54237 

-0.59X21 

-0.62553 

-0.57324 

Cte.6 

0.6377* 

0.62378 

0.57022 

0.57719 

0.62575 

0.5897* 

C3*»7 

0.50386 

0.51400 

0.57145 

0.58011 

0.52008 

0.56280 

-11.73810 

-12.368*3 

-12.42720 

-13. *8122 

-13.21615 

-1*.  1*872 

Cu*p 

-9. *0153 

-9.  *0961 

-9.398*9 

-9.42043 

-9.  *5892 

-9. *703* 

C2p,l 

0.01736 

0.01746  • 

0.01681 

0.01262 

0.01054 

0.00253 

C2p,2 

0. 60**0 

0.63378 

0.62810 

0.59657 

0.57059 

0.529ft 

C2p,3 

0.30758 

0*27199 

0.2763* 

0.31579 

0.35007 

0.3916* 

C2p  ,4 

0.12274 

0.13211 

0.13*35 

0.11239 

0.11647 

0.12198 

C2p,5 

0.00147 

-0.00149 

-0.00177 

0.01286 

0.00072 

0.00433 

C2|..« 

O.OOO39 

.... 

.... 

.... 

.... 

-0.00801 

-0.00083 

0,00226 

0.00077 

0.01746 

0.00040 

0.00189 

*3p 

-1.17047 

-1.71131 

-1.68867 

-1.85275 

-1.84608 

-1.00069 

Cuap 

-9.40818 

-9.41311 

-9.39637 

-9.43034 

-9. *2898 

-9.41764 

C3P»l 

-0.003&7 

-0.00406 

-0.00374 

-0.00323 

-0.00207 

0.00057 

C3p,2 

-0.19057 

-0.21305 

-0.21087 

-0.22120 

-0.19044 

-0.18219 

C3P,3 

-0.09692 

-0.09160 

-0.09122 

-0.13117 

-0.12730 

-0.12697 

'»,* 

-0.09412 

-0.06176 

-0.06274 

-0.0600* 

-0.06202 

-0.06243 

C3»,S 

0.67017 

0.52926 

0.52899 

0.54360 

0.54095 

0.69616 

®3p,6 

0.3*285 

.... 

.... 

.... 

.... 

0.32599 

C3P,7 

0.12328 

0.57550 

0.5T691 

0.57136 

0.57394 

0.10617 

"State*  which  or*  not  the  lowaat  of  a  ayaatetry 
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SCF  Orbit*l.  and  Eaargioo  for  F".  No,  and  Na+  and  nl-holo  SUtaa  of  F",  No.  and  Na+,  Simple  Baaia  Soto 
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TABLE  VI.  SCF  Orbital!  and  En.rgl.a  (or  C1‘  and  ni- hoi.  Stat.a  of  Cl',  Simpla  Baaia  Sata 


Cl'f1*) 

K3 

Cl(2t>)* 

2p-hol* 

ci(2s)* 

2 8-hols 

Cl(2s>* 

la-hols 

I 

-459.5736 

-459.4801 

-458.9148 

-452.3332 

-449.7638 

-356.2814 

V/T 

-2,000000 

-1.999993 

-2.000007 

-1.999991 

-2,000000 

-1.999988 

Ci<1») 

18.575 

18.674 

18.629 

18.474 

18.095 

17.749 

C2(2»> 

16.329 

16.439 

16.385 

16.245 

15.621 

16.424 

10.217 

10.190 

10.219 

10.021 

10.386 

IO.381 

«»(»•) 

5.798 

5.785 

5.795 

5.895 

6.062 

6.082 

?5(3*) 

2.823 

2.904 

2.878 

3.140 

3.030 

3.167 

C6<3«> 

1.651 

1.826 

1.842 

1.970 

1.923 

1.982 

?!<2P) 

10.203 

10.268 

10.275 

10.586 

IO.594 

10.460 

C2(2p) 

5.585 

5.608 

5.610 

5.884 

5.841 

6.002 

?3(3p) 

2.497 

2,612 

2.617 

2.787 

2.798 

2.881 

C*(3p) 

1.224 

1.465 

1.459 

1.570 

1.576 

1.607 

-104.50086 

-104.88211 

-104.95369 

-106.26874 

-106.03937 

-112.50146 

Cuap 

-16.96350 

-16.96634 

-16.96577 

-16.95669 

-16.95214 

-17.01951 

Cl»,l 

O.85189 

0.84517 

0.84820 

0.85920 

O.88567 

0.92623 

°la,2 

0.17649 

0.18395 

0.18062 

O.I683O 

0.13937 

0.07920 

cl»,3 

-0.00074 

-0.00011 

-0.00046 

-0.00234 

-0.00!594 

0.01076 

ci.,4 

0.00245 

0.00217 

0.00237 

0.00337 

0.00593 

0.01019 

Cl»/5 

-0.00052 

-0.00054 

-0.00061 

-0.00082 

-0.00112 

-0.00151 

°le,6 

0.00021 

0.00024 

0.00027 

0.00034 

0.00051 

-0.00221 

-10.22595 

-10.60672 

-10.66476 

-II.32OI2 

-11.47338 

-11.83108 

Cusp 

-16.99022 

-16.97968 

-16.98170 

-16.99964 

-17.00832 

-16.98680 

-0.23882 

-0.23691 

-0.23743 

-0.24544 

-0.25239 

-0.27771 

-0.11908 

-0.11959 

-O.II987 

-0.11900 

-0.13056 

-0.10274 

0.14005 

0.14504 

0.13795 

0.17025 

0.09289 

0.15200 

2»,3 

0.93670 

0.93089 

0.93755 

0.91033 

0.98751 

0.93066 

0.00654 

0.00546 

O.OO782 

0.00241 

0.02434 

0.00530 

c2a,6 

-0.00035 

0.00010 

-0.00001 

0.00185 

0.01004 

0.00059 

€o- 

-0.73031 

-1.07236 

-1.17505 

-1.22270 

-1.20752 

-1.23049 

Cusp 

-16.76015 

-16.72967 

-16.74820 

-16.62437 

-16.83732 

-16.69588 

e,.  i 

0.07001 

0.07132 

0.07321 

0.07805 

0.08474 

0.08627 

0.04802 

0.05010 

0.05117 

0.05897 

0.06448 

0.05180 

0.01033 

0.01482 

0.01573 

0.03488 

0.04751 

0.03199 

-0.42149 

-0.44112 

-0.45062 

-O.50811 

-0.53027 

-0.49176 

0.70660 

0.65189 

0.68576 

O.64632 

0.67235 

0.64391 

C3®»6 

0.43162 

0.48073 

0,44446 

0.50908 

0.46670 

0.50380 

«2U 

-7.69225 

-8.07136 

-8.14535 

-9.00648 

-8.78900 

-9.55916 

Cusp 

-8.06915 

-8.08454 

-8.08774 

-8.12583 

-8.14560 

-8.32563 

0.21126 

0.20561 

0.205*3 

0.17599 

0.17940 

0.21911 

O.81783 

0.82121 

0.82229 

0.83577 

0.84306 

0.80592 

0.01585 

0.02020 

0.01796 

0.03725 

0.01956 

0.01500 

csp.* 

•O.OO394 

-0.00457 

-0.00509 

0.01137 

-0.00519 

-0.00369 

-0.14772 

-0.50603 

-0.50013 

-0.58933 

-0.58439 

-0.59575 

Cuap 

-8.14508 

-8.12119 

-8.12953 

-8.12036 

-8.13553 

-8.37302 

C,_  T 

-0.05028 

-0.05192 

-0.05186 

-0.05079 

-0.04652 

-0.05670 

3P»i 

C^_  2 

-0.21340 

-0.23694 

-0.23666 

-0.28976 

-0.26765 

-0.24645 

C-_  * 

0.61008 

0.56419 

0.57193 

0.59434 

0.59193 

0.58595 

C3P,* 

0.52453 

0.54343 

0.53765 

0.51794 

0.52288 

0.52859 

*5tatas  which  art  not  tba  lowaat  of  a  ay  a  try  apaelaa. 
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TABLE  V1X.  SCF  Orbitals  and  Enarglaa  for  Argon  and  nl-holo  States  of  Argont  Simple  Basis  Sots 


Ar^S) 

Ar+(2P) 

3p-hol. 

Ar+<2 8) 
3*-hol, 

Ar+(2P)* 

2p-hol. 

a»+(2s)* 

2.-hol» 

Ar+(2S>* 

ls-holo 

E 

-526.8155 

-526.2729 

-525.5961 

-517.6676 

-514.8779 

-409.3884 

V/T 

-2,000001 

-2.000001 

-1.999997 

-2.000000 

-2.000002 

-2.000015 

«!<!•) 

19.419 

19.412 

19.454 

19.138 

19.045 

18.566 

£&•) 

17.034 

17.024 

17.075 

16.639 

16.371 

16.958 

4(3*) 

IO.943 

10.941 

10.896 

10.896 

11.085 

11.082 

C*(*») 

6.275 

6.279 

6.277 

6.436 

6.537 

6.562 

4(3.) 

3.187 

3.259 

3.232 

3.474 

3.314 

3.532 

Cg(3*) 

2.005 

2.185 

2.201 

2.311 

2.230 

2.340 

C^(2p) 

11.027 

11.073 

11.095 

11.402 

11.417 

11.208 

C«(2p) 

6.095 

6.113 

6.120 

6.388 

6.345 

6.498 

C3(3p) 

2.886 

2.956 

2.972 

3.127 

3.142 

3.234 

C»(3p) 

1.609 

1.814 

1.812 

1.919 

1.928 

1.963 

-118.60817 

-119.13197 

-119.19307 

-120.65641 

-120.39431 

-127.27928 

Cusp 

-17.95816 

-17.95800 

-17.95995 

-17.94695 

-17.95166 

-18.01716 

°l».l 

Cl»,2 

el.»3 

°1M 

°1..5 

cl.,6 

0.86927 

0.15689 

-0.00245 

0.00341 

-0.00079 

O.OOO35 

0.86975 

0.15636 

-0.00272 

0.00368 

-0.00095 

0.00046 

0.86693 

0.15949 

-0.00237 

0.00348 

-0.00096 

0.00045 

0.88877 

0.13538 

-O.OO638 

O.OO583 

-0.00141 

O.OOO63 

0.89477 

0.12918 

-0.00748 

0.00684 

-0.00142 

O.OOO69 

0.94351 

0.05966 

0.00986 

0.00999 

-0.00123 

-0.00244 

*2. 

Cusp 

-12.32139 

-I7.989U 

-12.83595 

-17.99026 

-12.88297 

-17.99083 

-13.61587 

-18.00607 

-13.77364 

-18.02007 

-14.17480 

-18.03109 

°2.,1 

C2.,2 

C2».3 

C2.,4 

C2.,5 

C2.,6 

-0.24687 

-0.12262 

0.12399 

0.95830 

0.00745 

-0.00027 

-0.24712 

-0.12272 

0.12384 

0.95863 

0.00727 

-0.00033 

-0.24592 

-0.12286 

0.12284 

0.95768 

0.00963 

-0.00040 

-0.25697 

-0.12721 

0.12539 

0.96574 

0.00599 

0.00090 

-0.25799 

-0.13624 

0.08266 

1.00378 

0.02491 

0.00894 

-0.28557 

-0.10624 

0.14049 

0.94875 

0.00724 

0.00010 

‘3* 

Cuap 

-1.27666 

-17.75815 

-1.71130 

-17.75636 

-1.81793 

-17.74072 

-1.89215 

-17.72879 

-1.87392 

-17.83920 

-1.90793 

-17.75839 

C3*.l 

°3«.2 

03».3 

c3.,4 

e3«.5 

C3.,6 

0.07681 

0.05492 

O.O2678 

-0.47508 

0.65610 

0.48338 

0.07917  • 
0.05722 
0.03123 
-0.49604 
0.60506 
0.53045 

0.08033 

0.05843 

0.03317 

-0.50585 

0.63491 

0.50004 

0.08623 

0.06789 

0.05377 

-0.56189 

O.6O87O 

0.54657 

0.09084 

0.07230 

0.05842 

-0.57408 

0.67677 

0.46372 

0.09367 

0.05946 

0.04611 

-0.54330 

0.59538 

0.55601 

*2P 

Cusp 

-9.57061 

-8.60975 

-10.08339 

-8.61881 

-10.14938 

-8.62450 

-II.IO839 

-8.65542 

-10.86733 

-8.67770 

-II.71788 

-8.84569 

C2p.l 

C2P.2 

C2P.3 

C2P,4 

0.19611 

0.82878 

0.01861 

-0.00497 

0.19240 

0.83062 

0.02242 

-0.00547 

0.19107 

0.83266 

0.02061 

-0.00629 

0.16434 

0.84393 

0.03805 

0.00967 

0.16737 

0.85184 

0.02168 

-0.00620 

0.20753 

0.81457 

0.01642 

-0.00428 

*3P 

Cu»P 

-0.59046 

-8.63989 

-1.04550 

-8.63187 

-1.03108 

-8.63848 

-1.15874 

-8.62460 

-1.15294 

-8.63667 

-1.17519 

-8.86975 

°3P.l 

C3P,2 

C3P.3 

C3P,4 

-0.05049 

-0.25002 

0.58087 

0.53221 

-0.05249 

-0.27029 

0.55695 

0.54085 

-0.05178 

-0.26961 

0.55483 

0.54469 

-0.04946 

-0.31930 

0.58189 

0.52121 

-0.04559 

-0.29623 

0.57570 

0.52995 

-0.05682 

-0.27652 

0.56927 

0.53616 

*3tat«i  «t»le6  m  no*  th*  low..*  of  a  tjmati y  apaota*. 
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TABLE  VIII.  SCr  Orbital#  tad  Energies  for  K+  tad  nj-hole  Sutee  of  KT,  Simple  Bttit  Seta 


K+^S) 

3p-hole 

k~(2«) 

3s-taols 

X+^P)* 

2p-hols 

X*+(8S)* 

2s-hrl# 

X+Vj)* 

ls-hols 

B 

-599.0159 

-597-8901 

-597.1025 

-587.6820 

-584.6705 

-466.4280 

V/T 

-2.000002 

-2.000002 

-2.000002 

-2.000002 

-1.99999? 

-1.999995 

?!(!») 

20.222 

20.200 

20.339 

19.998 

20.006 

19.464 

«2(2*) 

17.611 

17.568 

17.799 

17.194 

17.116 

17.522 

C,(3») 

11.812 

11.804 

11.603 

11.868 

11.962 

12.155 

t4<a») 

6.793 

6.805 

6.762 

6.999 

7.049 

7.134 

C5(3») 

3.502 

3.520  ' 

3.599 

3.787 

3.660 

3.814 

C6(3») 

2.338 

2.491 

2.573 

2.658 

2.600 

2.662 

?!<2p) 

11.838 

11.880 

11.890 

12.210 

12.228 

11.965 

«2(*P) 

6.601 

6.619 

6.621 

6.889 

6.846 

6.998 

C3(3p) 

3.239 

3.290 

3.300 

3.441 

3.453 

3.561 

C»(3p) 

1.965 

2.167 

2.156 

2.252 

2.259 

2.302 

*1. 

-133.75073 

-134.40246 

-134.45380 

-136.06274 

-135.76712 

-1*3.07576 

Cusp 

-18.95218 

-18.95205 

-18.95638 

-18.94390 

-18.95098 

-19*01711 

«U.l 

0.88800 

0.88948 

0.88039 

0.90332 

0.90230 

0.95351 

Cls,2 

0.13603 

0.13446 

0.14429 

0.11956 

0.12092 

0.04811 

cla,3 

-0.00472 

•0.00528 

-0.00396 

-0.00904 

-0.00885 

0.00779 

«!.,* 

0.00458 

0.00501 

0.00448 

0.00720 

0.00749 

0.01140 

el.,5 

-0.00112 

-O.OOI36 

-0.00132 

-0.00105 

-0.00174 

-0.00128 

cls,6 

0.00053 

0.00070 

0.00066 

0.00089 

0.00090 

-0.002*3 

‘2. 

-14.70793 

-15.33966 

-15.37635 

-16.18405 

-16.34594 

-I6.79222 

Cuap 

-18.99464 

-19.00240 

-18.99354 

-19.00464 

-19.01649 

-19.00922 

C2s.l 

-0.25518 

-0.25580 

-0.25269 

-0.26397 

-O.26285 

-0.29070 

C2s,2 

-0.12988 

-0.13038 

-0.12747 

-0.14134 

-0.14610 

-0.12283 

°2«,3 

0.09466 

0.09326 

0.10736 

O.O783O 

0.05739 

0.08431 

°2s,4 

0.99545 

0.99744 

0.97862 

1.02354 

1.03674 

1.01665 

c2s,5 

0.01053 

O.OII33 

O.OIO83 

0.01144 

0.02561 

0.01163 

c2s,6 

-O.OOI35 

-0.00225 

-0.00055 

-0.00115 

0.00869 

-0.00153 

*3» 

-1.96364 

-2.47755 

-2.58857 

-2.68729 

-2.66576 

-2.71209 

cuap 

-18.81626 

-18.82281 

-18.73*90 

-18.82718 

-18.88*18 

-18.86195 

c3a,l 

0.08380 

O.O8639 

0.08671 

0.09277 

0.09651 

0.10010 

c3s,2 

0.06244 

0.06489 

0.06623 

0.07783 

0.08153 

0.06895 

c3«.3 

0.04043 

0.04354 

0.05050 

0.06891 

0.07*10 

0.06040 

c3.,4 

-0.52140 

-0.53996 

-0.55866 

-0.60641 

-0.62185 

-0.58590 

°3»,5 

0.63334 

0.62015 

0.57039 

0.56953 

0.62156 

0.58244 

c3»,6 

0.50598 

0.5158? 

0.57106 

0.58382 

0.52239 

O.5665O 

*2p 

-11.73792 

-12.36825 

-12.42694 

-13.48136 

-13.21598 

-14.14875 

Cusp 

-9-14221 

-9.14897 

-9.15299 

-9.18073 

-9.20343 

-9.36415 

CJP.1 

O.I837I 

0.18054 

0.18030 

0.15466 

0.15745 

0.19632 

C2p,2 

0.83783 

0.83920 

0.84055 

0.85107 

0.8592* 

0.82317 

®ap.3 

0.02070 

0.02456 

0.02220 

0.03860 

0.02333 

0.01796 

-0.00591 

-0.00658 

-0.00725 

0.00778 

-0.00728 

-0.00510 

*3P 

-1.17044 

-1.71127 

-1.68849 

-I.85283 

-1.84601 

-1.88080 

Cusp 

-9.14340 

-9.14264 

-9.14979 

-9.13004 

-9.14083 

-9-37069 

cjp,l 

-0.05010 

-0.05196 

-0.05152 

-0.04788 

-0.04447 

-0.05596 

C3P,2 

-0.28036 

-0.29883 

-0.29718 

-0.34421 

-0.32398 

-0.30266 

c3d.3 

0.56462 

0.54277 

0.54510 

0.58046 

0.57500 

0.56238 

C3P.4 

0.53895 

0.55028 

0.54969 

0.51866 

0.52659 

0.53909 

*3tat« a  wblofc  are  net  tlw  lowest  of  a  tymti7  speeles. 
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The  accurate  basis  sets  for  the  states  of  the  light  atoms  (fluorine, 
neon,  and  sodium)  are  composed  of  five  s  and  four  p  basis  functions.  The 
one  exception  is  the  basis  set  for  F“,  which  is  composed  of  six  x  and  five 
p  basis  functions. 

The  accurate  basis  sets  for  the  states  of  the  heavier  atoms 
(chlorine,  argon,  and  potassium)  are  composed  of  seven  s  and  either 
six  or  seven  p  basis  functions.  The  seven  p  sets  used  three  basis  func¬ 
tions  to  represent  the  outer  loop  of  the  3p  orbital.  The  addition  of  a  third 
basis  function  to  represent  this  loop  caused  only  a  small  improvement  in 
the  total  energy.  For  most  of  the  states  of  K++,  a  third  basis  function 
did  not  cause  any  improvement  in  the  total  energy.  Only  two  basis  func¬ 
tions  were  used  to  represent  the  loop  for  these  states. 

The  simple  basis  sets  for  the  light  atoms  are  composed  of  four  s 
and  three  p  basis  functions.  Two  basis  functions  are  used  to  represent  each 
loop  of  the  s  orbitals.  The  simple  basis  sets  for  the  heavier  atoms  are 
composed  of  six  s  and  four  p  basis  functions;  two  basis  functions  are  used 
to  represent  each  loop  of  the  orbitals.  The  automatic  exponent  variation 
procedures  of  the  SCF  program  converge  quickly  to  the  optimum  values 
of  the  exponents  of  the  simple  basis  sets;  almost  no  manual  examination 
of  the  intermediate  results,  and  consequent  readjustment  of  the  exponent 
variation  parameters ,  are  required.  Thus,  the  calculation  of  the  simple 
basis  set  functions  is  extremely  automatic  and  requires  the  use  of  little 
human  or  machine  time.  Of  the  simple  basis  set  SCF  functions,  the  two 
which  give  the  poorest  approximations  to  the  exact  HF  functions  are  the 
functions  for  the  negative  ions  F“  and  Cl“.  (The  simple  basis  sets  for 
the  light  atoms  were  called  nominal  basis  sets  in  an  earlier  paper. (9) 

The  reasons  for  the  use  of  this  name  were  explained  in  that  paper.) 

The  optimum  values  of  the  exponents  are  not  determined  in  all 
cases  to  the  number  of  significant  figures  given  in  Tables  I-VIII.  This  is 
especially  true  for  the  large  exponents  of  the  basis  functions  used  to  rep¬ 
resent  inner  loops,  and  for  the  large,  accurate,  basis  sets.  Some  of  the 
exponents  used  to  represent  a  loop  are  better  determined  than  others. 

The  exponents  of  the  dominant  basis  functions  (usually  the  basis  functions 
with  the  largest  vector  coefficients  Cn^  p)  are  often  well-determined  once 
the  exponents  of  the  less  important  basis  functions  are  fixed.  The  largest 
exponents  of  the  accurate  basis  sets  of  the  heavier  atoms  were  rounded. 

The  largest  exponents  of  the  p  basis  functions  of  some  of  the  states  of 
Ne+  and  Na++  were  also  rounded  to  simple  values.  Beyond  this,  we  did 
not  make  a  systematic  attempt  to  round  any  of  the  other  exponents  but 
used  them,  rounded  to  three  decimal  places,  as  they  were  obtained  from 
the  SCF  computer  program.  When  exponents  were  rounded,  the  vector 
coefficients  given  are  those  determined  from  SCF  calculations  made  using 
the  rounded  values  of  the  exponents. 
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B.  Accuracy  of  the  SCF  Wave  Functions 


Estimates  were  made  of  the  effect  of  round-off  errors  on  the  SCF 
calculations.  As  a  part  of  the  round-off  error,  we  include  the  extent  to 
which  the  results  are  not  self-consistent  solutions  of  the  matrix  HF  equa¬ 
tions.  Our  estimates  of  round-off.  error  are  based,  primarily,  on  informa¬ 
tion  gained  in  the  following  ways: 

1.  The  examination  of  the  convergence  thresholds,  for  diagonali- 
zation  and  self-consistency  met  by  the  SCF  vector  coefficients.  These 
thresholds  are  part  of  the  output  of  the  computer  program  and  are  also 
set  automatically  by  the  program  depending  on  the  features  of  the  calcula¬ 
tion  being  performed. Unfortunately,  our  experience  indicates  that 
these  thresholds  give  a  low  estimate  of  the  effects  of  round-off  errors. 

2.  The  comparison  of  the  results  of  SCF  calculations  performed 
on  the  IBM  704  and  on  the  IBM  7094.  The  most  important  difference  be¬ 
tween  the  704  and  7094  programs  is  that  in  the  7094  program  the  results 
of  floating-point  addition  and  multiplication  are  rounded,  while  in  the  704 
program  they  are  not.  Thus  a  comparison  of  the  results  of  SCF  calcula¬ 
tions,  performed  on  the  704  and  7094,  should  provide  an  estimate,  most 
likely  on  the  high  side,  of  the  effect  of  rounding  errors  on  the  7094  results. 

3.  The  comparison  of  the  results  of  two  SCF  calculations,  both 
performed  on  the  7094  and  using  the  same  basis  set,  but  with  somewhat 
different  initial  approximations  for  the  SCF  eigenvectors. 

For  the  calculations  performed  with  small  basis  sets,  viz.,  the 
simple  sets  for  the  heavier  atoms  (chlorine,  argon,  and  potassium)  and 
both  the  simple  and  accurate  sets  for  the  lighter  atoms  (fluorine,  neon, 
and  sodium),  the  estimates  of  round-off  errors  are  the  following:  The 
round-off  error  in  the  total  energy  and  v/T  is  probably  less  than  or 
equal  to  five  units  in  the  eighth  significant  figure..  For  those  states  for 
which  the  total  energy  is  just  larger  than  100  Hartrees,  the  round-off 
error  in  the  total  energy  is  probably  less  than  two  units  in  the  eighth 
significant  figure.  The  round-off  error  in  the  £ni's  and  Cni.p's  is  probably  less 
than  or  equal  to  one  unit  in  the  fifth  decimal  place  (that  is ,  one  unit  in  the  last 
figure  given  for  these  quantities  in  Tables  I-VIIl).  The  round-off  error 
in  the  cusps  is  usually  less  than  one  unit  in  the  fifth  decimal  place,  but 
in  some  cases  is  probably  about  three  or  four  units  in  the  fifth  decimal 
place . 


For  calculations  with  the  accurate  basis  sets  for  the  heavier 
atoms,  the  estimates  of  round-off  error  are  the  following:  The  round-off 
error  in  the  total  energy  is  probably  less  than  four  to  eight  units  in  the 
eighth  significant  figure.  The  round-off  error  in  V/T  is  usually  about 
five  units  in  the  eighth  significant  figure,  but  in  a  few  cases  it  is  as  large 
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as  four  in  the  seventh  significant  figure.  The  round-off  error  for  the  €n|'s 
and  cusps  varies  depending  on  the  orbital  considered  (Is,  2s,  2p,  etc.),  but 
in  any  case  is  no  more  than  one  or  two  units  in  the  fourth  decimal  place. 
The  round-off  error  for  the  Cn^  p' s  for  s  orbitals  is  about  one  unit  in  the 
fifth  decimal  place,  and  for  p  orbitals  is  less  than  one  unit  in  the  fourth 
place. 


The  round-off  error  is  larger  for  the  vector  coefficients  of  p 
orbitals  because  the  p  basis  functions  form  a  more  nearly  linearly  depen¬ 
dent  set  than  the  s  basis  functions.  The  diagonalization  procedures  lose 
accuracy  as  the  basis  set  becomes  linearly  dependent.  For  example,  for 
the  accurate  basis  set  for  neutral  argon,  the  determinant  of  the  overlap 
matrix  of  the  p  basis  functions  is  0.5  x  10"6;  for  the  s  basis  functions  it 
is  5.3  x  10“6,  a  factor  of  10  larger.  But,  because  of  the  redundancy  of  the 
p  basis  functions,  the  round-off  errors  in  the  vector  coefficients  may  not 
have  a  large  effect  on  the  numerical  values  of  the  p  orbitals. 

Although  the  vectors  given  in  Tables  I-VIII  may  not  be  SCF  eigen¬ 
vectors  to  the  number  of  figures  given,  they  do  form  an  orthonormal  set 
to  the  number  of  figures  given. 

It  is  important  to  obtain  reliable  estimates  of  the  accuracy  of  the 
analytic  SCF  wave  functions.  By  accuracy  of  the  analytic  functions  we 
mean  how  closely  they  represent  the  exact  HF  solutions.  Information  on 
the  accuracy  of  the  analytic  functions  may  be  obtained  in  the  following  ways: 

1.  The  comparison  of  analytic  functions  with  solutions  obtained  by 
direct  numerical  integration.  This  method  has  limited  usefulness;  first, 
because  numerical  solutions  are  often  not  available  and,  second,  because 
accurate  analytic  functions  are  often  better  than  the  available  numerical 
solutions. 

2.  The  comparison  of  different,  good,  analytic  functions  for  the 
same  state,  calculated  independently  by  different  workers  or  with  a  dif¬ 
ferent  choice  of  principal  quantum  numbers  for  the  basis  functions,  but 
with  very  nearly  the  same  total  energy.  These  calculations  are  not  likely 
to  have  the  same  systematic  errors  because  of  individual  peculiarities  in 
the  choice  and  optimization  of  the  basis  functions.  Thus,  it  is  reasonable 
that  the  differences  between  the  results  of  these  calculations  should  rep¬ 
resent  the  random  error  of  functions  with  this  total  energy.  These  differ¬ 
ences  provide  a  good  basis  for  estimating  the  accuracy  of  the  functions. 

3.  The  examination  of  the  convergence  of  the  properties  of  the 
SCF  functions  obtained  in  the  process  of  building  up  the  basis  set  from  a 
small  set  to  the  final  accurate  set.  This  method  is  very  powerful  when  the 
basis  set  is  completely  reoptimized  at  each  step  of  the  build-up  so  that  the 
effects  of  systematic  errors  on  the  choice  of  basis  functions  to  represent  a 
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loop  are  minimized.  These  techniques  and  their  application  to  first-row 
atoms  are  discussed  elsewhere. (9) 

The  cusp  is  not  useful  as  a  guide  to  the  accuracy  of  any  fairly  good 
analytic  SCF  function.  For  all  but  very  small  basis  sets,  the  cusp  condition 
is  satisfied  well  enough,  if  optimized  basis  functions  are  used,  to  insure 
against  unreasonable  behavior  at  the  origin.  This  is  because  an  analytic 
SCF  radial  function  Pn^(r),  Pn^(r)  =  rpni(r)  =  r2:Rjp(r)Cni,p.  g°es  near 
the  origin  as 

pnf(r)  =  A0(ni)r-2+1  [1  +  (Cuspnj)r  +  0(r2)].  (13) 

The  dominant  term  in  this  expansion  is  Ao(ni),  not  the  cusp,  and  Pn_g  is 
not  overly  sensitive  to  errors  in  the  cusp. 

Fortunately,  it  is  not  necessary  to  apply  the  tests  described  above 
to  every  analytic  SCF  function  that  is  calculated.  When  the  SCF  functions 
of  a  series  of  similar  states  have  been  calculated  in  a  systematic  way,  as 
described  in  Section  III  of  this  paper,  the  accuracy  of  each  function  in  the 
series  may  be  inferred  from  careful  estimates  of  the  accuracy  of  the 
functions  of  only  a  few  states.  One  must  take  some  precautions  when  making 
these  inferences  of  estimates  of  accuracy.  It  is  important,  for  example,  to 
remember  that  it  may  be  more  difficult  to  determine  more  diffuse  orbitals, 
e.g.,  orbitals  of  negative  ions,  as  accurately  as  less  diffuse  ones. 

Tables  IX-XII  present  comparisons  of  the  results  of  several  HF 
calculations  of  Ne,  F",  Ar,  and  Cl"  with  the  results  obtained  with  our  ac¬ 
curate  basis  set  functions.  In  each  case,  we  give  comparisons  with  results 
obtained  by  direct  numerical  integration  of  the  HF  equations;*  and,  except 
for  Cl",  we  also  give  comparisons  with  analytic  SCF  functions  with  very 
nearly  the  same  energy  as  our  accurate-set  functions.  The  analytic  func¬ 
tions  whose  total  SCF  energies  differ  only  in  the  eighth  significant  figure 
are  grouped  together  with  the  accurate-set  function  at  the  left  of  the  tables. 
Comparisons  between  these  functions  give  information  of  the  type  2  above. 

We  have  included,  for  each  case,  comparison  with  the  results  obtained  with 
the  simple  basis  set  functions  so  that  the  accuracy  of  these  functions  may 
be  determined. 

For  Ne  and  F",  we  include  comparisons  with  the  analytic  SCF  cal¬ 
culations  of  Allen, (36)  and  for  Ar  and  Cl",  with  the  analytic  SCF  calcula¬ 
tions  of  Watson  and  Freeman. (37)  These  calculations  were  performed 
without  using  techniques  for  the  automatic  optimization  of  the  exponents  of 
the  basis  functions. 


♦For  numerical  HF  calculations  of  Ne,  F",  Ar,  and  Cl",  see  Refs.  32, 
33,  34,  and  35,  respectively. 
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TABLE  IX.  Comparison  of  Sovoral  Hartroe-Fock  Calculations  of  Noon 
(Valuos  aro  in  a.u.) 


Thia  Calculation 
Accurate  Sat 

Fixed  Cu.p  Set* 

Cle«entlb 

Wor.l.y0 
(Honor leal 
Int aeration) 

Thia  Calculation 
Simple  Sat 

Allen4 

1 

-128,5*709 

-128.5*703 

-128.5*701 

-128.5*6*8 

-128.5*319 

AE 

0 

-0.00006 

-0.00008 

. 

-0.00061 

-0.00390 

*i. 

-32.77233 

-32.77229 

-32-77277 

-32.775 

-32.77162 

-32.76740 

0 

-0.00004 

+0.00044 

+0.003 

-0.00071 

-0.00493 

Cu«plt 

-10.0250 

-10.0000 

-10.0049 

..... 

-10.0101 

-9.999* 

iCulp,, 

+0.0250 

+0.0049 

+0.0101 

-0.0006 

l*0(l.)l 

60.777 

60.7*1 

60.750 

60.77 

60.761 

60.7*6 

A  !*<,<!•)  1 

-0.01 

+0.03 

+0.02 

0 

+0.01 

+0.02 

<r>!. 

0.15763 

0.13763 

0.15763 

0.15763 

0.1576* 

*<*•>!. 

0 

0.00000 

0.00000 

0.00000 

-0.00001 

<*■*>!. 

0.033*7 

0.033*7 

0.033*7 

0.033*7 

0.033*7 

0 

0.00000 

0.00000 

0.00000 

0.00000 

t/(Afw)2]* 

0 

0.0005 

0.0004 

0.0005 

0.0006 

i^i.  U 

0  «  r  <  «  0 

0.0002 

0.0003 

0.003 

0.000* 

0.0005 

*2. 

-1.93031 

-.1.93031 

-1.930*8 

-1.933 

-1.92975 

-1.92592 

4,2. 

0 

0.00000 

+0.00017 

+0.003 

-0.00056 

-0.00439 

Cu.p2, 

-10.0535 

-10.0000 

-10.0052 

-10.0136 

-10.3010 

ACuap2< 

+0.0535 

. 

+0.0052 

. 

+0.0136 

+0.3010 

l*0(2e)l 

1*.280 

14.253 

1*.26* 

14.27 

14.269 

14.344 

Al*0(2«)l 

-0.01 

+0.02 

+0.01 

0 

0.00 

-0.07 

<r>2» 

0.89209 

0.89207 

0.89216 

0.89135 

0.89267 

a<r>2. 

0 

+0.00002 

-0.00007 

+0.00074 

-0.00058 

<r|>2» 

0.9669* 

0.96691 

0.96735 

..... 

0.96359 

0.9696* 

4<r>2. 

0 

+0.00003 

-0.000*1 

. 

+0.00335 

-0.00270 

0 

0.001* 

0.0015 

0.0054 

0.0061 

lA,2»l*Ut 

0  £  p  <  1.0  0 

0.0002 

0.000* 

0.0003 

0.0015 

0.0023 

1.0  £  r  <  -  0 

0.0009 

0.0012 

0.001 

0.00*6 

0.00*6 

*2p 

-0.8503* 

-0.85033 

-0.850*8 

-0.852j 

-0.8*97* 

-0.8*610 

M2p 

0 

-0.00001 

+0.00014 

+0.002g 

-0.00060 

-0.00424 

Oi-Pjp 

-5.0003 

-5.0000 

-5.0000 

..... 

-*.6751 

-*.7356 

ACusp 

+0.0003 

0.0000 

-0.3249 

-0.26** 

l*0(2P)l 

27.804 

27.732 

27.861 

27.87 

27.159 

27.  *79 

A|*0(2P)I 

+0.07 

+0.14 

+0.01 

0 

+0.71 

+0.39 

<r>2p 

O.96518 

0.96519 

0.96537 

0.96*77 

0.96*89 

A<r>ap 

0 

•0.00001 

-0.00019 

+0.00041 

+0.00029 

<*%> 

1.22789 

1.22787 

1.22901 

1.22516 

1.23800 

0 

+0.00002 

-0.00112 

+0.00273 

-0.01011 

l/(f2p)SJ* 

0 

0.0010 

0.0017 

..... 

0.0037 

0.0186 

0  £  r  <  1.0  0 

0.0002 

0.0006 

0.0002 

0.0011 

0.0063 

1.0  4  P  <  m  0 

0.0006 

0.0011 

0.004 

0.0026 

0.0102 

AP.  S.  Btfu,  T.  L.  GUknrt.  C.  C.  J.  HootSus,  and  H.  O.  Cekoa  (ih  Ao f.  4). 

Clement*.  C.  C.  J.  Rootkaan.  and  U  Yookimino  (ooo  Ref.  7). 
eB.  H.  Worsloy  (soo  Rof.  32). 

^L.  C.  Allan  (sac  Rof.  36). 
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TABLE  X.  Comparison  of  Savaral  Hartree-Fock  Calculations  of  F" 
(Values  are  in  a.u.) 


19)18  Calculation 
Accurate  Set 

Fixed  Cu Bp  Set* 

Pro...4 

(Nuaerld 

Integration) 

Clementi0 

Allan4 

This  Calculation 
Simple  Set 

E 

-99.459*40 

-99.459444 

»  •  •  • 

-99.459363 

-99.458879 

-99.457854 

AE 

0 

+0.000004 

.... 

-0.000077 

-0.000561 

-0.001586 

£la 

-25.8296: 

-25.82961 

-25.8225 

-25.82944 

-25.82957 

-25.82687 

A£l. 

0 

+0.00000 

-0.0071 

-0.00017 

-0,00004 

-0.00274 

Cuepl8 

-9.0240 

-9.0000 

.... 

-9.0174 

-9.0055 

-9.0124 

ACu»Pls 

+0.0240 

.... 

+0.0174 

+0.0055 

+0.0124 

i*0a«)i 

51.724 

51.702 

51.705 

51.717 

51.703 

51.713 

A|*0U»)| 

-0.0:9 

+0.003 

0 

-0.012 

+0.002 

-0.008 

<r>l» 

0.17576 

0.17576 

.... 

0.17576 

0.1757T 

0.17575 

A<r>l. 

0 

0.00000 

.... 

0.00000 

-0.00001 

+0.00001 

<r2>7 

0.04162 

0.04162 

.... 

0.04162 

0,0.162 

0.04161 

A<r  >1. 

0 

0.00000 

.... 

0.00000 

0.00000 

+0.00001 

t/(APls)2)i 

0 

40.0002 

.... 

0.0004 

0,0004 

0.0006 

lAPl.lmax 

0  ± 

V 

< 

* 

0 

0.0002 

0.0003 

0.0002 

0.0004 

0.0005 

£2. 

-1.07458 

-1.07458 

-1.0765 

-1.07435 

-1.07468 

-1.07236 

A£2. 

0 

0.00000 

+0.0019 

-0.00023 

+0.00010 

-0.00222 

0u»p2lJ 

-9.0678 

-9.0000 

.... 

-9.0345 

-9.2576 

-9.0753 

ACu»P2s 

+0.0678 

.... 

+0.0345 

+0.2576 

+0.0753 

|AC(2»)| 

11.683 

11.667 

11. 669 

11.670 

11.729 

u.688 

A|A0(2»)| 

-0.014 

+0.002 

0 

-0.001 

-0.060 

-0.019 

<r>2. 

1.03555 

1.03556 

.... 

1.03540 

1.03617 

1.03333 

i<r>2. 

0 

-0.00001 

.... 

+0.00015 

-0.00062 

+0.00222 

<r2>2. 

1.31886 

1.31903 

.... 

1.31776 

1.32219 

1.30703 

A<F  >2. 

0 

-0.00017 

.... 

+0.00110 

-0.00333 

+0.01183 

! 

0 

0.0009 

.... 

0.0027 

0.0035 

0.0118 

lAP2.lmax 

0  ± 

V 

< 

1.5 

0 

0.0003 

0.0005 

0.0009 

0.0015 

0.0024 

1.5  £ 

r  < 

m 

0 

0.0006 

0.0005 

0.0018 

0.0026 

0.0088 

£2p 

-0.18098 

-0.18098 

-0.l8l5 

-0.18079 

-0.18122 

-0.17886 

A£2p 

0 

0.00000 

+0.000,- 

-0.00019 

+0.00024 

-0.00212 

^«P2p 

-4.5322 

-4.5000 

.... 

-4.4282 

-4.1523 

-4.0292 

ACu,P2p 

+0.0322 

.... 

-0.0718 

-O.3477 

-0.4708 

|A0(2P)i 

18.861 

18.882 

18.849 

18.740 

18.268 

18.017 

al*0(2p)l 

-0.012 

-0.033 

0 

+0.109 

+0.581 

+0.832 

<r>2p 

1.25556 

1.25557 

.... 

1.25512 

1.25604 

1.25206 

A<r>2p 

0 

-0.00001 

.... 

+0.00044 

-0.00048 

+0.00350 

<r!>2P 

2.20956 

2,20971 

•  *  *  * 

2.20516 

2.21748 

2.17892 

A<r  >2p 

0 

-0.00015 

.... 

+0.00440 

-0.00792 

+0.03064 

t/(AP2p)M 

0 

0.0007 

.... 

0.0024 

0.0076 

0,0121 

^AP2plmax 

0  £ 

r 

< 

1.5 

0 

0.0002 

0.0002 

0.0002 

0.0012 

0.0021 

1-5  * 

r 

< 

m 

0 

0.00035 

0.0005 

0.0013 

0.0034 

0.0067 

‘P,  S.  Bagus,  T.  L.  Gilbert,  C.  C.  J.  Aoothaan,  and  H.  Cohen  (see  Ref,  9). 
bC.  Fro...  (..«  Ref.  39). 

CE.  Clementi  and  A-  D.  McLean  (see  Ref.  38/. 

C.  Allen  («•«  Ref.  36). 
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TABLE  XI.  Comparison  oi  Several  Kartree-Tock  Calculation!  o i  Argon 
(Value*  ar*  la  a.u.) 


IMi  Calculation 
Accurate  Set 

Alternate* 

Large  Set 

da  and  7p 

■uni* 

(Fixed  Cuip  Set) 

Hartree0 

(Vuaerlcal 

Integration) 

ClM»!>tld 

mil  Caloulitlon 

5 lap la  Set 

Vat eon  and 

Freeaan* 

B 

-526.817*6 

-526.817*5 

-526.817*3 

-526.81707 

-526.81553 

-526.81*63 

AS 

0 

-0.00001 

-0.00003 

*0. 00039 

-0.00193 

-0.00283 

*1» 

-118.6101* 

-118.610*2 

-118.61030 

-118.6 

-118.60987 

-118.60817 

-118.60950 

«i. 

0 

+0.00028 

*0.00016 

0.0 

-0.00027 

-0.00197 

-0.0006* 

-18.0037 

-18.0063 

-18.0000 

-18.0296 

-17.9582 

-17.9727 

♦0.0037 

+0.0063 

*0.0298 

-0.0418 

-0.0273 

|A0(1.)I 

1*8.87 

1*6.68 

1*8.85 

1*8.8 

1*8.92 

148.77 

1*8.01 

a|a„(i»)I 

-0.1 

-0.1 

0.0 

0 

-0.1 

0.0 

0.0 

0.08610 

0.08610 

0.08610 

..... 

0.08610 

0.08611 

0.08610 

A<T>U 

0 

0.00000 

0.00000 

. 

0.00000 

-0.00001 

0.00000 

<&. 

0.00996 

0.00996 

0.00996 

0.010 

0.00996 

0.00996 

0.00996 

A<^>1. 

0 

0.00000 

0.00000 

0.000 

0.00000 

0.00000 

0.00000 

t/tAFu)2]* 

0 

^.0001 

4). 0002 

4D.0003 

0.0005 

0.0004 

V.Ux 

0  A  »  <  « 

0 

0.0001 

0.0002 

0.007 

0.0003 

0.0008 

0.000* 

-12.32193 

-12.32220 

-12.3221* 

-12.33 

-12.32150 

-12.32139 

-12.32141 

«2. 

0 

+0.00027 

+0.00021 

+0.01 

-0.000*3 

-0.0005* 

-0.00052 

ClMPj, 

-17.9965 

-18.00*9 

-18.0000 

..... 

-17.99*0 

-17.9891 

-18.2048 

ACu«p2b 

-0.0035 

+0.00*9 

-0.0060 

-0.0109 

+0.20*8 

|A„(2»)I 

*2.257 

*2.266 

*2.2** 

*2.25 

*2.25* 

*2.252 

42.276 

A|A0(2»)| 

-0.01 

-0.02 

+0.01 

0 

0.00 

0.00 

-0.03 

<r>2. 

6. *1228 

0.41227 

0.*1229 

0.41228 

0**1231 

0.41228 

i<r>2 

0 

+0.00001 

-0.00001 

0.00000 

-0.00003 

0.00000 

<^2. 

0.20123 

0.20122 

0.20123 

0.201 

0.20122 

0.20125 

0.20122 

A<r>a! 

0 

+0.00001 

0.00000 

0.000 

+0.00001 

-0.00006 

+0.00001 

[Aa»2,)s]* 

0 

0.0005 

0.000* 

0.0008 

0.0005 

0.0006 

Itfg.U, 

0  .  r  <  0.19 

0 

0.0002 

0.0002 

0.002 

0.0002 

0.0004 

0.0003 

0.35  £  P  <  • 

0 

0.0005 

0.0002 

0.002 

0.0006 

0.0006 

0.0005 

«3» 

-1.27725 

-1.2773* 

-1.27735 

-1.277, 

-1.27692 

-1.27666 

-1.276*9 

A«3. 

0 

+0.00009 

+0.00010 

+0.0002 

-0.00033 

-0.00059 

-0.00076 

CUAP3. 

-17.9689 

-17.9517 

-18.0000 

-18.0976 

-17.7582 

-17.9798 

ftOJ.Pj, 

-0.0311 

-0.0*83 

. 

*0.0976 

-0.2418 

-0.0202 

l*0(3»)l 

13.199 

13.197 

13.199 

13.21 

13.222 

13-1*6 

13.201 

Al*0(3») l 

+0.01 

+0.01 

+0.01 

0 

-0.01 

+0.06 

♦0.01 

<r>3. 

l.*2196 

l.*2228 

l.*2192 

1.42256 

1.*2218 

1.42252 

A<r>j. 

0 

-0.00032 

+0.0000* 

-0.00060 

-0.00022 

-0.00056 

<^3. 

2.3*912 

2.35086 

2.3*888 

2.3*8 

2.351** 

2.3*981 

2.35372 

0 

-0.0017* 

+0.0002* 

+0.001 

-0.00832 

-0.00069 

-0.00*60 

0 

0.0009 

0.000* 

0.0085 

0.0006 

0.0059 

U»j.W 

0  ^  p  <  1.2 

0 

0.0002 

0.0002 

0.001 

0.0009 

0.00 or 

0.0003 

M  a  »  <  • 

0 

0.0006 

0.0002 

0.001 

0.0081 

0.000* 

0.00*8 
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TABLE  XI.  Continued 


(Values  art  in  a.u.) 


This  Calculation 
Accurate  Set 

Alternate* 

Large  Set 

8e  and  7p 

Him* 

(fixed  Cusp  Set) 

lUrtr..0 

(NumNo.1 

Xnt.cr.tlon) 

ClMMitl4 

Thie  Calculation 
31«pl«  Set 

Vet eon  and 

Fraanan* 

-9.57127 

-9.57152 

-9.571*6 

-9.57. 

-9.57083 

-9.57061 

-9.57072 

«2p 

0 

40.0002$ 

40.00019 

40.00* 

-0.000** 

-0.00066 

-O.OOO55 

CU,p2p 

-8.9*59 

-8.9577 

-9.0000 

-8.9011 

-B.6098 

-8.7697 

iCu.p- 

-0.07*1 

-0.0*23 

-0.0989 

-0.3902 

-O.23O3 

|A„(2p!l 

181.89 

18*.  07 

18*. 1* 

18*.35 

181.81 

179.21 

180.5* 

a|ao(2i>)I 

♦0.*6 

+0.2® 

40. 21 

0 

♦0.5* 

*3.15 

+l-«x 

0.37533 

0.37533 

0.37533 

0.37529 

0.37527 

0.37536 

A<l->2p 

0 

0.00000 

0.00000 

40.0000* 

40.00006 

-O.OOOO3 

0.17*3* 

0.17*3* 

0.17*3* 

0.17* 

0.17*30 

0.17*27 

0.17*37 

0 

0.00000 

0.00000 

0.000 

40.0000* 

40.00007 

-O.OOOO3 

[A  itfjp)2)* 

0 

0.000$ 

0.000* 

0.0009 

0.00*8 

0.0016 

0  x  r  <  m 

0 

0.0002 

0.0003 

0.002 

0.0007 

0.00*6 

0.0014 

-0.5909* 

-0.39102 

-0.59099 

-0.5905 

-0.59071 

-0.590*6 

-0.58997 

0 

40.00010 

40. 00007 

-0.000* 

-0.00021 

-0.000*6 

-0.00095 

o**p» 

-8.8809 

-8.9*71 

-9.0000 

-8.9216 

-8.6399 

-9.192* 

ACu.p 

-0.1191 

-0.0529 

-0.078. 

-0.3601 

40.192* 

|A0(3P)I 

50.707 

30.82* 

50.80. 

50.97 

50.790 

50.018 

51.638 

A|A0(3P)| 

*0.16 

40.15 

40.17 

0 

+0.18 

40.95 

-0.67 

1.66276 

1.86289 

1.66*98 

1.66181 

1.66156 

1.663*3 

0<r>£ 

0 

-0.00013 

-0.00022 

40.00095 

40.00120 

-0.00067 

<r’>3P 

3.30917 

3.31003 

3.31087 

3.312 

3.30105 

3.299*7 

3.32762 

A<r2>3P 

0 

-0.00086 

-0.00170 

-0.003 

+0.00812 

40.00970 

-0.018.5 

[/(APjp)2]* 

0 

0.0006 

0.0019 

. 

0.0051 

0.0051 

0.0179 

Ofr  <  1.3 

0 

0.0003 

0.0002 

0.001 

0.0009 

0.0007 

0.0025 

1.3  ±  r  <  • 

0 

0.000* 

O.OOU 

0.001 

0.0032 

0.0033 

0.0096 

*P.  S.  Bogus  (unpublished). 

1*0.  L.  Malll  (to  bo  published). 

CD.  R.  Hartree  and  W.  Hortroo  (mo  Rof.  34)  solved  the  5CT  equations  with  uckufo  only  for  tho  3o  and  Jp  woro  functions;  thn  Is,  2s,  and  2p  wars 
functions  with  exchange  woro  obtain* d  from  tho  functions  without  exchange  and  interpolation  botwoon  tho  values  for  Ca*+,  K+,  and  Cl*. 
d£.  dementi  (soo  Rof.  39)-  Details  of  tho  function  are  not  published  in  dementi’s  paper  but  are  available  at  th*  Library  of  Congress  (see  Rsf.  40). 
•R.  E.  Watson  and  A.  J.  freeman  (see  Ref.  37). 
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TABLE  XII.  Comparison  of  Several  Hartree-Fock  Calculations  of  Cl 
(Values  are  in  a.u.) 


Thla  Calculation 
Accurate  Set 

Hartree* 

(Numerical 

Integration) 

Wataon  and  nils  Calculation 
Freeman1’  Simple  Set 

E 

-459.57684 

-459.57499 

-459.57362 

AE 

0 

-0.00185 

-0.00322 

Cl8 

-lot. 50546 

-104. 55 

-104.50829 

-104.50086 

A€la 

0 

+0.04 

+0.00283 

-0.00460 

CuBpls 

-17.0048 

-16.9691 

-16.9635 

ACusp^ 

+0.0048 

-O.O309 

-0.0365 

|A0(la)| 

136.48 

136.5 

136.41 

136.40 

A|A0(1«)| 

0.0 

0 

+0.1 

+0.1 

<r>la 

0.09130 

0.09130 

0.09130 

*<*>!• 

0 

0.00000 

0.00000 

0.01120 

0.0^ 

0.01120 

0.01120 

0 

0.000 

0.00000 

0.00000 

0 

0.0004 

0.0005 

lAPlslmax 

0  jl  r 

< 

* 

0 

0.001 

0.0005 

0.0008 

€2a 

-10.22916 

-10.235 

-10.23225 

-10.22595 

A€2a 

0 

+0.006 

+0.00309 

-0.00321 

Cuap28 

-16.9933 

-17.0174 

-16.9902 

ACuap^ 

-O.OO67 

+0.0174 

-0.0098 

|Ac(2a)| 

38.238 

38.24 

38.254 

38.238 

a|ao(2<)| 

0.00 

0 

-0.01 

0.00 

<r>2a 

0.44180 

0.44179 

0.44181 

A<r>28 

0 

+0.00001 

-0.00001 

<r2>2a 

0.23129 

0.23i 

0.23129 

0.23130 

A<r  >2s 

0 

0.000 

0.00000 

-0.00001 

[/(AP28)2]i 

0 

. 

0.0006 

.£0.0003 

lAP2aLax 

0  £  r 

<  0.35 

0 

0.001 

0.0003 

0.0002 

0.35  £  r 

< 

eo 

0 

0.001 

0.0004 

0.0003 

£3a 

-0.73320 

-0.727 

-0.73547 

-0.73031 

a*3s 

0 

-0.006 

+0.00227 

-0.00289 

CU8P38 

-16.9622 

-17.0158 

-16.7602 

ACuap-a 

-0.0378 

+0.0158 

-0.2398 

|A0(3a)| 

11.261 

11. 31 

11.273 

11.209 

A|A0(3s)| 

+0.05 

0 

+0.04 

+0.10 

<r>3a 

1.60179 

1.60163 

1.60242 

A<r>38 

0 

+0.00016 

-0.00063 

<ro>3a 

3.01041 

3.012 

3.01207 

3.01262 

A<r% 

0 

-0.002 

-0.00166 

-0.00221 

[/(  AP38)£)i 

0 

0.0051 

0.0007 

lAV»a* 

0  ^  r 

< 

1.3 

0 

0.0015 

0.0002 

0.0010 

1.3  £■  r 

< 

m 

0 

0.0025 

0.0032 

0.0003 
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TABLE  XU.  Continued 
(Valuee  ere  in  a.u.) 


This  Calculation 
Accurate  Set 

Hartree® 

(Numerical 

Integration) 

Wat eon  and 
Freeman0 

This  Calculation 
Simple  Set 

*2p 

-7.69557 

-7.695 

-7.69866 

-7.69225 

Ae2p 

0 

-O.OOj^ 

+0.00309 

-O.OO332 

Cu»P2p 

-8.4401 

-8.2818 

-8.0692 

ACuspjyj 

-0.0599 

-0.2182 

-0.4308 

|A0(2P)| 

153.63 

154.1 

152.46 

150.73 

A|A0(2p)| 

+0.5 

0 

+1.6 

+3. A 

<r>2p 

0.40538 

0.40540 

0.40525 

^<r>2p 

0 

-0.00002 

+0.00013 

0.20386 

0.204 

0 . 20387 

0.20369 

A<r  >2p 

0 

o.°°o 

-0.00001 

+0.00017 

iK  )2)i 

0 

0.0012 

O.OO34 

lAP2plmax 

0  rt  r  <  • 

0 

0.001 

0.0009 

0.0031 

e3P 

-0.15017 

-0.14855 

-0.15172 

-0.14772 

A£3P 

0 

-0.00162 

+0.00155 

-0.00245 

Cusp3p 

-8.3803 

-8.6557 

-8.1451 

ACusp 

-0.1197 

+0.1557 

-0.3549 

|A0(3P')| 

37.927 

38.02 

38.601 

37.468 

A I AQ ( 3p ) J 

+0.09 

0 

-O.58 

+0.55 

<r>3P 

2.02880 

2.03967 

2.01910 

6<r>3p 

0 

-O.OIO87 

+0.00970 

<r2>3P 

5.10806 

5-«r 

5.229'U 

5.01079 

A<r  >3p 

0 

-0.029 

-0.12135 

+0.09727 

[/(AP3p)2]i 

0 

0.0207 

0.0209 

I^Sp'max 

0  £  r  <  1.5 

0 

0.0015 

0.0028 

0.0021 

1.5  £  r  <  » 

0 

0.0015 

0.0102 

0.0116 

»D.  R.  Hertree  and  W.  Hartree  (aee  Ref.  35). 
bR.  E.  Watson  and  A.  J.  Freeman  (see  Ref.  37). 
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Where  analytic  calculations  of  other  workers  are  reported,  we  have 
used  their  basis  sets  to  recompute  their  functions  with  our  program.  This 
was  done  so  that  all  the  properties  of  each  calculation  would  be  available 
for  comparison.  Tables  IX-XII  present  the  results  obtained  from  our  re¬ 
calculations.  Our  recalculations  agree  closely  with  the  original 
calculations. 

The  total  SCF  energies  in  Tables  IX-XII  are  given  to  eight  significant 
figures.  Although  round-off  error  affects  the  eighth  figure,  this  is  the  only 
way  to  distinguish  the  energies  of  several  of  the  functions.  For  each  orbital, 
we  give  the  values  of  the  orbital  energy  e^,  cusp,  A0(ni),  the  dominant 
term  in  the  expansion  of  the  radial -wave  function  near  the  origin  [defined  in 
Eq.  (13)],  and  the  expectation  values  of  r  and  r2. 

Direct  comparisons  are  also  made  for  the  radial  wave  functions 
Pn^(r).  For  each  orbital,  we  give  values  of  the  quantity 

[P accurate  set(r)  “  Pcomparison(r)]Zdrj 

denoted  in  the  tables  by  [/(APn<g)2]1/z.  This  is  a  sum  of  the  differences  of 
the  radial  wave  functions  over  their  entire  range  and  may  be  used  as  an 
overall  figure  of  merit  for  the  quality  of  the  comparison  function.  (This 
comparison  cannot  be  made  with  the  numerical  functions.  The  radial 
wave  functions  obtained  with  the  accurate  basis  sets  and  by  numerical 
methods  usually  agree  within  one  or  two  units  in  the  last  figure  given  in 
the  tabulation  of  the  numerical  functions,  and  [  /(APnf)2]1  calculated  from 
these  differences  would  only  reflect  rounding  errors.)  The  tables  also 
give  the  maximum  value  of  |AP(r)|  =  JPaccurate  set(r)  -  pcomparison(r)l  • 
For  some  orbitals,  |AP|max  is  given  for  two  ranges  of  r  to  indicate  that 
the  agreement  between  some  of  the  radial  wave  functions  is  considerably 
better  for  the  inner  portion  of  the  function  than  for  the  tail.  The  limit  of 
the  ranges  is  arbitrary.  Except  for  a  small  range  of  values  of  r,  usually 
at  the  tail  of  the  orbital,  |AP(r)|  is  smaller  than  |AP(r)|max.  Thus 
|AP(r)|max  gives  the  worst  view  of  the  accuracy  of  the  orbitals. 

The  differences  given  in  Tables  IX-XII  (AE,  Ae,  etc.)  are  usually 
defined  as 

AProperty  =  Property  (accurate  set) 

-  Property  (comparison  function).  (14a) 


The  exceptions  are 

ACusp^  =  -z/(i  +  1)  -  Cuspn^  (comparison  function),  (14b) 
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and 


A|A0(ni)|  =  jAo(nl)  [numerical  calculation]) 

-  |A0(ni)  [comparison  function]).  (14c) 

For  A0(ni),  numerical  calculations  were  chosen  as  a  standard  of  compari¬ 
son  because  numerical  techniques  require  that  the  radial  functions  be  de¬ 
termined  accurately  at  the  origin.  The  numerical  integration  is  started 
outward  from  r  =  0,  and  the  results  are  sensitive  to  any  error  in  the 
function  at  the  origin. 

The  values  of  the  radial  wave  functions  obtained  from  the  accurate 
basis  SCF  calculations  agree  strikingly  well  with  the  values  obtained  from 
numerical  calculations. 

Worsley(32)  gives  the  neon  radial  functions,  tabulated  at  logarithmic 
intervals,  to  four  decimal  places  except  for  the  tail  region  of  each  orbital 
where  they  are  given  to  only  three  decimal  places.  Worsley  claims  that 
the  functions  are  accurate  to  within  two  or  three  units  in  the  last  figure 
given.  At  every  point  Worsley  tabulates,  the  difference  between  our  accurate 
set  results  and  her  numerical  results,  ]AP(r)|,  is  within  this  limit  except 
for  four  points.  At  the  great  majority  of  tabulated  points,  |AP(r)|  is  0  or  1 
in  the  last  figure  Worsley  gives. 

Froese(33) 

claims  that  her  radial  wave  functions  for  F“,  given  to 
four  decimal  places,  are  accurate  to  0.0002.  The  differences  with  our 
accurate -set  results  are  within  this  limit  with  only  a  few  exceptions.  At 
two  points,  j  APls(r )|  =  0.0003;  at  ten  points,  |APzs(r)(  is  between  0.0003 
and  0.0005;  and  at  five  points,  |AP2p(r)|  is  between  0.0003  and  0.0005. 

Hartree  and  Hartree(^4,35)  give  the  radial  wave  functions  for  Ar 
and  Cl'  to  three  decimal  places;  for  the  3s  and  3p  orbitals  of  Cl“,  they 
tabulate  2P(r)  rather  than  P(r)  in  order  to  obtain  additional  accuracy. 

For  argon,  |APls(r)|  has  its  largest  values  at  five  consecutive  points  and 
is  between  0.003  and  0.007;  at  several  points  of  the  2s  and  2p  radial 
functions,  |AP(r)|  has  its  maximum  value  of  0.002.  For  the  argon  3s  and 
3p  radial  functions,  |AP(r)|  is  usually  0.000  and  is  never  larger  than 
0.001  (i.e.,  0  or  1  in  the  last  figure  that  Hartree  and  Hartree  give).  The 
relatively  large  disagreements  for  the  Is,  2s,  and  2p  radial  functions  occur 
because  Hartree  and  Hartree  did  not  obtain  these  functions  by  direct  solu¬ 
tion  of  the  HF  integro-differential  equations  but  rather  by  an  interpolation 
between  results  for  Cl“  and  K+.  Their  3s  and  3p  functions,  on  the  other 
hand,  were  obtained  as  self-consistent  numerical  solutions  of  the  HF  equa¬ 
tions.  This  explanation  is  supported  by  the  fact  that,  for  the  Is,  2s,  and 
2p  orbitals  of  the  Hartree  and  Hartree  calculation  on  Cl",  jAP(r)|  is  never 
larger  than  0.001.  Although  the  agreement  between  our  results  and  those 
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of  Hartree  and  Hartree  for  the  3s  and  3p  orbitals  of  Cl"  is  still  good,  it 
is  not  as  good  for  these  orbitals  as  for  the  others.  For  the  3s  radial 
function,  2|AP(r)|  is  0.005  at  one  point  in  the  tail  of  the  function,  0.004  at 
the  two  adjacent  points,  and  0.002  or  0.003  at  several  points;  for  the  3p 
function,  there  are  also  several  points  for  which  2|AP(r)|  is  as  large  as 
0.002  and  0.003. 

For  Ne,  F",  Ar,  and  Cl",  the  agreement  between  the  numerical 
and  accurate  basis  set  analytic  radial  functions  is,  in  almost  all  cases, 
within  the  error  of  the  numerical  calculations.  The  3s  and  3p  radial 
functions  of  Cl"  obtained  by  Hartree  and  Hartree  are  slightly  more  ac¬ 
curate  than  the  accurate  basis  set  analytic  functions. 

The  differences  between  the  orbital  energies  Cn£  obtained  from  the 
accurate  set  analytic  SCF  calculations  and  from  the  numerical  calculations 
are  sometimes  larger  than  might  be  expected  from  the  small  differences 
between  the  radial  wave  functions.  This  can  be  explained  from  the  different 
way  that  the  e's  are  obtained  by  the  two  methods.  In  the  analytic  method, 
the  e  given  is  obtained  directly  as  the  expectation  value  of  the  Fock  operator 
for  the  orbital,  =  <  0n_g  |jF| <f)n£>-  In  the  numerical  calculations  dis¬ 

cussed,  e  is  treated  simply  as  a  parameter  to  be  adjusted  until  the  solutions 
of  the  HF  equations  approximately  satisfy  the  boundary  conditions  placed 
on  them.  The  results  of  the  accurate  analytic  SCF  calculations  should  give 
better  values  of  the  e's  than  the  numerical  calculations. 

The  accuracy  of  the  accurate  basis  set  SCF  functions  given  in 
Tables  I-IV  has  been  estimated.  The  estimates  used  the  techniques  de¬ 
scribed  above  and,  in  large  part,  the  information  given  in  Tables  IX-XII. 

The  estimates  are  generous  and  probably  indicate,  for  most  of  the  func¬ 
tions,  errors  larger  than  the  true  errors. 

The  total  SCF  energy,  EsCF»  represents  the  exact  HF  total 
energy  to  within  two  units  in  the  seventh  significant  figure,  and  the 
enjg's  are  accurate  to  about  five  units  in  the  same  decimal  place  that  the 
error  enters  the  total  energy.  When  EgcF  ^  100,  the  en^'s  are  accurate 
to  five  units  in  the  fifth  decimal  place,  and  when  EgCF  s  100,  to  five  units 
in  the  fourth  decimal  place. 

For  the  states  of  the  heavier  atoms  (chlorine,  argon>  and  potassium) 
the  Is,  2s,  and  2p  radial  wave  functions  do  not  differ  from  the  exact  HF 
solutions,  for  any  value  of  r,  by  more  than  0.0005.  The  Is  radial  function 
is  probably  accurate  to  within  0.0002.  The  3s  and  3p  radial  functions  are 
definitely  accurate  to  within  0.0015,  and  over  much  of  the  range  of  r  are 
accurate  to  within  0.0005.  The  only  exception  is  the  3s  radial  function 
of  Cl",  where  the  error  is  as  large  as  0.0025  for  a  fairly  small  range  of 
r  near  the  tail  of  the  function. 
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For  the  states  of  the  light  atoms  (fluorine,  neon,  and  sodium),  the 
radial  functions  are  accurate  to  within  0.0005.  The  Is  radial  function  is 
accurate  to  within  0.0002.  The  2s  and  2p  radial  functions  have  an  error 
smaller  than  0.0005. 

The  radial  wave  function  of  the  outermost  s  shell  (2s  for  the  light 
atoms,  and  3s  for  the  heavier  atoms)  is  the  least  accurate  function  for 
any  given  state.  The  outermost  s  shell  makes  the  smallest  contribution 
to  the  total  energy  and  so  is  least  well-determined  by  the  exponent  variation 
procedures  which  optimize  the  total  energy. 

The  accurate  set  SCF  functions  given  in  Tables  I-IV,  except  for 
Cl"  and  the  ls-hole  state  of  K+>  represent  the  limit  of  accuracy  which 
can  be  obtained  using  the  single -precision,  eight-significant-figure, 
floating -point  arithmetic  of  the  IBM  704  and  7094  computers.  The  Cl“  SCF 
function  could  probably  be  improved  with  the  addition  to  the  basis  set  of  an 
s,  and  possibly  a  p,  basis  function.  The  function  for  the  ls-hole  state  of 
K+  could  be  improved  slightly  if  the  numerical  evaluation  in  the  exponent 
variation  procedures  were  altered  to  minimize  round-off  error.  (This 
change  has  already  been  made  in  the  latest  versions  of  the  SCF  programs.) 

C.  Properties  of  the  SCF  Wave  Functions 


Expectation  values  of  r  and  r2,  for  all  the  states  computed  are 
given  in  Tables  XIII  and  XIV.  These  expectation  values  were  calculated 
from  the  accurate  basis  set  SCF  functions.  For  each  state,  the  expecta¬ 
tion  values  of  r  and  r2  given  are  taken  with  respect  to  each  occupied 

orbital,  <r>n^  =  fj°  [Pni(r)]2rdr  and  <r 2>n£  =  /0°°  [Pn^(r)]2rzdr .  In 

addition,  the  average  values  of  the  <r>  and  <r2>  are  given.  The  average 
value  of  <r>  is  defined  by  2Nn^<r>n£/2Nn^,  where  Nn|  is  the  electron  occu¬ 
pation  of  the  n^th  orbital  and  the  sum  is  over  all  occupied  orbitals.  The 
values  of  <r>n^  and  <r2>n^  represent  the  exact  HF  values  to  within  a 
few  units  in  the  last  figure  given.  The  values  of  <r2>n^  for  the  outermost 
s  and  p  orbitals  of  a  system  are  least  accurate,  and  the  errors  may  be 
as  large  as  20  units  in  the  last  figure.  These  estimates  of  accuracy  may 
be  checked  by  reference  to  the  comparisons  given  in  Tables  IX-XII. 

An  extra  figure  is  given  for  the  average  values  of  <r>  and  <r2> 
to  avoid  round-off  error  if  these  values  are  multiplied  by  the  total  number 
of  electrons  in  the  system  to  give  <Zri>  and  <Zr|>. 

Nonzero  overlap  integrals  between  many-electron  SCF  wave  func¬ 
tions,  calculated  from  the  accurate  basis  set  SCF  functions,  are  given  in 
Table  XV.  These  results  are  presented  in  connection  with  the  discussion, 
at  the  end  of  Section  II,  of  the  lack  of  orthogonality  between  excited-  and 
ground- state  SCF  functions  of  the  same  symmetry. 
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TABLE  XIII.  Expectation  Values  of  r  and  r*  for  F",  Ne,  and  Na+  and 
ni-hole  States  of  F*,  Ne,  and  Na+ 

(Values  are  in  a.u.;  1  Bohr  =  0.52917A) 


P“(1S) 

P(2P) 

2p-hole 

F(2S) 

28-hole 

P(2S) 

la-hole 

<r>l8 

O.1758 

0.1757 

0.1760 

0.1718 

<r>28 

1.0355 

1.0011 

O.9885 

0.9435 

<?>2p 

1.2556 

1.0847 

1.0934 

0.9659 

2N1<r>1/2Ni 

0.99560 

0.86411 

0.87790 

O.87267 

<i*2>18 

0.04162 

0.04161 

0.04177 

0.04045 

<r2>28 

1.3189 

1.2164 

1.1827 

I.O836 

0 

/? 

CM 

V' 

2.2096 

1.5429 

1.5738 

1.2245 

S1*i<r2>i/2N1 

1.59783 

I.13672 

1.18988 

1.06166 

Me(1S) 

Ne+(2P) 

2p-hole 

Ne+(2S) 

28-hole 

Ne+(2S) 

ls-hole 

<r>lB 

0.1576 

0.1576 

0.1578 

0.1454 

0.8921 

0.8603 

0.8536 

0.8171 

a 

£ 

V' 

0.9652 

0.8759 

0.8841 

0.7993 

ZN1<r>i/ZN1 

O.78905 

0.71280 

0.71931 

0.73159 

<r!>i® 

O.O3347 

0.03344 

0.03357 

0.03260 

<^>28 

0.9669 

0.8903 

0.8751 

0.8056 

<r2>2p 

1.2279 

0.9820 

1.0032 

0.8196 

ZN1<r2>i/2Ni 

0.93682 

0.75081 

0.77351 

O.72903 

Na+(1S) 

Na'H'(2P) 

2p-hole 

Na+^S) 

28-hole 

Na++(2S) 

ls-hole 

<r>l8 

0.1429 

0.1428 

0.1430 

0.1403 

<r>2s 

<r>2p 

2N1<r>1AN1 

0.7791 

0.7530 

O.7491 

0.7196 

0.7962 

0.7385 

0.7453 

0.6845 

0.66214 

0.60932 

0.61190 

O.63182 

<r2>lB 

0.02748 

0.02744 

0.02755 

0.02681 

2 

<r  >28 

0.7314 

0.6779 

0.6703 

0.6210 

2 

<r>2p 

0.8159 

0.6889 

0.7033 

0.5932 

ZN1<r2>1/iN1 

0.64130 

0.53945 

0.54949 

0.53645 
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TABLE  XIV.  Expectation  Value!  of  r  and  r*  for  Cl*.  Ar,  and  K+  and  nf -hole  Statee 

of  Cl",  Ar,  and  K+ 

(Valuae  are  in  a.u.;  1  Bohr  a  0.5Z917A) 


cr(xs) 

C1(2P) 

3p-hole 

C1(2S) 

30-hole 

ci<2p) 

2p-hole 

ci(2s) 

28-hole 

C1(2S) 

la-hole 

<r>X8 

0.09130 

0.09130 

0.09130 

0.09121 

O.09134 

0.09031 

<r>2» 

0.4418 

0.4417 

0.4424 

O.4338 

O.4390 

0.4226 

<r>3s 

1.6018 

1.5557 

1.5341 

1.4696 

1.4759 

1.4514 

<">Ip 

Z^<r>1/af1 

0.4054 

0.4057 

0.4050 

0.4004 

0.3952 

0.3776 

2.0288 

1.8418 

I.838O 

1.6928 

1.6992 

1.6623 

1.04860 

0.93065 

0.94469 

0.94988 

0.94942 

0.94573 

<r2>l8 

0.01120 

0.01120 

0.01120 

0.01117 

0.01122 

0.01105 

<r2>2s 

0.2313 

0.2312 

0.2321 

0.2225 

0.2300 

0.2117 

<r2>38 

3.0104 

2.8131 

2.7299 

2.5069 

2.5364 

2.4472 

<r2>2p 

0.2039 

0.2043 

0.2034 

0.2020 

O.193O 

0.1762 

2  y 

<r  >3P 

5.1081 

4.0575 

4.0444 

3.4404 

3.4480 

3.3052 

2.13207 

1.62498 

1.68842 

1.59608 

1.59830 

1.54220 

Ar^S) 

Ar+(2P) 

3p-hole 

Ar+(2S) 

30-hole 

Ar+(2P) 

2p-hole 

Ar+(2S) 

28-hole 

Ar+(2S) 

la-hole 

<r>l8 

0.08610 

0.08610 

0.08611 

0.08602 

0.08614 

O.O8523 

<r>28 

0.4123 

0.4121 

0.4128 

0.4052 

0.4100 

0.3954 

<r>38 

<r>2p 

1.4220 

1.3814 

1.3679 

1.3162 

1.3209 

1.3005 

0.3753 

0.3756 

0.3749 

0.3714 

0.3667 

0.3515 

<r>3P 

1.6628 

1.5584 

1.5589 

1.4560 

1.4627 

1.4321 

XHi<r>1/J»1 

O.89274 

0.81205 

0.82171 

O.83576 

0.83531 

0.83403 

<r2>ls 

0.00996 

0.00996 

0.00996 

0.00994 

0.00997 

O.OO983 

<r2>28 

0.2012 

0.2010 

0.2019 

0.1940 

0.2003 

O.1852 

<r2>38 

2.3491 

2.2018 

2.1570 

1.9980 

2.0185 

1.9517 

0.1743 

0.1747 

0.1739 

O.I73O 

0.1658 

0.1524 

<^>3P 

ZM1<r2>1/ZN1 

3.3092 

2.8601 

2.8642 

2.5102 

2.5196 

2.4179 

1.44565 

1.18672 

1.22406 

1.19586 

1.19821 

1.159H 

kVs) 

k++(2p) 

3p-hole 

K ^(2S) 
38-hole 

K+^P) 

2p-hole 

K+^S) 

28-hole 

K^S) 

la-hole 

<*■>18 

0.08147 

0.08146 

0.08147 

0.08139 

0.08150 

0.08069 

<p>28 

0.3864 

0.3861 

0.3869 

O.38OI 

0.3845 

0.3715 

<r>38 

1.2768 

1.2435 

1.2341 

1.1922 

1.1959 

1.17&T 

<r>2p 

<r>3p 

XN1<r>i/ZNi 

0.3494 

0.3496 

0.3490 

0.3462 

0.3419 

0.3 2&r 

1.4312 

1.3611 

1.3629 

1.2850 

1.2915 

1.2657 

0.78740 

0.72503 

0.73189 

0.74991 

0.74942 

0.74987 

<r2>ls 

0.00891 

0.00891 

0.00891 

0.00889 

0.00892 

0.00880 

■  2 

^  >28 

0.1766 

0.1763 

O.I77I 

0.1706 

0.1759 

0.1634 

2 

<r  >38 
<  -  >2p 

<*■  >3 jp 

1.8818 

1.7761 

1.7481 

1.6320 

1.6477 

1.5962 

0.1508 

0.1511 

0.1504 

0.1497 

0.1439 

0.1330 

2.4161 

2.1646 

2.1712 

1.9402 

1.9497 

1.8741 

ZNl<I>2>l/^N1 

1,08532 

0.92071 

0.94407 

0.94193 

0.94416 

0.91592 
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TABLE  XV.  Overlap  Integrals  between  Total  SCF  Wave 


Functions  of  the  n£ 

-hole  States 

F" 

Ne 

Na+ 

2S  States 

<T(2s-hole)|¥(ls-hole)> 

0.003984 

0.003380 

0.002876 

ci- 

Ar 

K+ 

2P  States 

<T(3p-hole)  |  ¥(2p-hole)> 

0.009428 

0.008299 

0.007285 

. 

2S  States  " 

<T(3s-hole)  |  ¥(2s-hole)> 
<¥(3s-hole)  |¥(ls-hole)> 

.  <¥(2 s -hole)  |¥(ls-hole)> 

0.006062 

0.000514 

0.001264 

0.005469 

0.000486 

0.001131 

0.004906 

0.000457 

0.001018 

D.  Validity  of  the  Exponent  Variation  Procedure  for  Excited  States 


The  basis -function  exponent  variation  procedure,  described  in 
Section  III,  selects  values  of  the  exponents  that  minimize  the  total  SCF 
energy.  This  is  a  valid  procedure  for  ground  states  and  excited  states 
that  are  the  lowest  states  of  a  symmetry  species.  SCF  functions  for 
these  states  give  stationary  values  of  the  energy  that  are  absolute  minima. 
It  is  not  known  whether  the  SCF  functions  for  the  higher  excited  states 
of  a  symmetry  species  give  stationary  values  of  the  energy  that  are 
relative  minima  or  some  other  sort  of  extrema.  The  problem,  for  these 
excited  states,  is  that  exponents  chosen  to  minimize  the  total  energy  may 
not  give  SCF  functions  that  are  optimum  representations  of  the  true 
HF  solutions. 

If  explicit  variational  equations,  e.g.,  those  given  by  Dehn,(^6) 
were  solved  for  the  exponents  of  the  basis  functions,  there  would  be  no 
difficulty  with  the  higher  excited  states.  In  this  way,  stationary  values 
of  the  energy  would  be  found  with  respect  to  variation  of  the  exponents 
as  well  as  the  linear  coefficients,  Cn^  p.  However,  when  our  exponent 
variation  procedure  is  used,  a  particular  stationary  value  of  the  energy 
with  respect  to  variation  of  the  exponents  _is_  found  in  a  brute -force 
fashion.  This  point  was  discussed  in  Section  III.  The  particular  stationary 
value  found  is  a  minimum.  For  all  the  exponent  variations  performed  to 
obtain  the  SCF  functions  reported  in  this  paper,  this  stationary  value  was 
found  with  no  more  difficulty  for  the  excited  states  than  for  the  ground 
states . 


It  seems  unlikely,  for  an  analytic-expansion  SCF  function  of  a 
particular  state,  that  there  will  be  more  than  one  stationary  value  of  the 
energy.  It  is  reasonable  that  the  solutions  of  variational  equations  for 
both  the  Cj^p's  and  the  exponents  are  unique.  If  this  is  true,  then  the 
use  of  our  exponent  variation  procedure  is  justified. 
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The  procedure  may  also  be  justified  from  the  results  of  the  SCF 
calculations.  The  virial  theorem,  which  may  be  used  as  an  indication  of 
how  well  the  exponents  of  the  basis  functions  have  been  optimized,  is 
satisfied  equally  well  for  the  excited-state  wave  functions  and  the  ground- 
state  functions.  The  cusp  condition  is  also  satisfied  equally  well  for  the 
excited- state  functions  and  the  ground- state  functions.  This  can  be  easily 
confirmed  by  reference  to  Tables  I- VIII.  Further,  as  may  be  seen  from 
Table  XVIII,  the  calculated  ionization  potentials,  for  the  removal  of  inner - 
shell  electrons,  agree  quite  well  with  experimental  values. 

The  success  of  our  method  of  exponent  variation  implies  that  the 
total  energy  of  analytic-expansion  SCF  functions,  even  for  excited  states, 
is  an  upper  bound  to  the  exact  HF  energy.  The  results  in  Table  XVIII 
also  show  quite  clearly  that  the  SCF  energies  are,  in  fact,  upper  bounds 
to  the  exact,  nonrelativistic,  total  energies.  According  to  estimates  made 
by  Clementi,(43)  the  exact  nonrelativistic  energy  is  ~0.4  Hartree  below 
the  SCF  energy  for  F",  Ne,  and  Na+  (Enr  =  Eg^p  -  0.4)  and  ~0.7  Har¬ 
tree  below  the  SCF  energy  for  Cl-,  Ar,  and  K+  (Enr  =  Eg^p  -  0.7).  The 
calculated  ionization  potential  IP(AEgcp)  is  obtained  by  subtracting  the 
SCF  energy  of  the  parent  from  that  of  the  ion;  i.e.,  IP(AEgcp)  = 

EgcF^011)  -  Egc;p (parent).  Suppose  the  SCF  energies  of  the  inner -shell 
hole  states  were  not  upper  bounds  to  the  exact  energies.  Then  IP(AESCF) 
for  the  removal  of  an  inner -shell  electron  would  have  to  be  much  smaller 
than  the  true  nonrelativistic  ionization  potential;  at  least  0.4  smaller  for 
the  neon-like  ions  and  0.7  smaller  for  the  argon-like  ions.  This  is  ob¬ 
viously  not  the  case. 

E.  Effect  of  the  Off-diagonal  Lagrangian  Multipliers 

The  constraint,  given  in  Eq.  (7),  that  the  SCF  orbitals  belonging 
to  the  same  symmetry  species  be  orthogonal  is  incorporated  by  intro¬ 
ducing  off-diagonal  Lagrangian  multipliers  into  the  HF  equations. (2 -5) 
Orbitals  of  different  symmetry  are,  of  course,  automatically  orthogonal. 

For  closed-shell  systems,  a  unitary  transformation  can  be  found  between 
the  occupied  orbitals  that  puts  the  matrix  of  Lagrangian  multipliers  into 
diagonal  form.  This  additional  requirement  that  the  off-diagonal 
Lagrangian  multipliers  be  zero  serves,  in  fact,  to  uniquely  define  the 
SCF  orbitals.  For  open- shell  systems,  it  is  possible  to  find  a  unitary 
transformation  between  the  closed-shell  orbitals  for  which  the  off- 
diagonal  Lagrangian  multipliers  coupling  the  closed  shells  are  zero. 
However,  the  Lagrangian  multipliers  that  couple  open  and  closed  shells 
of  the  same  symmetry  cannot  be  reduced  to  zero.(3>4) 

In  other  treatments,  the  nonzero  off-diagonal  Lagrangian  multi¬ 
pliers  are  introduced  into  the  HF  equations  as  inhomogeneous  terms ;( 16,29) 
i.e., 

F0i  =  +  ^j/i^ji^j-  (15) 
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Because  of  the  difficulty  of  handling  these  additional  inhomogeneous  terms, 
the  off-diagonal  Lagrangian  multipliers  are  often  treated  in  an  approximate 
way.  (13,14,42)  Roothaan^’^)  has  shown  that  it  is  possible,  through  the  use 
of  coupling  operators,  to  absorb  the  terms  involving  the  nonzero  off-diagonal 
multipliers  into  the  HF  operator,  thus  preserving  the  pseudoeigenvalue 
form  of  the  HF  equations  . 

This  method  is  especially  suitable  for  the  matrix  form  of  the  HF 
equations.  The  matrix  HF  operators(^)  are 

Eci  =  Ul  +  +  SrOi- 

and  (16) 


Eoi  -  Si  +  E*i  -  Qi  +  Sci; 


where  Fq£  and  Fog  are  closed-shell  and  open-shell  Fock  operators, 
respectively,  for  symmetry  species  g,  Hg  is  the  one-electron  operator, 

Pg  and  Q£  are  combinations  of  Coulomb  and  exchange  operators,  and 
Rq^  and  Rc^  are  the  coupling  operators.  (The  eigenvalue  problem  is 
Fc  =  eSc  where  S  is  the  overlap  matrix.)  Let  the  index  k  stand  only 
for  closed- shell  orbitals,  and  m  only  for  open- shell  orbitals;  the  coupling 
operators  are  defined  so  that  for  self-consistent  eigenvectors  of  Fog  and 

Eog- 


Sog£kg  =  2(-emi,kicmi), 


and 


(17) 


&Ci£m  i  =  2(-6ki;mi£k^)- 

The  anc^  ®kg,mg  are  th®  off-diagonal  Lagrangian  multipliers  that 

couple  the  open  and  closed  shells;  Note  that  they  are  not  symmetric,  but 
that 


NOgekg,mg  ~  (18) 

where  N£g  and  Nog  are  the  electron  occupations  of  the  closed  shells 
and  open  shell,  respectively,  of  symmetry  g. 

The  values  of  the  nonzero  off-diagonal  Lagrangian  multipliers 
for  the  ng-hole  states  of  argon  and  neon  are  given  in  Table  XVI.  These 
values  were  computed  with  the  accurate  set  SCF  functions  reported  in 
Tables  I-IV.  While  the  off-diagonal  Lagrangian  multipliers  are  fairly 
small  for  states  with  open  outer  shells,  they  are  more  than  an  order  of 
magnitude  larger  for  states  with  open  inner  shells.  The  values  of  the 
off-diagonal  Lagrangian  multipliers  for  the  ng-hole  states  of  Cl"  and  K+, 
and  F“  and  Na+  are  similar  to  the  values  given  in  Table  XVI  for  argon  and 
neon. 
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TABLE  XVI.  Off-diagonal  Lagrangian  Multipliers  for  the 
ni -hole  States  of  Argon  and  Neon* 


State 

Open 

Shell 

®open  shell,  closed  shell 

®ns , 1 s  ®ns,2s  ®ns,3s 

Ar+(3s-hole) 

3s 

-0.00136  +0.01046  .... 

Ar +(2s  -hole) 

2s 

+0.04518  ....  +0.13093 

Ar+(1  s  -hole) 

1  s 

....  +0.72661  -0.22742 

®np , 2p  ®np,3p 

Ar+(3p-hole) 

3p 

+0.01672  .... 

Ar+(2p-hole) 

2p 

;  .  .  .  +0.24923 

®ns,ls  ®ns,2s 

Ne+(2s  -hole) 

2s 

+0.01644  .... 

Ne+(ls-hole) 

Is 

....  +0.37522 

*The  Lagrangian  multipliers  are  not  symmetric;  Closed,  open  = 
(Nc/N0)  ®open,  closed’  where  Nc  and  NQ  are  the  electron  occu¬ 
pations  of  the  closed  and  open  shells,  respectively. 


The  most  striking  effect  of  the  inclusion  of  the  off-diagonal 
Lagrangian  multipliers  is  that  the  Is  orbitals,  of  the  Is -hole  states  of 
Cl",  Ar,  and  K+,  have  a  node.  In  each  of  these  cases,  Pjs(r)  goes 
through  zero  and  reaches  a  minimum  value  of  -0.003.  For  example, 

Pis(r)  for  Ar+  (ls-hole)  is  zero  for  r  =  0.93  Bohr  and  has  a  minimum 
of  -0.0028  for  1.30  ^  r  —  1.45.  For  large  r,  the  HF  equation  for  Pls(r) 
becomes 

eisPisH  =  "  ®2S  .lS^S  (r)  "  ^3  S  ,  1 S  ^3  s  ( r  )  * 

For  Ar+  (ls-hole),  when  the  values  in  Tables  III  and  XVI  are  used, 

Eq.  (19)  becomes 

Pls(r)  =  +0.01 142P2s(r)  -  0.00357P3s(r),  (20) 

and  the  second  term  is  dominant  since  the  2s  radial  function  goes  to  zero 
much  before  the  3s  radial  function  does.  For  r  >  1.2  Bohrs,  PiS(r)  cal¬ 
culated  from  Eq.  (20),  using  the  accurate-set  2s  and  3s  radial  functions, 
agrees  with  the  accurate-set  analytic  SCF  Is  radial  function  to  within 
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0.00006.  The  error  is  always  less  than  3%;  this  is  remarkably  good  agree¬ 
ment,  especially  since  the  analytic  expansion  method  does  not  give  exact 
solutions  of  the  integro-differential  HF  equations. 

The  dominant  terms,  in  the  HF  equations,  that  determine  the  be¬ 
havior  of  inner -shell  orbitals  at  large  r  are  the  nonzero  off-diagonal 
Lagrangian  multipliers  with  the  outer -shell  orbitals.  With  the  exception 
of  ®is,3s  f°r  Is -hole  and  3s -hole  states  of  Cl-,  Ar,  and  K+,  the  off- 
diagonal  Lagrangian  multipliers,  for  the  states  reported  in  this  paper,  are 
positive.  The  effect  of  the  positive  off-diagonal  Lagrangian  multipliers  is 
to  extend  the  tails  of  the  orbitals  rather  than  to  introduce  additional  nodes. 

The  signs  of  the  off-diagonal  Lagrangian  multipliers  are  determined 
by  the  sign  conventions  used  for  the  SCF  orbitals.  The  signs  of  the  orbitals 
have  been  chosen  so  that  the  Is,  3s,  and  2p  radial  functions  are  positive 
as  r  -*  0,  and  the  2s  and  3p  radial  functions  are  negative  as  r  -*■  0.  Be¬ 
cause  of  this  choice,  the  values  of  Pn^(r)  in  the  (n  -  i )th  loop,  usually  the 
outermost  loop  of  the  orbital,  will  be  positive.  This  is  a  departure  from 
the  convention  usually  used  in  numerical  HF  calculations, (16,32-35) 
which  is  that  all  radial  functions  are  positive  as  r  -*>  0. 

The  negative  value  of  03s  ls  should  introduce  a  node  into  the  Is 
orbital  of  the  3s-hole  states.  However,  the  maximum  value  of  Pls(r)  in 
the  outer  loop  would  be  only  -0.00001.  This  is  beyond  the  accuracy  of  the 
present  calculation  and  too  small  to  be  of  any  interest. 

To  get  further  insight  into  the  importance  of  the  off-diagonal 
Lagrangian  multipliers,  an  approximate  treatment  was  developed.  The 
matrices  RqU  anc^  §-Ci  were  arbitrarily  set  equal  to  zero,  and  "self- 
consistent"  solutions  using  the  operators, 

£Ci  -  Hj  +  Pg 

and  (21) 


£oi  =  Si  +  ?i  -  Qi> 

rather  than  Fq£  and  Foi  of  Eq.  (16),  were  obtained.  The  occupied  open- 
shell  eigenvector  of  Foi  is  not  orthogonal  to  the  occupied  closed-shell 
eigenvectors  of  Fq£-  Since  the  operators  of  Eqs.  (16)  and  (21)  are  assumed 
to  be  constructed  from  an  orthogonal  set  of  orbitals,  the  open-shell  eigen¬ 
vector  was  Schmidt-orthogonalized  to  the  closed-shell  eigenvectors.  This 
Schmidt  orthogonalization  does  not  change  the  total  determinantal  wave 
function.  A  "self-consistent"  solution  was  obtained  when  the  Schmidt- 
orthogonalized  eigenvectors  of  F@£  and  Fq£  were  the  same,  within  con¬ 
vergence  thresholds,  as  the  orthogonal  vectors  used  to  construct  the 
operators  Fq£  and  F'q£  of  Eq.  (21). 
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Since  this  method  neglects  the  off-diagonal  Lagrangian  multipliers 
in  constructing  the  operators  F and  Fq^,  "self-consistent"  solutions 
obtained,  using  Fq^  and  F<^g  ,  are  denoted  by  NLM  (Neglect  Lagrangian 
Multipliers)  to  distinguish  them  from  the  SCF  solutions  obtained  using 
the  operators  of  Eq.  (16). 

NLM  calculations  were  performed,  using  the  accurate  basis  sets 
of  Tables  I  and  III,  for  the  n^-hole  states  of  argon  and  neon.  The  results 
of  these  calculations  are  given  in  Table  XVII.'  The  NLM  calculations  were 
performed  on  the  IBM  704  and  are  compared  with  SCF  calculations  also 
performed  on  the  704.  The  values  of  E(SCF)  and  V/T(SCF)  given  in 
Table  XVII  differ  slightly,  because  of  round-off,  from  the  values  given  in 
Tables  I-IV.  Values  of  the  total  energy  E  (in  Hartrees),  V/T,  and  the 
overlap  integrals  Sn^,n'i  between  the  occupied  eigenvector  of  Fq|  and 
the  occupied  eigenvectors  of  F^$  are  given.  The  signs  of  the  Snjj>ni# 
are  determined  by  the  sign  conventions  stated  above  for  the  SCF  orbitals. 

The  NLM  results  for  states  with  outer-shell  vacancies  are  al¬ 
most  the  same  as  the  SCF  results,  and  the  Snjg(ni  ^  are  quite  small. 
However,  for  the  states  with  inner -shell  vacancies,  where  the  off-diagonal 
Lagrangian  multipliers  are  large,  the  NLM  results  are  quite  different 
from  the  SCF  results,  and  the  Sn^  nrg  are  large. 

F.  Comparison  of  SCF  Ionization  Potentials  with  Experiment 


Experimental  data  are  available  for  most  of  the  ionization  po¬ 
tentials  (IP's)  of  the  closed-shell  systems  of  F“,  Ne,  Na+,  Cl~,  Ar, 
and  K+.  This  includes  the  IP's  for  the  removal  of  an  electron  from 
any  occupied  shell.  A  comparison  with  experiment  of  IP's  calculated 
from  the  SCF  wave  functions  is  presented  in  Table  XVIII.  The  IP  for 
the  removal  of  an  outer -shell  electron  (3s  or  3p  shell  of  the  argon-like 
ions,  and  2s  or  2p  shell  of  the  neon-like  ions)  can  usually  be  determined 
from  Moore's  optical  data.(^l)  The  electron  affinities  of  F~  and  Cl" 

(i.e.,  the  2p-hole  IP  of  F",  and  the  3p-hole  IP  of  Cl")  have  been  de¬ 
termined  very  accurately  by  Berry,  Reimann,  and  Spokes. (43,44)  The 
only  state  for  which  experimental  data  do  not  seem  to  be  available  is 
the  3s-hole  state  of  Cl“;  but  Varsavsky(^5)  reports  an  estimate  made 
by  Rohrlich  of  the  term  value  of  this  state. 

The  IP  for  the  removal  of  an  inner -shell  electron  can  be  calcu¬ 
lated  from  the  experimental  values  of  the  energies  of  X-ray  emission 
lines,  combined  with  the  IP  for  the  removal  of  the  appropriate  outer-shell 
electron.  For  example,  for  the  argon-like  ions,  the  IP  for  the  removal 
of  a  Is  electron  is 
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TABLE  smr.  Comparison  of  SCf  and  Experimental  Ionization  Potentials  for  the  ni-hole  States  of  F\  Ne.  III*,  Cr,  Ar,  and  K* 


(energies  are  in  Hartree;  1  Hertree  ■  27.2048  eV  •  2.144744  x  10s  cm"*) 


State 

IPtexp)* 

IPInrl* 

Ipl"Cni> 

IP(exp)l)  -  IPI-Cnf) 

IPtAESCF) 

IPlexplb  -  IP(AEscf) 

m&m 

0.1273 

0.1810 

-0.0537 

0.0501 

♦0.0772 

(-1.461  eV) 

(+2.101  eVI 

2p-hole  ls22s22p5 

Ned 

0.7937 

0.8503 

-0.0566 

0.7293 

+0.0644 

(-1.540  eV) 

1+1.752  eV) 

Ne*d 

1.7404 

1.7972 

-0.0568 

1.6796 

+0.0608 

(-1.546  eV) 

(+1.654  eV) 

p-c,d 

0.8947 

1.0746 

-0.1799 

0.9282 

-0.0335 

(-4.895  eV) 

(-0.912  eV> 

2s-hole  ls22s2pd 

Ned 

1.7814 

1.9303 

-0.1489 

1.8123 

-0.0309 

(-4.052  eV) 

(-0.841  eV) 

Na*d 

2.9433 

3.0737 

-0.1304 

2.9682 

-0.0249 

(-3.548  eV) 

(-0.678  eV) 

F-e 

24.09/ 

24.967 

25.8296 

-0.863 

24.9353 

+0.032 

(-23.48  eV) 

(+0.87  eV) 

ls-hole  Is2s?2p6 

Ne* 

31.970* 

31.9459 

32.7723 

-0.827 

31.9214 

+O.O24 

31.9849 

1-22.50  eV) 

(+O.65  eV> 

Na+e 

39.999* 

39.93* 

40.7597 

-0.822 

39.9345 

+0.003 

(-22.37  *V) 

(+0.0g  eV) 

ercd 

0.1341 

0.1502 

-0.0161 

0.0948 

+0.0393 

(-0.438  eV) 

(+1.069  eV) 

3p-hole  Is22s22p63s23p5 

Ard 

0,3813 

0.5909 

-0.0096 

0.5430 

+0.0383 

(-0.261  eV) 

(+1.042  eV) 

X+d 

1.1726 

1.1705 

♦0.0021 

1.1260 

+0.0466 

(+0.057  eV) 

(+1.268  eV) 

Cl-ch 

0.526(7) 

0.7332 

-0.207 

0.6601 

-0.134 

(-5.63  «V) 

(-3.65  eV) 

3s-hole  Is22s22p63s3p6 

Ard 

1.0745 

1.2773 

-0.2028 

1.2198 

-0.1453 

1-5.518  eV> 

(-3.954  eV) 

K+d 

1.7644 

1.9638 

-0.1994 

1.9136 

-0.1492 

(-5.426  eV) 

(-4.060  eV) 

Cl"e 

2p3/2 

7.220*  . 
7.2424?)* 

7.22*' 

7.6956 

0.46, 

7,2420 

O.OI4 

2pl/2 

7.279'  . 
7.30i(?)l 

(-12.73  eVI 

(-0.3,  eV) 

2p-hole  ls22s22p*3s23p0 

2p3/2 

9.13}' 

9.  HI 

9.14/ 

Ar3 

9.5713 

-0.429 

9.1484 

-0.006 

2pi  n 

9.20}' 

9.2#l 

I-II.67  eVI 

l-0.2  eV) 

2p3 n 

11.3091 

11.30sl 

K+e 

lUls' 

11.7381 

-0.423 

11.3342 

-0.019 

2pl/2 

11.416! 

11.411* 

(-ll.Si  eV) 

(-0.52  eV) 

crk 

9.73(7) 

10.2292 

9.8114 

2s-hole  Is22s2pd3s23pd 

Ar 

12.3219 

11.9380 

K+k 

14.4j(?) 

14.7080 

14.3455 

cre 

103.5971 

I03.1*1 

104.5055 

-I.33 

103.2947 

-OH 

ira.6l9(7lm.n 

4-36.2  eV) 

1-3.0  eV) 

ls-hole  ls2s22p63s23p4 

Ar* 

117.83a1 

U7.3o 

118.6101 

-1.3i 

117.4284 

-0.13 

117.8359 

(-35.6  4V) 

(-3.5  eV) 

113.09J* 

X'” 

133.09}m 

132.42 

133.7521 

-1.33 

132.5890 

-0.17 

133.0Ben 

(-36.2  eV) 

(-4.6  eV) 

•IPtexp!  is  the  experimental  value  of  the  ionization  potential.  For  2P  earns,  unless  explicitly  indicated  otherwise,  the  IP  is  given  to  the  center  of  gravity  of  the  term. 
IPtwnl  dees  nwt  Include  any  cerrectton  tor  the  finite  acass  of  the  nucleus.  I Ptnrl  is  the  experimental  ionization  potontial  corrected  tor  relatwistic  eftocts  and  the 
finite  moss  of  the  nucleus.  The  retettetstic  corrections  art  made  with  PM  Men  from  Peterts  (M.«>  and  Scherr  gt  af.  *ef.  471.  For  discussion  of  the 
relativisHc  corrections,  see  the  text. 

“SCF  values  are  compared  with  IPtexp)  unless  a  value  of  IPInrl  is  given;  in  the  latter  case,  comparisons  are  made  with  IPInrl. 

“Experimental  data  tor  the  electron  affinity  of  F"  and  Cl"  are  from  Berry  and  Reimenn  (Ref.  43). 

dExperlmentel  data  are  from  Vol.  I  by  Moore  (Ref.  311  and  correction  lor  2P  separation  of  the  3p-hole  slate  of  Cl"  in  Vol.  HI. 

•Ionization  potentials  are  obtained  by  combining  the  ionization  potentials  for  the  outer-shell  vacancy  states  with  experimental  data  on  X-ray  emission  lines.  For 
the  ls-hole  states  of  argon  and  neon,  measurements  of  the  K  absorption  edge  are  also  used.  For  sources  of  X-ray  data,  see  text. 

(Experimental  ionization  potential  are  obtained  from  the  relation  IPtls-hole)  ■  AElKoj)  *  IP(7s-hole;  ‘P3/g>. 

9X  absorption  edge  is  as  measured  by  Brogren  (Ret.  40). 

"Estimate  of  the  3s-hole  term  value  is  given  by  VarsavsXy  (Ref.  45). 

(Experimental  ionization  potontial  is  obtained  from  the  relation  IPfTp-hole;  2P3/2,i/2l  ■  -AElKoj  j)  ♦  AE(XBi>  ♦  IP(3p-hole;  ‘P3/2I. 

(Experimental  ionization  potontial  Is  obtained  from  the  relation  IP(2p-hote;  7Pg •  AHUtef  +  IP(3s-holel. 

(•The  experimental  Ionization  potontial  Is  obtained  from  a  table  of  normal  energy  levels  of  atoms;  Table  13146  of  Landolt-BJrnstein  IRef.  481.  A  correction  is  added  to 
account  for  the  (act  that  the  zero  of  energy  of  a  free  atom  is  not  the  same  as  that  used  In  the  landolt-BSrnstoin  table.  The  correction  for  X*  is  *0.56  Hartree, 
and  for  Cl"  is  -0.17  Hertree. 

fetoerlmentof  ionization  potential  is  obtoined  from  the  relation  lPtls-hekl  •  4fUtf)l  ♦  IPOp-hoto;  cPjftl. 

(Hxperlmentml  Ionization  petontiaf  Is  obtained  from  the  relation  IPtls-hoM  •  4£lKe<>  *  oElLfi  ♦  IPOs-hotel. 
nExperlmental  ionization  potontial  is  obtained  from  the  relation  IPtls-hole)  ■  AElllciJ)  *  AElln)  ♦  IPOs-hotel. 
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IP(ls-hole,  2S1/2)  =  IP(3p-hole,  zP3/2)  +  Ae(K^) 


=  IP(3s -hole,  2Si/2)  +  AE(Li)  +  AE(Kax) 

=  IP(3s -hole ,  2Sl/2)  ■+  AE(Lr))  +  AE(Ka2),  (22) 

where  the  configuration  and  level  of  the  final  state  of  the  ion  are  given  in 
parentheses  after  IP,  and  AE^jBj),  AE(Ka!),  etc.,  are  the  energies  of  the 
X-ray  emission  lines  K/31(  Ka1(  etc.,  respectively.  Standard  X-ray  notation 
is  used  to  describe  the  emission  lines;  K/3j,  Ka1(  and  Ka2  denote  the 
transitions  ls-hole,  2Sj/2  -*  3p-hole,  zP3/2  (KMjjj),  ls-hole,  2S1/2  -*•  2p-hole , 
2P3/2(KLixj),  and  ls-hole,  2S1/2  -*  2p-hole,  zP1/2  (KIjxi),  respectively;  and  Li 
and  Lr)  denote  the  transitions  2p-hole,  zP3/2  -*  3s-hole,  2Sj/2(LihMx)  and 
2p-hole,  2Pj/2  -*•  3s-hole,  zS1/2(LhMi),  respectively.  For  the  ls-hole  IP  of 
neon  and  argon,  the  K  absorption  limits  (is  -*•  00 )  of  gaseous  neon  and 
argon,  determined  by  Brogren,(49)  may  also  be  used.  (We  have  used  ab¬ 
sorption  limit  here  in  the  same  sense  as  series  limit  is  used  for  optical 
spectra;  that  is,  the  removal  of  the  electron  to  infinity  with  zero  kinetic 
energy. ) 

Except  for  the  inert  gases,  argon  and  neon,  the  X-ray  measurements 
used  have  not  been  on  free  atomic  systems.  The  emission  lines  used  to 
calculate  IP's  for  the  removal  of  inner-shell  electrons  were  obtained  from 
the  emission  spectra  of  atoms  in  crystals.  The  wavelength  and  shape  of 
these  lines  will,  of  course,  be  affected  by  the  chemical  structure  of  the 
solids.  The  lines  involving  the  outermost  shells  of  the  atom  will  be  most 
affected.  This  chemical  effect,  for  the  systems  considered  here,  appears 
to  be  small  and  about  the  same  order  of  magnitude  as  the  accuracy  of  the 
experimental  measurements.  For  example,  the  full  width  at  half-maximum 
of  the  K/3j  3  line  of  Cl"  in  KC1,  with  no  correction  made  for  the  unre¬ 
solved  doublet  KMn  and  KMm,  has  been  experimentally  determined  by 
Deslattes(50)  to  be  1.00  +  0.05  eV.  Deslattes  estimates  that  0.4  eV  = 

0.015  Hartree  of  this  width  is  attributable  to  solid-state  effects  (i.e.,  the 
band  structure  of  the  3p  band  of  Cl”).  This  is  to  be  compared  with  the 
wavelength  of  the  line,  as  measured  by  Valasek,(51)  which  is  4394.91  ± 

0.14  XU  =  103.464  ±  0.003  Hartrees.  [The  conversion  from  XU's  to 
A's,  as  given  in  Sections  13  and  68  of  Sandstrom's  review  article, (52)  i8 
1000  XU  =  (1.00202  ±  0.00002)  A.]  The  wavelength  shift  of  the  KjSj  (or 
K/31>3)  line  of  Cl"  as  measured  in  various  substances  is  also  small. 
Valasek(51*53)  gives  4394.90  ±  0.07  XU  for  Cl"  in  NaCl,  4394.91  ±  0.14  XU 
for  Cl"  in  KC1,  and  4394.61  XU  for  Cl”  in  CaCl2.  The  results  of  an 
earlier  measurement  of  the  K/3t  line  of  Cl”  in  the  same  substances,  given 
by  Lindh  and  Lundquist,(3^)  are  4394.2  XU,  4394.1  XU,  and  4394.2  XU, 
respectively. 

In  several  cases,  the  results  of  more  than  one  measurement  of  the 
same  line  were  available.  Our  choice  of  which  result  to  use  was  generally 
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guided  by  the  choices  made  by  Sandstrdm*  and  Landolt-Bornstein(^®)  for 
their  compilations  of  X-ray  emission  lines.  When  measurements  were 
made  for  an  atom  in  several  compounds,  the  values  for  the  atom  in  an 
alkali  halide  compound  were  usually  used.  The  sources  of  the  experimental 
data  for  the  X-ray  emission  lines  used  are  the  following:  F",  Kaj  , 
Tyren;(65)  Ne,  Ka1)2  Moore  and  Chalklin;(66)  Na+,  Kali2  Johnson;(57) 

Cl",  Kai  and  Ka2  Shearer;(68)  Valasek;(^)  Lr)  and  Li  Siegbahn 

and  Magnusson; (59)  Ar,  Kax,  Ka2,  and  K/3j  Lindh  and  Nilsson;  (60)  Lr)  and 
Li  Baykovsky  and  Dolejsek; (61 )  K+,  Kai  Siegbahn  and  Dolejsek;(6<0 
Ka2  Sandstrdm;*  Kj3l  Parrat  and  Jossem;(63)  and  j_, rj  and  Li  Tyren.  (64) 

Unfortunately,  the  method  described  above  cannot  be  used  to  de¬ 
termine  the  IP  for  removal  of  a  2s  electron  from  the  argon-like  ions. 
According  to  Sandstrom*  and  Landolt-Bornstein, (^8)  no  X-ray  emission 
lines  are  observed  that  involve  transitions  from  the  2s -hole  state  for 
atoms  between  chromium  and  sulfur. 

Landolt-Bornstein(48)  give  a  table  of  the  normal  energy  levels  of 
atoms  in  which  they  include  values  for  the  2s -hole  (JLi)  levels  of 
chlorine  and  potassium.  The  levels  in  this  table  Were  determined  using 
a  combination  of  X-ray  emission  lines  and  absorption  limits.  The  proce¬ 
dure  for  determining  the  levels  is  much  like  that  discussed  above,  except 
that  X-ray  absorption  limits  of  atoms  in  crystals,  rather  than  optical 
series  limits  of  free  atoms,  are  used.  The  values  given  for  the  2s-hole 
states  of  chlorine  and  potassium  were  not  obtained  directly  from  ex¬ 
perimental  data;  they  are  interpolations  made  by  Tomboulian  and  Cady. (65) 
The  interpolation  was  based  on  rules  for  the  (2s-hole,  zSi/2  - 

2p-hole,  zP1/2)  screening-doublet  splitting. 

The  levels  in  the  Landolt-Bornstein  table  may  not  be  used  directly 
as  IP's  of  free  atoms  because  the  zero  of  energy  chosen  for  the  atom  in 
the  crystal  is  not  the  same  as  the  zero  of  energy  of  the  free  atom. (66) 

The  correction  for  the  2s -hole  IP  that  must  be  made  to  account 
for  the  different  zeros  of  energy  was  determined  by  comparing  the 
normal  energy  level  given  by  Landolt-Bornstein  for  the  2p-hole, 

2Pi/2(Lu)  state  with  the  IP  obtained  as  described  above.  The  2s-hole 
experimental  IP's,  IP(exp),  of  Cl"  and  K+  given  in  Table  XVIII  are 
the  Landolt-Bornstein  values,  with  the  corrections  -0.17  and  +0.56  Har- 
tree,  espectively.  These  values  are  included  only  to  give  a  rough  indica¬ 
tion  of  the  experimental  values. 

When  the  experimental  IP's  are  compared  with  the  IP's  obtained 
from  the  SCF  wave  functions,  the  experimental  values  should  be  corrected 
for  relativistic  effects.  The  SCF  functions  were  calculated  using  a 

*See  Ref.  52,  Section  53.  See  also  the  discussion  of  the  accuracy  of 
measurements  of  X-ray  emission  spectra  in  Sections  50-52  in 
Ref.  52. 
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nonrelativistic,  electrostatic  Hamiltonian.  The  total  experimental  energy 
of  a  system  Eexp  may  be  written  as 

^exp  =  Enr  +  Erel,  (23) 

where  Enr  is  the  exact  energy  eigenvalue  of  the  Hamiltonian  of  Eq.  (10), 
and  Erel  is  the  relativistic  correction  to  the  total  energy.  (To  be  precise, 
the  reduced  mass  of  the  electron  should  be  used  in  the  nonrelativistic 
Hamiltonian,  and  mass -polarization  corrections  should  be  included  in 
Erel-)  Then  the  nonrelativistic  IP,  IP(nr),  is 

IP(nr)  =  Enr(ion)  -  Enr(parent)  =  IP(exp)  -  AlP(rel),  (24) 


and 


AlP(rel)  =  Erel(ion)  -  Erel(parent),  (25) 

where  AlP(rel)  is  the  relativistic  correction  to  IP(exp).  The  term  ion  is 
used  here  to  refer  to  the  system  after  an  electron  has  been  removed  from 
the  parent. 

For  the  Is -hole  IP  of  an  atom,  AlP(rel)  is  assumed  to  be  equal  to 
the  relativistic  correction  to  the  IP  of  the  two-electron  ion  of  that  atom 
(IP  for  Is2  to  Is1).  Pekeris,(46)  using  his  extremely  accurate  nonrela¬ 
tivistic  wave  functions,  has  calculated  the  relativistic  corrections  to  the 
IP's  of  the  two-electron  ions  of  hydrogen  through  neon.  His  calculations 
include  the  mass  polarization  correction,  relativistic  corrections  to  order 
a2,  and  the  Lamb  shift  corrections  to  order  a3.  Scherr  and  Silverman, (6?) 
using  an  expansion  in  powers  of  Z_1,  have  extrapolated  Pekeris's  calcu¬ 
lations  to  calcium  (Z  =  20).  The  results  of  Pekeris  and  Scherr  and  Silver- 
man  have  been  used  for  AlP(rel)  for  the  ls-hole  IP's. 

For  the  2p-hole  IP  of  an  argon-like  ion,  AlP(rel)  is  assumed  to  be 
equal  to  the  relativistic  correction  to  the  IP  of  the  ten-electron  ion  (IP  for 
ls22s22p6  to  ls22s22p5).  Scherr,  Silverman,  and  Matsen(47)  have  calculated 
these  corrections  using  screened  nuclear  charges  to  evaluate  the  Dirac 
one -electron  energy  and  the  one -electron  Lamb  shift  to  order  a3. 

For  the  2p-hole  IP's  of  the  neon-like  ions  and  the  3p-hole  IP's 
of  the  argon-like  ions,  the  only  relativistic  correction  made  is  that 
IP(exp)  in  Table  XVIII  is  given  for  the  center  of  gravity  of  the  2P  term 
of  the  ion.  No  relativistic  corrections  are  given  for  the  2s-hole  IP's  of 
the  neon-like  ions  and  the  2s-  and  3s -hole  IP's  of  the  argon-like  ions. 

In  several  cases,  IP(exp),  given  in  Table  XVIII,  is  determined  in 
more  than  one  way;  this  is  done  to  indicate  roughly  the  reliability  of  the 
experimental  data.  When  the  different  ways  give  different  values  of 
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IP(nr),  the  method  used  to  obtain  IP(nr)  is  indicated.  A  correction  for 
the  finite  mass  of  the  nucleus  is  included  in  IP(nr),  but  not  in  IP(exp). 

This  correction  affects  the  values  of  IP(exp)  and  IP(nr)  by  no  more  than 
two  units  in  the  last  place  given. 

The  IP  of  a  system  can  be  calculated  in  two  ways  from  SCF  wave 
functions.  One  way  is  to  use  the  frozen-orbital  approximation.  In  the 
frozen-orbital  approximation,  an  SCF  calculation  is  performed  for  the 
parent  system,  and  the  SCF  orbitals  of  the  parent  are  also  used  as  the 
orbitals  of  the  ion.  In  this  approximation,  the  IP  for  the  removal  of  an 
electron  from  the  ni-shell  of  a  closed-shell  system2  is  -en^;  this  re¬ 
sult  is  known  as  Koopmans's  theorem.  The  second  way  is  to  perform 
separate  SCF  calculations  for  the  parent  and  the  ion.  In  this  case,  the 
IP  is  the  difference  of  the  SC^F  energies  AEg^F  of  the  two  systems. 

The  accurate-set  SCF  functions  of  Tables  I-IV  have  been  used  to  cal¬ 
culate  the  IP  in  these  two  ways.  The  results,  IP  (-Cni)  and  IP(AEsCF). 
are  given  in  Table  XVIII  together  with  their  differences  with  IP(exp), 
or  with  IP(nr)  when  IP(nr)  is  given. 

The  true  value  of  a  quantity,  in  the  sense  that  it  is  used  in  the 
following  discussion,  is  the  exact  nonrelativistic  value  obtained  from 
solutions  of  the  Hamiltonian  of  Eq.  (10).  The  error  of  an  approximate 
value  of  a  quantity  is  the  error  with  respect  to  this  true  value.  The 
values  of  IP(exp)  or  IP(nr)  given  in  Table  XVIII  are  taken  to  be  good 
approximations  to  the  true  IP's.  The  choice  of  IP(exp)  or  IP(nr)  de¬ 
pends,  of  course,  on  whether  the  electron  has  been  removed  from  an 
inner  or  outer  shell  of  the  parent. 

The  data  in  Table  XVIII  show  that  when  an  electron  is  removed  from 
the  outermost  shell  (2p  shell  of  the  neon-like  ions,  and  3p  shell  of  the 
argon-like  ions),  IP(-en^)  is  a  better  approximation  than  IP(AEgQjr)  to  the 
true  IP.  The  frozen-orbital  wave  function  for  the  ion  is  always  a  poorer 
approximation  than  the  SCF  wave  function  to  the  true  wave  function  of 
the  ion.  For  the  lowest  state  of  a  symmetry  species,  the  error  in  the 
energy  of  the  ion  in  the  frozen-orbital  approximation  must  be  larger 
than  the  correlation  energy  of  the  ion  (the  error  of  the  SCF  energy  of 
the  ion).  However,  in  the  cases  mentioned  above,  the  correlation  energy 
of  the  parent  is  more  nearly  equal  to  the  error  in  the  energy  of  the  ion 
in  the  frozen-orbital  approximation  than  to  the  correlation  energy  of  the 
ion.  The  errors  in  the  energies  of  the  parent  and  ion  more  nearly  cancel, 
and  IP^e^)  is  a  better  approximation  than  IP(AEgcF)  to  IP(nr). 

The  error  in  the  energy  of  the  ion  in  the  frozen- orbital  approxi¬ 
mation  is  usually  larger  than  the  correlation  energy  of  the  parent.  Be¬ 
cause  of  this,  IP(-en^)  is  usually  larger  than  the  true  IP.  This  is  not 
always  the  case;  for  K+,  IP(-e3p)  is  0.06  eV  smaller  than  IP(exp)  for 
the  removal  of  a  3p  electron. 
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Note  that  IP(-en^)  is  larger  than  the  true  IP  when  an  inner -shell 
electron  has  been  removed.  If  the  ion  is  not  in  the  lowest  state  of  a 
symmetry  species,  it  is  not  necessary  that  the  expectation  value  of  the 
energy  for  an  approximate  wave  function  be  an  upper  bound  to  the  true 
energy.  If  the  expectation  value  of  the  energy  in  the  frozen-orbital  approx¬ 
imation  for  ions  in  these  states  was  not  larger  than  the  true  energy,  then 
IP(-en £)  would  be  considerably  smaller  than  the  true  IP. 

When  an  electron  is  removed  from  any  but  the  outermost  shell, 
IP(AEscp)  is  a  better  approximation  than  IP  (-6,^)  to  t^le  true  IP-  When 
an  electron  is  removed  from  an  inner  shell  (is  shell  of  the  neon-like 
ions,  and  Is,  2s,  or  2p  shell  of  the  argon-like  ions),  the  SCF  orbitals 
of  the  ion  are  considerably  different  from  the  SCF  orbitals  of  the  parent 
(cf.,  <r>  and  <r2>  in  Tables  XIII  and  XIV).  Consequently,  the  error  in 
using  the  orbitals  of  the  closed- shell  parent  for  these  ions  is  quite  large. 

The  SCF  orbitals  of  the  states  that  have  a  hole  in  the  outermost 
s  shell  are  not  very  different  from  the  SCF  orbitals  of  the  states  with  a 
hole  in  the  outermost  p  shell.  The  IP(-en^)  was  a  good  approximation 
to  the  IP  for  the  removal  of  an  outermost  p  electron,  but  not  for  an 
outermost  s  electron.  For  these  s -hole,  states,  there  is  another  reason 
why  IP(-en^)  is  a  poorer  approximation  than  IP(AEscf)-  -^s  discussed 
in  Section  IV-A,  these  s-hole  states  are  likely  to  be  the  lowest  2S  states 
of  even  parity  of  their  ionic  systems.  The  only  states  for  which  this  is 
at  all  in  doubt  are  F(2s-hole)  and  Cl(3s-hole).  When  the  ion  is  the  lowest 
state  of  a  symmetry  species,  IP(-en^)  must  be  greater  than  IP(AEgQp). 
Now,  IP(AEsCF)  for  the  removal  of  an  outermost  s  electron  is  already 
larger  than  the  true  IP.  Since  IP(en^)  must  be  still  larger,  it  is  a  poorer 
approximation  to  the  true  IP.  The  surprising  fact  that  IP(AEgcjr)  is 
larger  than  the  true  IP  is  discussed  in  Section  G  below. 

The  agreement  of  IP(AEg^p)  with  IP(nr)  for  the  removal  of  an 
inner -shell  electron  is  remarkably  good.  [Comparisons  of  IP(AEg^p) 
with  IP(nr)  for  the  removal  of  a  2s  electron  from  an  argon-like  ion 
cannot  be  made  since  there  is  no  accurate  experimental  data  available  ] 

The  error  of  IP(AEgc;p),  for  these  cases,  is  always  less  than  0.2%  and 
often  no  more  than  0.1%.  Thus,  IP(AEsCF)  often  agrees  with  IP(nr) 
to  four  significant  figures. 

This  good  agreement  is  due,  at  least  in  part,  to  the  fact  that  the 
importance  of  the  one -electron  contributions  to  the  HF  operator  relative 
to  the  two-electron  contributions  (the  kinetic  energy  and  nuclear  attrac¬ 
tion  terms  relative  to  the  Coulomb  and  exchange  terms),  is  considerably 
greater  for  inner-shell  orbitals  than  for  outer-shell  orbitals.  The  best 
results  are  obtained  with  the  HF  one -electron  approximation  when  the 
two-electron  terms  are  a  small  perturbation  on  the  one-electron  terms. 
Since  the  error  of  the  HF  treatment  of  the  outer-shell  orbitals  can  be 
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expected  to  be  roughly  the  same  whether  the  inner -shell  electron  is 
present  or  not,  IP(AEgQp)  for  the  removal  of  an  inner -shell  electron 
should  give  reasonably  good  agreement  with  the  true  IP. 

Thus,  IP(AEscf)  for  the  removal  of  a  2s  electron  from  an 
argon-like  ion  should  be  in  good  agreement  with  the  true  nonrelativistic 
IP.  The  relativistic  correction  to  these  IP's,  estimated  from  the  data  of 
Scherr,  Silverman,  and  Matsen,(47)  is  probably  no  more  than  O.lHartree. 
Even  without  relativistic  corrections,  the  values  of  IP(AEgCF)>  given  in 
Table  XVIII,  should  agree  with  the  correct  experimental  values  to  within 
1%;  because  of  the  relativistic  corrections,  they  should  be  smaller  than 
the  correct  experimental  values.  No  direct  experimental  data  are  available 
for  these  2s-hole  IP's;  the  values  of  IP(exp),  given  in  Table  XVIII,  were 
obtained  through  interpolation. (^5) 

G.  Anomalous  Behavior  of  the  Correlation  Energy 

The  correlation  energies  of  some  of  the  hole -state  systems  have 
anomalous  values.  The  correlation  energy  Ecorr  is  the  error  of  the  total 
SCF  energy  Egcp  and  is  defined  by  the  relation 

Enr  =  eSCF  +  Ecorr>  (26) 

where  Enr  is  the  exact  nonrelativistic  solution  of  the  Hamiltonian  of 
Eq.  (10).  The  sign  has  been  chosen  so  that  ECorr  is  negative  for  all 
the  systems  considered  here  and  is  always  negative  for  the  lowest  state 
of  a  symmetry  species.  It  follows  immediately  from  Eq.  (26)  that 

IP  (nr)  -  IP(AEgcF)  =  Ecorr(ion)  -  Ecorr  (parent).  (27) 

The  error  of  IP(AEsCF)>  given  in  the  last  column  of  Table  XVIII,  is 
the  difference  of  ECOrr  between  the  parent  and  the  ion. 

Usually  IP(AEsCF)  is  less  than  the  true  IP.  The  orbitals  of  the 
ion  are  not  drastically  different  from  those  of  the  parent.  The  ion  has  one 
fewer  electron  than  the  parent,  and  it  is  reasonable  to  expect  that 
lEcorr(i°n)l  <  lEcorr(Parent)l  •  As  shown  in  Table  XVIII,  this  usual  case 
occurs  when  an  electron  is  removed  from  the  outermost  p  shell  of  any  of 
the  closed-shell  systems  considered. 

When  an  electron  is  removed  from  the  outermost  s  shell, 
IP(AEscf)  is  larger  than  the  true  IP.  The  magnitude  of  Ecorr  of 
Ne+(2s-hole)  is  0.84  eV  larger  than  the  magnitude  of  Ecorr  of  neon; 
|ECorr|  of  Ar+(3s-hole)  is  3.95  eV  larger  than  !ECOrrj  of  argon. 

When  an  electron  is  removed  from  the  2p  or  the  Is  shell  of  one 
of  the  argon-like  ions,  |Ecorr|  of  the  resulting  ion  is  also  larger  than 
|Ecorr|  of  the  parent.  The  uncertainties  of  the  experimental  data  and 
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the  relativistic  corrections  make  this  conclusion  somewhat  doubtful  for  the 
2p-hole  states.  For  the  ls-hole  states,  however,  the  increase  of  lEcorri 
is  larger  than  these  uncertainties. 

This  anomalous  behavior  of  the  correlation  energy  is  extremely 
important  in  light  of  the  recent  work  of  Clementi(4 1 .68)  and  in  particular 
of  Allen,  Clementi,  and  Gladney(69)  to  obtain  semiempirical  rules  for  the 
calculation  of  Ecorr.  Such  rules,  if  they  could  be  successfully  applied, 
would  be  very  useful  since  - SCF  wave  functions  may  now  be  easily  ob¬ 
tained  for  a  large  class  of  systems.  The  analysis  of  Allen,  Clementi, 
and  Gladney  is  based  on  a  decomposition  of  Ecorr  into  pair-correlation 
energies.  For  atoms,  the  pair -correlation  energy  is  denoted  by 
^corr(n>  i,m0,ms;  n1 , £'  ,mj;  ,m^),  where  n,i,rng,ms  are  the  usual  one  - 
electron  quantum  numbers.  Allen  et  al.(&9)  explicitly  make  the  following 
three  assumptions  about  this  decomposition:  (1)  The  total  correlation 
energy  is,  to  a  very  good  approximation,  the  sum  of  the  pair -correlation 
energies, 

ECorr  “  ^  E^Qj.j.(n,  i,xn|,nigi  n* , ,m^  ,m.g).  (28) 

(2)  The  most  important  pair -correlation  energies  are  for  electrons 
which  differ  only  in  their  spin  quantum  numbers,  and  these  correlation 
energies  are  independent  of  m^;  i.e.,  Ecorr(n,  i,m^,  a;  n.i.mjj.jB)  = 
ECOrr(n'^'a;  n>£>fi)-  (3)  The  pair -correlation  energy,  with  only  minor 

qualifications,  is  a  function  only  of  the  quantum  numbers  of  the  pair  of 
electrons  and  the  nuclear  charge  Z;  in  particular,  it  does  not  depend  on 
the  total  electronic  configuration  of  the  system.  The  third  assumption 
is  a  key  one  since  Allen,  Clementi,  and  Gladney  obtained  the  pair- 
cor relation  energies  for  an  atom  by  subtracting  the  total  correlation 
energies  of  various  ions  of  the  atom. 

The  first  two  assumptions  are  quite  reasonable.  The  anomalous 
behavior  of  the  correlation  energy,  discussed  above,  shows  that  the  third 
assumption  is  not  correct. 

From  the  assumptions  and  Eq.  (27),  it  follows  that  when  an  electron 
is  removed  from  a  closed  shell  with  quantum  numbers  n£, 

~Ecorr(n>  4'CU  n, £,  fi)  =  ECOrr(ion)  -  Ecorr(parent)  =  IP(nr)  -  IP(AEscf)- 

(29) 

For  neon,  Allen,  Clementi,  and  Gladney  find  that  -Ecorr(2pa,2pj8 )  = 

+1.7  eV,  -Ecorr(2sa,2s/3)  =  +3.2  eV,  and  -Ecorr(lsa,ls|3)  = 

+1.2  eV.  The  results  given  in  Table  XVIII  show  that  Ecorr(Ne+;2p-hole)  - 
Ecorr(Ne)  =  +1*75  eV-  Ecorr(Ne+;2s-hole)  -  Ecorr(Ne)  =  -0.84  eV,  and 
Ecorr(Ne+;ls-hole)  -  Ecorr(Ne)  =  +0.65  eV.  When  a  2p  electron  is  re¬ 
moved,  Allen,  Clementi,  and  Gladney  correctly  predict  the  change  in  the 
total  correlation  energy;  this  is  hardly  surprising  since  this  change  was 
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part  of  the  data  used  in  their  semiempirical  analysis.  However,  when  a 
2s  electron  is  removed,  they  predict  a  decrease  of  |Ecorrj|  of  ~3.2  eV; 
but,  in  fact,  |Ecorr|  increases  by  0.84  eV.  When  a  Is  electron  is  re¬ 
moved,  they  predict  a  decrease  of  ~1.2  eV,  but  there  is  a  decrease  of 
only  half  that.  Allen,  Clementi,  and  Gladney  also  give  pair  correlations 
for  fluorine  and  sodium.  Their  predictions  for  the  correlation  energies 
of  the  n£-hole  states  of  F"  and  Na+  are  very  similar  to  their  predictions 
for  neon. 

Clearly  the  values  that  the  Allen,  Clementi,  and  Gladney  analysis 
gives  for  ECOrr (2sa,2s/3)  and  Ecorr(lsa,  lsjB)  are  not  correct.  Kestner(^O) 
has  considered  the  anomalous  correlation  energy  of  Ne+(2s-hole)  using 
the  formalism  of  Sinonaglu.  He  claims  that  he  has  accounted  for  the  in¬ 
crease  of  | Ecorr j  to  the  accuracy  of  his  calculation. 

Kestner  explains  that  the  anomalous  correlation  energy  of  the 
2s-hole  state  of  neon  is  due  to  the  increased  importance  of  configuration 
interaction  for  the  SCF  function  of  this  state.  The  lsz2s2p6  configuration 
of  the  2s-hole  state  of  Ne+  can  interact  with  the  configurations  lsz2szep4ns, 
lsz2s2p5np,  and  lsz2sz2p4nd.  The  configurations  lsz2sz2p6  and  lsz2sz2p5 
of  neutral  neon  and  the  2p-hole  state  of  neon  can  interact  only  with  con¬ 
figurations  formed  by  exciting  two  electrons  into  orbitals  with  principal 
quantum  numbers  n  >  2.  The  energies  of  some  of  the  excited  configurations 
that  mix  with  the  SCF  configuration  of  the  2s -hole  state  of  neon  are  closer 
to  the  energy  of  that  state,  than  the  energies  of  the  exicted  configurations 
for  neon  and  Ne+(2p-hole)  are  to  the  energies  of  these  states.  Thus,  the 
mixing  of  configurations  will  be  larger  for  the  2s -hole  state  than  for  the 
neutral  atom  or  the  2p-hole  state.  When  the  effects  of  configuration  inter¬ 
action  are  more  important,  the  SCF  one -configuration  function  gives  a 
poorer  approximation  to  the  true  wave  function,  and  the  magnitude  of  the 
correlation  energy  is  larger. 

Similar  arguments  can  be  made  about  the  3s-hole  states  of  the 
argon-like  ions.  It  will  be  interesting  to  see  if  Kestner's  treatment  can 
account  for  the  increase  of  |Ecorr|  for  these  states.  The  increase  of 
|Ecorrl  *or  these  states  is  more  than  four  times  as  large  as  the  increase 
of  |Ecorr|  for  the  2s -hole  states  of  the  neon-like  ions. 
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V.  TRANSITION  PROBABILITIES  BETWEEN 
THE  SCF  WAVE  FUNCTIONS 


A.  Theory 

To  calculate  electric-dipole  transition  probabilities,  it  is  necessary 
to  evaluate  matrix  elements  I  of  the  form 

I  =  <^|2r(i)  |  ¥f>,  (30) 

where  ^  and  are  the  normalized  many-electron  wave  functions  of  the 
initial  and  final  states,  r(i)  is  the  position  vector  of  the  i^  electron,  and 
the  sum  is  over  all  the  electrons  in  the  atom.  In  this  calculation,  and 

Vp  are  approximated  by  SCF  wave  functions.  For  the  states  considered 
here,  the  SCF  function  is  given  by  a  single  Slater  determinant  and  is  an 
eigenfunction  of  L2  and  S2,  but  not  J2.  Since  and  Yp  were  obtained  as 
separate  SCF  solutions  of  the  variational  equations,  the  SCF  one-electron 
orbitals  for  the  two  states  have  no  special  relation  to  each  other.  In  par¬ 
ticular,  the  overlap  integrals  of  the  orbitals  0^}m  of  ^  with  the  orbitals 

o{  *F  are  not  zero  or  one;  that  is’  <0n]m^>n^lm>  /  6n,n'- 

It  is  common  practice^^*^  approximate  the  dipole  transition 

matrix  element  I  of  Eq.  (30)  by 


=  <^|2r(i)|yF>  =  W  f  pg\(r)Tp(nfy,(r)  dr. 


(31) 


Here  P^  and  are  the  radial  wave  functions  of  the  active  electron 

(the  electron  making  the  transition)  for  the  initial  and  final  states.  The 

radial  functions  P^|  and  need  not  be  SCF  functions. (45,71)  The  vec¬ 

tor  Yf  includes  the  angular  integrations  and  also  depends-  on  the  symmetry 
species  and  subspecies  of  the  initial  and  final  states.  The  approximation 
of  Eq.  (31)  is  equivalent  to  assuming  that  the  orthonormality  relations 


>  *  f  W  P$  M  <»«•  =  6„,„'  <32> 

•'o 

hold.  We  shall  refer  to  this  approximation  as  the  active  electron 
approximation. 

With  SCF  functions,  or  with  any  total  wave  functions  which  are  ex¬ 
pressed  as  combination  of  Slater  determinants,  it  is  not  necessary  to  use 
the  active  electron  approximation.  Lowdin(?3)  has  given  an  expression  for 
the  matrix  element  of  a  one -electron  operator  ZO(i)  between  two  arbitrary 
Slater  determinants,  Yy  and  Yy.  Lowdin  showed  that 
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<*u|SO(i)|»v>  =  2kJ«-S,U)(l)lo(l)k<eV)a)>DuV<kl'e)’  (33) 

where  and  4''^^  are  spin- orbitals  of  the  determinants  ify  and  i'y  re- 

spectively,  the  double  sum  k,  £is  over  all  the  occupied  spin-orbitals,  and 
Duv(k|^)  the  signed  minor,  formed  by  removing  the  kth  row  and  £t h  col¬ 
umn,  of  the  matrix  Dyy.  The  elements  of  DyV  are  the  overlaP  integrals 
between  the  spin-orbitals  of  the  two  determinants;  the  k£  element  of  Duy  is 

<DUV>ki  =  <<U)I^V)>.  (34) 

The  SCF  spin-orbitals  were  defined  in  Eq.  (2). 

The  evaluation  of  the  sum  in  Eq.  (33)  is  simple  because  the  SCF  spin- 
orbitals  are  symmetry -adapted  and  because  there  is  only  radial  function  for 
each  shell  [cf. ,  Eqs.  (2)  and  (5)].  In  fact,  for  the  transitions  considered,  it 
was  never  necessary  to  evaluate  a  determinant  larger  than  3x3.  The  dipole 
transition  matrix  elements  required  for  this  calculation  were,  therefore, 
evaluated  by  means  of  Eq.  (33). 

The  results  of  the  dipole  transition  calculations  will  be  given  as 
total  absolute  multiplet  strengths  S(M)jj».  In  the  electric  dipole  approxima¬ 
tion,  S(M)jp  is  defined,  in  atomic  units,  by 

S(M)zf  =  £  Z  l<*l(L.S,ML,Ms)  |r.r(i)|  (35) 

MS’MS  ML’ML 

where  L,  S,  M^,  and  Mg  are  the  usual  orbital  and  spin  angular  momentum 
quantum  numbers  for  the  many-electron  system.  The  sum  is  over  all  the 
states  of  the  initial  and  final  terms.  This  sum  need  not  be  evaluated  ex¬ 
plicitly;  sum  rules*  for  the  sum  over  and  Mj^,  and  the  fact  that  the 
operator  Zr(i)  does  not  involve  the  spin,  may  be  used  to  reduce  the  sum. 

For  the  case  of  interest  here  (transitions  between  2S  and  2P  states  with 
AL=  l),  S(M)jp  becomes 

S(M)if  =  (2S  +  1)(L+  1)(2L+  3)|<’rI(L+  1  ,S,ML=  L.MS  =  S)| Zz(i)|  %(L,S,ML=  L,MS  =  S)> \l, 

(36) 


where  z(i)  is  the  z  coordinate  of  the  ith  electron. 


♦Feenberg  and  Pake(?4)  present  a  complete  statement  and  derivation 
of  the  sum  rules. 
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Absolute  line  strengths  may  be  obtained  from  S(M)jf  by  using  the 
relative  strengths  of  lines  in  multiplets.  Oscillator  strengths  and  spon¬ 
taneous  transition  probabilities  may  also  be  obtained  from  S(M)jF  by  using 
either  experimental  or  SC F  transition  energies.  Summaries  of  current 
notation  and  definitions  of  terms  may  be  found  elsewhere. (75)  The  general 
problem  of  emission  and  absorption  of  radiation  is  treated  in  detail  else¬ 
where;  see,  for  example,  Bethe  and  Salpeter.(20) 

For  the  sake  of  convenience,  we  give  here  the  relations  that  will  be 
required  later  for  the  discussion  of  the  width  of  the  ls-hole  state;  this 
width  is  referred  to  as  the  K- state  width,  or  simply  the  K  width. 

The  absolute  line  strength  S(L)jF  is  defined,  in  atomic  units,  by 


S(L)jF  =  £  |  < ¥j(J ,L,S,Mj)  1 Zr(i)  jUrp(j',L',S,M^.)>  | 2.  (37) 

The  subscripts  I  and  F  for  S(L)jp  refer  to  levels  (i.e.,  2^+1Lj),  while  the 
subscripts  for  S(M)jp  refer  to  terms  (i.e.,  2®+1L).  For  the  transitions  of 
interest  here,  S(L)jp  is  given  in  terms  of  S(M)jF  by 


2S1/2— ~2P,/2;  S(L)if  =  (l/3)S(M)IF 

► 

zS1/2~2P3/2;  S(L)if  =  (2/3)S(M)if. 

The  transition  probability  for  spontaneous  emission  of  a  photon  AjF  is 
given,  in  sec"1,  by 


(38) 


AIF  =  2.1419  x  1 010  [( AEif)3/ gj]  Sif(L), 


(39) 


where  AEjF  =  Ej  -  EF  is  the  energy  of  the  line  in  atomic  units,  SjF(L)  is 
in  atomic  units,  and  gj  is  the  degeneracy  of  the  initial  level. 

The  total  width  of  a  level  I,  Tj,  may  be  written  as  Tj  =  hPj,  where 
Pj  is  the  total  probability  of  transitions  from  the  level  I  to  all  lower-lying 
levels.  The  partial  width  due  to  radiative  transitions  called  the 

radiative  width,  is 


(40) 
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where  the  sum  is  over  all  levels  with  lower  energy,  Ep  <  Ej.  For  inner- 
shell  hole  states,  where  radiationless  transitions  are  important,  the  total 
width  is  given  by 

ri  =  riR)  +  (41) 

where  r(A)  i 

s  called  the  Auger  width.  The  fluorescence  yield  o)j,  the  frac¬ 
tion  of  the  total  transition  rate  due  to  radiative  transitions,  may  be  written 
as 


These  matters  are  discussed  in  detail  elsewhere. 

The  operator  Zx(i)  is  called  the  dipole  length  operator.  It  is  pos¬ 
sible,  through  the  use  of  commutation  relations,  to  find  alternate  expres¬ 
sions  for  the  dipole  transition  matrix  element  of  Eq.  (30).  For  the 
many- electron  Hamiltonian  of  Eq.  (10),  we  have  the  relations 

[Zr(k),Sr]  =  iZp(k)  =  ZV(k),  (43a) 


and 


[Zp(k),S?']  =  -i[2V(k)]^=  -iZ2r(k)/r(k)3,  (43b) 

/■w 

where  Z  is  the  nuclear  charge  and  the  commutation  relations  are  expressed 
in  atomic  units.  If  Yj  and  ¥p  are  exact  eigenfunctions  of  ST,  the  dipole 
transition  matrix  element  I,  in  atomic  units,  may  be  evaluated,  using 
Eq.  (30)  or  equivalently,  as  either 

I  =  <¥I|[-l/AEIF]ZV(k)|'FF>.  (44a) 

or 

I  =  <'FI|[z/(AEIF)2]Zr(k)/r(k)3|i'F>,  (44b) 

where  AEjF  =  Ej  -  Ep  is  the  difference  between  the  exact  nonrelativistic 
total  energies  of  the  initial  and  final  states.  The  operators  in  Eqs.  (44a)  and 
(44b)  are  called  the  dipole -velocity  and  dipole-acceleration  operators,  re¬ 
spectively.  Note  that  the  dipole-acceleration  operator  was  obtained  from 
the  exact  many-electron  potential  energy  and  not  from  some  average  one- 
electron  potential. 
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When  a  dipole  transition  matrix  element  is  evaluated  using  ap¬ 
proximate  wave  functions  (e.g.,  SCF  functions),  the  length,  velocity,  and 
acceleration  forms  of  the  matrix  element  will  not  have  the  same  value. 

The  values  obtained  using  the  three  operators  do  not  necessarily  bound 
the  correct  value  of  the  matrix  element.  Even  if  the  three  values  are  in 
close  agreement,  they  are  not  necessarily  correct.  However,  the  main 
contributions  to  the  matrix  element  come  from  different  regions  of  r  for 
the  three  operators.  The  contributions  to  the  value  of  the  matrix  element 
from  comparatively  large  r  are  most  important  for  the  dipole  length  op¬ 
erator,  from  intermediate  values  of  r  for  the  velocity  operator,  and  from 
small  values  of  r  for  the  acceleration  operator.  Thus,  if  the  three  opera¬ 
tors  give  approximately  equal  values  for  a  transition  matrix  element,  it  is 
not  unreasonable  to  infer  that  these  values  are  close  to  the  true  value.  In 
any  event,  it  is  interesting  to  see  how  the  results  obtained  using  the  length, 
velocity,  and  acceleration  operators  compare.  Such  a  comparison  will  be 
made  in  Section  B  below. 

B.  Results  of  the  Dipole  Transition  Probability  Calculations 

A  computer  program  was  written  for  the  IBM  704  to  calculate  all 
the  one-electron  overlap  and  electric -dipole  transition  integrals,  between 
the  expansion  SCF  orbitals  of  two  states,  needed  for  the  evaluation  of 
S(M)jp.  The  one-electron  overlap  and  transition  integrals  are  defined  in 
Eqs.  (33)  and  (34).  Transition  integrals  may  be  computed  for  the  dipole- 
length,  -velocity,  and  -acceleration  operators.  Since  the  angular  integra¬ 
tion  follows  immediately  from  the  properties  of  the  spherical  harmonics, 
only  the  radial  portions  of  the  transition  integrals  are  calculated  by  the 
program.  For  the  transitions  reported  here,  the  program  was  modified 
to  calculate  S(M)jp  directly,  with  the  electric  dipole  transition  matrix 
element  evaluated  exactly,  as  a  matrix  element  between  the  many-electron 
SCF  wave  functions.  Actually,  S(M)jp  is  calculated  when  the  length  opera¬ 
tor  is  used;  but  ( AEjp)zS(M)  jp  and  ( AEjp)4Z"zS(M)jp  are  calculated  when 
the  velocity  and  acceleration  operators  are  used.  Li  this  way,  experimental, 
rather  than  SCF,  energy  differences  may  be  used  when  the  velocity  and  ac¬ 
celeration  forms  of  S(M)jp  are  evaluated. 

For  a  given  transition,  the  input  to  the  transition  moment  program 
consists  of  two  sets  of  punched  cards.  One  of  these  sets  contains  the  in¬ 
formation  necessary  to  describe  the  SCF  function  of  the  initial  state;  the 
other,  the  information  necessary  to  describe  the  final  state.  While  a  set 
of  cards  may  be  prepared  manually,  it  is  available,  optionally,  as  part  of 
the  output  of  an  SCF  calculation  performed  with  the  7094  SCF  program. 

The  values  of  S(M)jp,  in  the  electric  dipole  approximation,  for  all 
possible  electric  dipole  transitions  between  the  ni-hole  states  computed, 
are  presented  in  Table  XIX,  The  matrix  elements  were  computed  exactly, 
between  many-electron  SCF  wave  functions,  using  the  expression  of 
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Eq.  (33).  The  matrix  elements  were  evaluated  using  the  dipole-length 
operator.  The  SCF  functions  used  are  the  accurate- set  functions  reported 
in  Tables  I- IV.  The  values  of  S(M)jp  are  given  in  atomic  units. 


TABLE  XIX.  Total  Absolute  Multiplet  Strengths  S(M)jp  for  Transitions 
between  the  ni-hole  States  of  F" ,  Ne,  Na+,  Cl",  At,  and  K+ 
(Values  of  S(M)jp  are  in  a.u.) 


F 

Ne+ 

Na++ 

2s-hole  -*  2p-hole 
ultraviolet  emission  line 

2.0652 

1.4632 

1.0855 

ls-hole  -»  2p-hole 

Ka  emission  line 

0.02466 

0.02193 

0.01937 

Cl 

Ar+ 

K++ 

3s-hole  -*■  3p-hole 
ultraviolet  emission  line 

5.3584 

4.1392 

3.2995 

2p-hole  -*■  3s-hole 

Li,  T)  emission  lines 

0.03430 

0.02808 

0.02324 

2s -hole  *♦  3p-hole 
not  observed 

0.02932 

0.02991 

0.02965 

2s-hole  -*■  2p-hole 
not  observed 

0.3382 

0.2923 

0.2549 

ls-hole  -♦  3p-hole 

K/3  emission  line 

0.0006722 

0.0007010 

0.0007078 

ls-hole  -*  2p-hole 

Ka  emission  line 

0.009245 

0.008354 

0.007588 

For  most  of  the  transitions  given  in  Table  XIX,  S(M)jp,  for  a  given 
transition,  decreases  with  increasing  Z.  Along  an  isoelectronic  sequence, 
the  wave  functions  for  a  given  state  become  more  contracted  as  the  nuclear 
charge  increases  (cf. ,  <r>  and  <r2>  given  in  Tables  XIII  and  XIV).  Thus, 
the  main  contributions  to  the  dipole  transition  matrix  element  <^jl^i£(i)l 
come  from  smaller  values  of  r  for  larger  values  of  Z,  and  S(M)jy 
becomes  smaller  with  increasing  Z.  In  fact,  for  the  hydrogenic  one- 
electron  ions,  S(M)jf  goes  as  l/z2. 

For  the  ls-hole  -*•  3p-hole  and  the  2s-hole  -*■  3p-hole  transitions  of 
Cl,  Ar+,  and  K++,  however,  S(M)jp  does  not  have  this  behavior;  for  the 
ls-hole  -*■  3p-hole  transition,  S(M) tit  increases  with  increasing  Z.  Although 
all  the  SCF  orbitals  of  a  gi’  an  state  contract  with  increasing  Z,  the 
3p  orbitals  contract  more  than  the  Is  or  2s  orbitals.  The  region  of 
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important  "overlap,"  the  region  where  IFj  is  large,  will  increase,  and, 
in  some  cases,  this  increase  will  be  more  important  than  the  fact  that  the 
"overlap"  occurs  in  a  region  of  smaller  r.  As  Z  becomes  larger,  the 
contraction  with  increasing  Z,  of  all  the  orbitals  of  a  given  state,  becomes 
more  nearly  the  same.  For  large  enough  Z,  S(M)jp  for  any  transition 
should  decrease  with  increasing  Z  along  an  isoelectronic  sequence; 
S(M)2s-hole,3p-hole  is  smaller  for  K*+  than  for  Ar+,  and  it  is  likely  that 
S(M)ls_}10ie(3p_hole  will  be  smaller  for  Ca+3  than  for  K++. 

For  transitions  between  the  n^-hole  states  of  neon  and  argon, 

Table  XX  compares  the  effects,  on  S(M)jp,  of  the  use  of  several  different 
approximations  for  the  evaluation  of  the  dipole  transition  matrix  element. 
The  results  for  these  transitions  are  very  similar  to  the  results  for  the 
transitions  of  the  other  atoms.  The  values  of  S(M)jp  are  given  for  the 
dipole  length,  velocity,  and  acceleration  operators  defined  by  Eqs.  (30)  and 
(44).  For  each  operator,  the  transition  matrix  element  was  evaluated  using 
the  many-electron  expression  of  Eq.  (33),  and  also  using  the  active-electron 
approximation  of  Eq.  (31). 

The  notation  <  ¥(ns-hole)  (O j  Y(n'p-hole)>  is  used  in  Table  XX  to 
indicate  that  the  matrix  element  for  S(M)ns_ji0^e  nip-hole  was  evaluated 
between  many-electron  SCF  wave  functions.  In  the  active-electron  ap¬ 
proximation. 


^ns-hole,n'p-hole 


(45) 


where 


C</>  .  z. 

oW  =  -<i/&EiF)A 

and 

c4a>  =  [z/(AEIF)!J[z/rJ].  (46) 

The  notation  is  used  in  Table  XX  to  indicate  that  the  matrix 

element  for  S(M)jp  was  evaluated  using  the  active- electron  approximation; 
for  simplicity,  the  subscript  m  for  the  symmetry  subspecies  is  not  used. 
Matrix  elements  were  evaluated  in  the  active-electron  approximation  in  two 
ways;  first,  using  the  appropriate  orbitals  from  the  SCF  wave  functions  for 
the  initial  and  final  states  of  the  transition,  as  indicated  in  Eq.  (45);  and 
second,  using  the  orbitals  from  the  SCF  wave  function  for  the  closed-shell 
system,  either  neutral  neon  or  argon. 
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TABLE  XX.  Total  Absolut*  Multiplst  Strong th*  S(M)|r  Using  Ssvsral  Approximations  for  ths 
Dipols  Transition  Matrix  Elsmsnt  [8(M)v  AExr  ars  in  a.u.] 


Operator 


Transition 

Approximation  for 

Matrix  Element 

Length 

Velocity 

Diff.* 

Acceleration 

Dlff.* 

<f(2s-hol«) |0|T(2p-hol« )> 

1.463 

1.166 

20.36 

1 

Kt+;  2.-hol.  -»  2p-hol. 

<,(2.-h°l.)|2|f(2p-ho1.)> 

1.465 

1.181 

•  *4.150. 

ABif  -  0.9877 

«g,,ioi4r>> 

1.630 

1.282 

.  .  . 

<t (ls-hol. ) |0|t (2p-hol« )> 

0.02193 

0.01979 

9.86 

0.02252 

2.76 

Ne+;  la-hole  -»  2p-hole 
AEjy  -  39.151 

<4p"h°i,)|0|.|^-hol«)> 

0.02119 

0.02066 

.  .  . 

0.02355 

.  .  . 

<*2p*)l2l*ls*)> 

0.01549 

0.01415 

0.01484 

Ar+j  3s-hol*  3p-hole 

aeif  -  0.4932 

<*(3»-hol« ) |0|* (3p-hol. )> 

4.139 

4.791 

15.86 

<,(3.-»°l.)|fi|f(3P-hol.)> 

*.143 

4.798 

.  .  . 

■  *4.3000. 

.  •  . 

<*^r)l2l^)> 

4.460 

4.777 

.  .  . 

<t  (2p-hol. )  |0|T(3*-hol.  )> 

0.02808 

0.02150 

23.46 

uronc 

Ar+;  2p-hole  -»  3a-hole 

ABIp  -  8.O67 

<F(2p-hol.)|S|fU,-,,0l.)> 

0.02492 

0.02222 

.  .  . 

0.000003 

•  •  • 

0.01981 

0.01835 

.  .  . 

uronc  lien** 

.  .  . 

<7 (2»-hol. ) |0 If ( 3p-hole )> 

0.02991 

0.02413 

19.36 

0.01056 

64.76 

ATJ  2b -hole  3p-hole 

AEIF  -  11.357 

<,U-h°l.),o|f(3P-hol.)> 

0.02893 

0.02547 

.  .  . 

0.01213 

.  .  . 

0.01954 

0.01701 

0.00562 

.  .  . 

<t (25-hole ) |0 |t (2p-hole )> 

0.2923 

0.2079 

28.96 

Ar+;  28-hole  -*  2p-hole 
AEIp  -  2.796 

<,(2.-hole)|2|f  Up-hoi.  )> 

0.2842 

0.2054 

•  •  • 

-  50. 

.  •  . 

0.2967 

0.2262 

.  .  . 

Ar+;  la-hole  -*  3p-hole 

abif  -  116.72 


<Y( la-hole) |0|f (3p-hole)> 
<,(i.-h°iO|gk(3P-: 


(3P-hol.) 
i»  > 


0.0007010 

0.0005358 

0,0004223 


0.0006519 

O.OOO5433 

0.0004011 


0)4 


0.0007061 

0.0006001 

0.0004118 


0.76 


Ar+;  l.-hols  -*  2p-hol« 
AlJF  -  106.16 


<f (l.-hol.  )  1 0  |T  (2p-hol.  )>  0.006354  0.008003 

<9g"hOl*)|0|T<rh°1*,>  0.006470  O.OO8347 

<*|Jr)|o|»JJr)>  0.007607  0.007208 


0.008683 

0.009082 

0.007482 


3.# 


•This  *s  the  percent  difference  between  S(M)tf*  evaluated  using  the  length  operator,  and  S(M)jp  evaluated  using  the 
velocity  or  acceleration  operator. 

••The  sign  ef  the  transition  matrix  element  for  the  acceleration  operator  is  not  the  same  as  the  sign  of  the  matrix 
element  fof  the  length  operator. 
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The  second  case  (the  use  of  the  SCF  orbitals  of  a  single  state  for 
the  wave  functions  of  both  the  initial  and  final  states  of  a  transition)  may 
be  regarded  as  a  frozen-orbital  approximation  for  S(M)ip\  It  is,  in  a  sense, 
similar  to  the  use  of  Koopmans's  Theorem  for  the  IP  of  a  system.  In  this 
case,  the  active-electron  approximation  gives  the  correct  value  for  the 
transition  matrix  element  since  the  orthonormality  conditions 
6n,n'  are  satisfied. 

In  Table  XX,  the  superscript  on  the  Vindicates  the  state  for  which 
the  orbital  was  computed.  The  entry  "wrong  sign"  in  the  table  means  that 
the  sign  of  the  transition  matrix  element  for  the  acceleration  operator  was 
not  the  same  as  the  sign  for  the  length  operator;  for  exact  eigenfunctions, 
the  signs  must  be  the  same. 

The  nonrelativistic  energy  differences  AEjp  were  obtained  by  taking 
differences  of  the  IP's  given  in  Table  XVIII;  IP(exp)  was  used  for  the  3p- and 
3s-hole  states  of  the  argon-like  ions,  and  the  2p-  and  2s-hole  states  of  the 
neon-like  ions;  IP(nr)  was  used  for  the  2p-hole  states  of  the  argon-like 
ions,  and  for  all  the  ls-hole  states;  and  IP(AEg(-;p)  was  used  for  the  28- 
hole  states  of  the  argon-like  ions. 

The  calculations  were  performed  using  the  accurate-set  SCF  func¬ 
tions  given  in  Tables  I-IV.  The  values  of  S(M)jp  and  AEjp  are  given  in 
atomic  units.  The  column  labeled  "Diff, "  is  the  difference  between 
S(M)if  evaluated  using  the  dipole-length  operator,  and  S(M)jp  evaluated 
using  the  dipole -velocity  or  -acceleration  operator.  This  difference  is 
only  given  when  the  dipole  matrix  elements  for  S(M)jp  have  been  computed 
between  the  many-electron  SCF  wave  functions. 

For  all  but  one  of  the  transitions  given  in  Table  XX,  the  dipole - 
length  form  of  S(M)jp  obtained  using  the  orbitals  of  the  closed- shell 
system  (third  line  and  first  column  for  each  transition)  gives  a  signif¬ 
icantly  poorer  result  than  that  obtained  using  the  orbitals  for  the  initial 
and  final  states  of  the  transition  (first  and  second  lines  and  first  column 
for  each  transition).  For  the  3s-hole  -*•  3p-hole  transition  of  Ar+,  the 
improvement  is  8%;  for  the  ls-hole  -*  3p-hole  transition  of  Ar+,  the  im¬ 
provement  is  40%.  Only  for  the  2s-hole  **  2p-hole  transition  of  Ar+  is 
the  improvement  as  small  as  1.5%. 

For  the  dipole-velocity  form  of  S(M)jp,  the  frozen-orbital  ap¬ 
proximation  sometimes  gives  a  better  result  than  the  use  of  the  SCF  func¬ 
tions  of  the  initial  and  final  states  of  the  transition.  Here,  we  mean  better 
in  the  sense  of  being  more  nearly  equal  to  the  dipole -length  value  of 
S(M)if  with  the  many-electron  matrix  element  correctly  evaluated.  How¬ 
ever,  the  agreement  in  these  cases  between  the  length  and  velocity  forms 
of  S(M)jp  is  not  very  good,  and  the  better  result  of  the  frozen-orbital  ap¬ 
proximation  does  not  have  much  meaning. 
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It  seems,  from  the  results  given  in  Table  XX,  that  the  use  of  the 
SCF  functions  of  the  initial  and  final  states  of  a  transition  gives  a  sig¬ 
nificantly  better  value  for  S(M)jp  than  the  use  of  the  frozen-orbital 
approximation. 

In  several  cases,  the  value  of  S(M)jp  obtained  when  the  dipole 
transition  matrix  element  is  evaluated  between  total  many- electron  wave 
functions  is  quite  different  from  the  value  obtained  when  the  active- 
electron  approximation  is  used.  The  difference  is  largest  for  transitions 
between  the  ls-hole  and  the  outermost  p-hole  states;  it  is  smallest,  and 
quite  negligible,  for  transitions  between  the  outermost  s-hole  and  outer¬ 
most  p-hole  states.  The  value  of  the  many-electron  matrix  element  cannot 
be  much  different  from  the  active-electron  approximation  value  unless  the 
minors  Djp(k]i),  defined  in  Eqs.  (33)  and  (34),  are  considerably  different 
from  one  or  zero.  This  condition  is  met  for  the  former  transitions,  but 
not  for  the  latter,  where  the  orbitals  of  the  initial  and  final  states  are  too 
similar. 

Note  that  the  value  of  S(M)jp  obtained  using  the  many-electron  ex¬ 
pression  for  the  matrix  element  is  often  larger  than  that  obtained  using  the 
active-electron  approximation.  It  has  been  suggested(77,78)  that  the  correct 
evaluation  of  the  matrix  element  simply  corrects  the  active -electron  approx¬ 
imation  for  overlap  effects.  If  this  were  true,  then  the  many-electron  ex¬ 
pression  for  the  matrix  element  would  always  give  a  smaller  result  than 
the  active-electron  approximation  since  overlap  effects  always  introduce 
a  factor  less  than  one.  In  several  cases,  transition  integrals  between  or¬ 
bitals  other  than  the  transition  integral  of  the  active-electron  approximation 
must  make  significant  contributions  to  the  value  of  the  matrix  element.  The 
best  example  of  this  is  the  ls-hole  *♦  3p-hole  transition  of  Ar+,  where  the 
value  of  dipole  length  form  of  S(M)jp  using  the  many-electron  matrix  ele¬ 
ment  is  30%  larger  than  value  in  the  active  electron  approximation. 

In  discussing  the  use  of  the  length,  velocity,  and  acceleration  forms 
of  the  dipole  matrix  element,  we  will  consider  only  the  cases  where  the 
matrix  element  is  evaluated  between  the  many-electron  SCF  functions  of 
the  initial  and  final  states.  That  is,  of  the  values  of  S(M)jp  in  Table  XX, 
only  the  values  in  the  first  row  of  each  transition  will  be  compared. 

The  values  of  the  length  and  velocity  forms  of  S(M)jjr  are  always  at 
least  in  reasonable,  if  not  necessarily  good,  agreement.  In  the  worst  case, 
the  2s-hole  -»  2p-hole  transition  of  Ar+,  the  velocity  form  of  S(M)jjp  is 
30%  smaller  than  the  length  form. 

The  acceleration  form  of  S(M)jp  often  has  absurd  values.  For  sev¬ 
eral  transitions,  the  acceleration  form  of  S(M)jp  is  larger  than  the  length 
and  velocity  forms  by  a  factor  of  between  100  and  1000;  and  for  one  transi¬ 
tion,  the  sign  of  the  acceleration  form  of  the  matrix  element,  Eq.  (44b),  is 
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different  from  the  signs  of  the  length  and  velocity  forms  of  the  matrix  element, 
Eqs.  (30)  and  (44a).  However,  for  transitions  from  ls-hole  states,  the  ac¬ 
celeration  form  of  S(M)ijt  is  in  good  agreement  with  the  length  and  velocity 
forms.  For  the  ls-hole  -*■  2p-hole  transition  of  Ne+  and  the  ls-hole  -»  3p- 
hole  transition  of  Ar+,  the  difference  between  the  length  and  acceleration 
forms  of  S(M)jjr  is,  in  fact,  less  than  the  difference  between  the  length  and 
velocity  forms. 

When  the  agreement  between  the  length  and  acceleration  forms  of 
S(M)jp  is  good,  the  important  one-electron  transition  integrals  are  between 
orbitals  with  simple  structure.  The  orbitals  involved  either  have  no  radial 
nodes  (i.e.,  Is  and  2p),  or  the  contribution  to  the  value  of  the  integral  from 
the  region  around  and  past  the  radial  node  is  small  (i.e.,  Is  and  3p).  When 
the  important,  one-electron  transition  integrals  are  between  orbitals  whose 
nodal  structure  is  important  in  determining  the  value  of  the  integral,  the 
acceleration  form  of  S(M)jp  has  poor  values. 

For  transitions  between  outer-shell  hole  states,  one  might  consider 
using  some  screened,  effective,  nuclear  charge,  Zeff,  for  the  acceleration 
form  of  the  dipole  transition  matrix  element.  In  place  of  Eq.  (44b),  the 
expression 

IS  <1'll[Zefi/(AEIF)2]2r(k)/r(k)>|YF>  (47) 

would  be  used.  For  the  3s-hole  -*•  3p-hole  transition  of  Ar+,  Zeff  =  0.7 
would  be  required  to  bring  the  length  and  acceleration  forms  of  S(M)jf  i*1*0 
agreement;  for  the  2s-hole  -*  2p-hole  transition  of  Ne+,  Zeff  =  1  would  be 
required.  However,  a  reasonable  value  of  Zeff  for  these  cases,  based  on 
arguments  about  the  screening  of  the  nuclear  charge  by  the  electron  charge 
distribution  (e.g.,  Slater's  rules),  must  be  Ze£f  >  2.  Thus,  even  the  use  of 
a  Zeff  will  not  give  good  values  for  the  acceleration  form  of  S(M)if\ 

The  length  form  of  the  dipole  transition  matrix  element  has  the 
advantage  of  being  less  sensitive  than  the  velocity  or  acceleration  forms 
to  the  precise  shape  of  the  approximate  wave  functions.  The  velocity  op¬ 
erator  involves  derivatives  of  the  orbitals,  and  the  acceleration  operator 
varies  strongly  and  weighs  different  regions  of  r  very  differently.  From 
these  considerations,  it  would  seem  best  to  use  the  length  form  of  the 
matrix  element  to  evaluate  S(M)jp. 

Chandrasekhar(?9)  has  pointed  out  that  larger  values  of  r  are  more 
important  for  the  evaluation  of  the  length  form  of  the  dipole  matrix  element 
than  for  the  evaluation  of  the  total  energy;  conversely,  smaller  values  of 
r  are  more  important  for  the  evaluation  of  the  acceleration  form  of  the 
matrix  element  than  for  the  evaluation  of  the  energy.  Thus,  Chandrasekhar 
suggests  that  the  velocity  form  of  the  matrix  element  is  the  most  suitable 
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form  when  the  wave  functions  used  have  been  obtained  from  an  application 
of  the  variational  principle. 

He  used  the  three  forms  of  the  matrix  element  for  the  calculation 
of  transitions  from  the  ground  state  to  continuum  states  of  the  H"  ion. 

The  use  of  the  velocity  form  of  the  matrix  element  did,  indeed,  give  better 
results.  But,  6-  and  12-term  Hy lie raas- type  functions  were  used  for  the 
ground- state  wave  function  of  H".  These  functions  are  considerably  more 
accurate  than  HF  functions,  and  the  conclusion  above  may  not  apply  when 
HF  wave  functions  are  used  to  evaluate  the  transition  matrix  elements. 

Weis  s(80) 

has  calculated  oscillator  strengths  for  several  transitions 
of  helium.  He  compared  the  results,  for  both  the  length  and  velocity  forms 
of  the  matrix  element,  obtained  by  using  HF  functions  and  by  using  the  more 
accurate  Hylle  raas -type  functions.  For  all  but  three  of  these  transitions, 
when  HF  wave  functions  were  used,  the  value  obtained  with  the  length  form 
of  the  matrix  element  was  more  accurate  than  that  obtained  with  the  veloc¬ 
ity  form.  For  two  transitions,  the  use  of  the  velocity  form  of  the  matrix 
element  gave  very  poor  results,  while  the  results  obtained  with  the  length 
form  were  quite  accurate.  In  the  three  cases  in  which  the  use  of  the  ve¬ 
locity  form  of  the  matrix  element  gave  better  results,  both  the  length  and 
velocity  forms  gave  good  results;  in  these  cases,  the  largest  difference 
between  the  results  obtained  using  the  length  and  velocity  forms  with  the 
HF  wave  functions  was  less  than  5%.  Bates  and  Damgaard^1)  have  com¬ 
pared  the  length  and  velocity  forms  of  the  multiplet  strength,  calculated 
using  HF  functions,  with  experimental  values  for  several  transitions  of 
lithium  and  sodium.  In  all  the  cases  they  considered,  the  length  form  of 
the  multiplet  strength,  although  it  sometimes  gave  poor  values,  was  in 
better  agreement  with  experiment  than  the  velocity  form.  These  calcula¬ 
tions  would  seem  to  bear  out  the  expectation  that  the  use  of  the  length  form 
of  the  matrix  element,  when  HF  wave  functions  are  used,  will  give  more 
reliable  results  than  the  use  of  the  velocity  form. 

The  simple  basis  set  SCF  functions,  given  in  Tables  V-VIH,  have 
also  been  used  to  calculate  S(M)ip\  The  agreement  between  the  values 
obtained  using  the  accurate- set  SCF  functions  and  the  simple  set  SCF  func¬ 
tions  is  quite  good.  For  the  length  form  of  S(M)jp,  the  differences  between 
the  values  obtained  using  the  simple  and  accurate  set  functions  are  never 
larger  than  0.35%;  for  the  velocity  form  of  S(M)jp,  the  differences  are 
never  larger  than  0.10%.  The  greatest  differences  between  the  simple  set 
and  accurate  set  SCF  orbitals  are  at  the  tails  of  the  orbitals  (c.f. ,  Tables  IX- 
XII).  It  is  not  surprising,  then,  that  the  differences  for  the  velocity  form 
of  S(M)if  are  sometimes  less  than  those  for  the  length  form.  For  the  ac¬ 
celeration  form  of  S(M)jf,  the  differences  are  somewhat  larger  than  for 
the  length  and  velocity  forms,  but  only  for  the  2p-hole  -*■  3s-hole  transitions 
of  Cl,  Ar+,  and  K++  is  the  agreement  rather  poor. 
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Varsavsky,  (47)  using  a  method  based  on  screened  nuclear  charges, 
gives  values  of  S(M)jp  for  a  large  number  of  ultraviolet  transitions. 
Varsavsky's  values  and  the  values  obtained  from  this  calculation  are  com¬ 
pared  in  Table  XXI.  The  values  of  S(M)jp  given  for  this  calculation  are 
taken  from  Table  XIX.  Varsavsky's  values  are  all  approximately  twice  as 
large  as  the  values  of  this  calculation.  It  seems  likely  that  he  made  an 
error  of  a  factor  of  2  in  calculating  S(M)jp  from  the  value  of  the  radial 

integral  J  pj^r  ^ns^  ^r-  Tke  va^ues  °*  S(M)jjp  are,  as  usual,  in  atomic 
units.  0 


TABLE  XXI.  Comparison  of  S(M)jp  with  Calculations 
by  Varsavsky  (Values  of  S(M)jp  are  in  a.u.) 


2s-hole  -*•  2p-hole 

F 

Ne+ 

Na++ 

This  calculation 

2.065 

1.463 

1.086 

Varsavsky* 

5.011 

2.991 

1.977 

3s-hole  -►  3p-hole 

Cl 

Ar+ 

K++ 

This  calculation 

5.36 

4.14 

3.30 

Varsavsky* 

11.53 

8.30 

6.23 

♦See  Ref.  45. 


Experimental  data  for  the  absolute  or  relative  intensities  of  the 
X-ray  lines  computed  here  have  not  been  found.  However,  a  calculation  of 
rW,  the  radiative  width  of  the  ls-hole  state  (or  K  state),  can  provide  a 
comparison  with  experiment. 

For  the  argon- like  ions,  ls-hole  *♦  2p-hole  (Ka)  and  the  ls-hole  -*  3p- 
hole  (K/3)  transitions  make  the  most  important  contributions  to  -All 

other  transitions  from  the  ls-hole  state  involve  at  least  double  excitations 
(e.g.,  Is2s22p*3s23p*  -*■  1 s22s22p*3s3p5ns,  n  a  4)  and  are  much  less  probable. 

The  value  of  for  argon  has  been  calculated  using  the  values  of 

S(M)jp  given  in  Table  XIX,  the  experimental  values  for  the  energies  of  the 
Koc  and  KjS  emission  lines(62)  [AE(Kot1)  =  108.70  Hartrees,  AE(Ka2)  = 

108.62  Hartrees,  and  AE(K/3j)  3  117.26  Hartrees],  and  the  relations  of 
Eqs.  (38-40).  The  value  is  found  to  be  rUO  =  0.0835  eV.  The  K- shell 
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fluorescence  yield  for  argon,  as  determined  by  Watanabe,  Schnopper,  and 
Cirillo,(8l)  is  =  0.140  ±  0.014.  From  Eq.  (42),  a  value  of  the  total  width 
of  the  K- state  =  0.60  ±  0.06  eV  is  obtained.  The  uncertainty  in  is 
taken  entirely  from  the  uncertainty  in  the  value  of  COj^.  Table  XXII  compares 
this  value  of  Tpr  and  values  obtained  directly  from  experimental  data  on 
X-ray  emission  and  absorption  by  Watanabe(SO)  and  by  Deslattes.(52)  The 
value  which  we  have  obtained  is,  within  experimental  uncertainties,  in  agree¬ 
ment  with  the  experimental  values. 


TABLE  XXII. 

A  Comparison  of 

Several  Values 

of  for  Argon 

Author 

rK  (eV) 

Present  Work 

0.60  ±  0.06 

Watanabe* 

0.68  ±  0.03 

Deslattes** 

0.70  ±  0.05 

*See  Ref.  78. 
**See  Ref.  50. 
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The  analytic  and  computational  framework  for  Hartree-Fock-Roothaan  calculations  on  homonuclear 
diatomic  molecules  is  presented.  Several  approaches  to  calculating  the  wavefunction  are  sketched  as  well  as 
methods  of  computing  molecular  properties  from  the  wavefunction.  Emphasis  is  given  to  the  efficient  or¬ 
ganization  of  these  calculations  for  existing  digital  computers.  Typical  results  obtained  through  the  ap¬ 
plication  of  the  programs  and  techniques  developed  are  presented  for  the  fluorine  molecule. 


I.  INTRODUCTION 

ALTHOUGH  many  calculations  have  been  per- 
xm  formed  on  diatomic  molecules,  few  have  been 
of  sufficient  depth  and  scope  to  establish  the  usefulness 
of  the  mathematical  model.  It  is  the  purpose  of  this 
work  to  present  the  analytic  and  inescapable  computa¬ 
tional  framework  for  Hartree-Fock-Roothaan  calcula¬ 
tions  on  diatomic  molecules.  Once  the  necessary  one- 
and  two-center  one-  and  two-electron  integrals  are 
available,1  it  is  possible  to  construct  a  variety  of  types 
of  wavefunctions  for  diatomic  molecules.  Among  these 
types  of  calculations  are  straight  LCAO,  valence-bond, 
atoms  in  molecules,  limited  configuration  mixing,  and 
self-consistent  field  molecular  orbital  calculations.  The 
methods  discussed  in  this  paper  apply  to  the  calcula 
tions  of  analytic  self-consistent  field  wavefunctions  for 
homonuclear  diatomic  molecules  via  the  Roothaan 
method.  The  analysis  for  the  self-consistent  field  equa¬ 
tions  is  well  documented,  and  the  programs  available 
for  atoms’-4  remain  virtually  intact  when  linked  to  the 
calculation  of  the  diatomic  matrix  and  supermatrix 
elements.  The  methods  employed  to  evaluate  these 
elements  have  been  presented  recently.* 

It  should  be  emphasized  that  even  with  the  present 
large-memory  high-speed  digital  computers  the  calcula¬ 
tions  presented  in  this  paper  would  be  intractable 
unless  a  great  deal  of  attention  is  given  to  possible 
economies  in  the  analysis  and  organization  of  the 
matrix  and  supermatrix  computations.  What  follows 
will  present  such  an  organization  for  the  calculation 


*  Based  on  work  performed  under  the  auspices  of  the  U.S. 
Atomic  Energy  Commission,  and  by  Advanced  Research  Projects 
Agency  through  the  U.S.  Army  Research  Office  (Durham)  under 
Contract  No.  DA-1 1-022-ORD-3 119,  and  by  a  grant  from  the 
National  Science  Foundation,  NSF  GP-28. 
t  NSF  fellowship,  1961-1962. 

1  A.  C.  Wahl,  P.  E.  Cade,  and  C.  C.  J.  Roothaan,  "A  Study  of 
two  Center  Integrals  Useful  in  Calculations  on  Molecular  Struc- 
J-  Chem.  Phys.  41,  2578  (1964)  (preceding  article). 

C.  C.  J.  Roothaan,  Rev.  Mod.  Phys.  23,  69  (1951). 

C.  C.  J.  Roothaan,  Rev.  Mod.  Phys.  32,  179  (I960). 

C.  C.  J.  Roothaan  and  P.  S.  Bagus,  “Atomic  Self-Consistent 
Field  Calculations  by  the  Expansion  Method”  Methods  of  Com¬ 
putational  Physics,  Vol.  II  (Academic  Press  Inc.,  New  York). 


of  self-consistent  field  wavefunctions  and  properties 
for  homonuclear  diatomic  molecules  and  the  specific 
application  of  these  programs  to  the  F»  molecule. 

n.  CHOICE  OF  UNITS,  COORDINATE  SYSTEMS,  AND 
ATOMIC  BASIS  FUNCTIONS 

Atomic  units  are  used  throughout  this  paper.  In 
this  system  the  unit  of  length  is  the  bohr  (0.52917  A), 
the  unit  of  energy  the  hartree  (2/f„Ac= 27.20974  eV), 
and  the  unit  of  charge  that  of  the  electron,  er.  In  these 
units  the  electronic  Hamiltonian  for  a  diatomic  mole 
cule  is 

H^i-i^-Za/r^-Zt/n,)  +  Dl /rm.  (1) 

M  «<» 

The  sums  are  over  the  electrons  of  the  molecule.  The 
two  centers  are  designated  by  subscripts  a  and  b  and 
their  mutual  separation  by  R.  The  quantities  r0„  and 
ri„  are  the  distances  from  Nuclei  a  and  b,  respectively. 

The  position  of  the  electrons  with  reference  to  the 
two  centers  is  described  in  terms  of  the  following 
three*  coordinate  systems: 

(1)  Cartesian  coordinate  systems  centered  on  Nu¬ 
clei  a  and  b  and  on  the  midpoint  between  a  and  b, 
respectively.  The  z.  and  %  axes  are  chosen  to  lie  along 
the  intemuclear  axis  pointing  towards  one  another. 

(2)  Spherical  coordinates  centered  on  Nuclei  a  and  b. 
The  atomic  orbitals  are  usually  defined  in  terms  of 
these  coordinates. 

(3)  Prolate  spheroidal  coordinates  with  foci  on  Nu¬ 
clei  a  and  b.  These  coordinates  are  defined  in  terms  of 
the  spherical  coordinates  by 

t=(r,+n)/R;  V=(r,-ri)/R;  (2) 

The  normalized  complex  STO’s  (Slater- type  orbitals) 
are  used  throughout  this  paper.  The  STO’s  designated 
by  XapXa  or  Xbpx a  indicate  the  triple  n,  l,  m  and  are 
given  by 

(»,  /,  m)  =  (2f)-H[(2 „)  Y^e,  <t>),  (3) 

where  the  spherical  coordinate  system  is  centered  on 
Nucleus  a  or  b  and  the  Ffa,(0,  <j>)  are  the  normalized 
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complex  spherical  harmonics  defined  by 

Yim{6,  4>)  =<Pjm(cos5)4>m(0), 
and 

—  (2ir)~ieim*;  (4) 

and  the  normalized  associated  Legendre  functions  are 
defined  by 


ient  to  group  the  basis  functions  Xp  according  to  the 
symmetry  of  the  molecular  orbital 


so  that 


Xp— ►XpXo, 


PAa  = 


P 


*Xp> 


(11) 

(12) 


(PiM(cos  6)  = 


i  p/+ 1  (/—»»)  n* 

2'/.{  2  (/+«).! J 

r  <f  i,+m 

X(-sin0)mp-^  (coss0-l)', 


(5) 


where  —l<m<l. 

In  Eq.  (3) ,  »  is  taken  as  being  a  positive  integer  and 
zeta  (f)  is  completely  flexible. 

The  normalized  associated  Legendre  functions  are 
related  to  the  unnormalized  associated  Legendre  func¬ 
tions  by 


(22+1)  (l—m)  !]* 

2  (/+*»)  !J 


Plm(x). 


The  Pim(x)  functions  are  defined  by 


(  — 1)"  dl-b* 

/>,-(*)=iW”(i (6) 


For  the  calculation  of  the  exchange  integrals  we  make 
use  of  similar  functions  defined  for  \<x<  »  by 

-  (  —  11"  dl+m 

rr(x)=^(*-i)*—(x*-i)‘.  (7) 


Details  of  these  considerations  are  presented  elsewhere.1 

in.  REVIEW  OF  GENERAL  THEORY 

The  total  iV-electron  wavefunction  is  put  forth  as 
an  antisymmetrized  product  of  MSO’s5 

(8) 

where  [1,  2,  •  ■  *Ar]  indicates  the  operation  of  “alterna¬ 
tion”  and 

(9) 

where  the  superscript  n  stands  for  the  space  and  spin 
coordinates  of  the  pth  electron,  and  the  subscripts  k 
and  i  label  the  different  MSO’s  and  MO’s,  respectively. 
In  the  following  we  drop  the  superscript  m  and  sub¬ 
script  k  in  order  to  simplify  salient  features  of  the 
MO  for  the  homonudear  diatomic  molecule.  In 
the  expansion  form  of  the  self-consistent  field  method 
the  molecular  orbital  <p,  is  expanded  in  terms  of  a  set 
of  suitable  functions  called  basis  functions  Xp, 

<Pi=52xpCip,  (10) 

where  the  C,-,  are  the  expansion  coefficients  which  are 
determined  by  the  variational  procedure.  It  is  conven- 


where  X  is  the  symmetry  species  and  a  is  the  subspecies 
of  symmetry  X. 

The  total  electronic  energy  of  the  system  is  expressed 
in  terms  of  matrices  and  supermatrices,  whose  elements 
are  one-  and  two-electron  integrals  over  the  basis  func¬ 
tions  Xp \a,  and  suitably  defined  density  matrices  built 
from  the  coefficients  Ca,.*-4  The  variational  principle 
is  applied  to  minimize  the  energy  with  respect  to  the 
linear  parameters  Cap-  By  proper  manipulation,  the 
variational  equations  determining  the  coefficients  Cap 
can  be  written  in  the  form  of  pseudo-eigenvalue  equa¬ 
tions.  These  equations  are  customarily  solved  by  the 
iterative  SCF  procedure.  A  complete  and  authoritative 
discussion  of  the  self-consistent-field  equations  and 
process  for  atoms  has  been  given  recently  by  Roothaan 
and  Bagus.4  The  reader  is  encouraged  to  refer  to  this 
work  for  details  since  the  formalism  for  atoms  is  vir¬ 
tually  the  same  as  that  for  molecules. 

IV.  APPLICATION  TO  THE  HOMONUCLEAR 
DIATOMIC  MOLECULE 

For  the  homonudear  diatomic  molecule  two-center 
symmetry  basis  functions  belonging  to  the  rotation- 
reflection  group  A*  are  introduced  by 

XPXa=  (1/V2)  (XapXo“HvxXipXo),  (13) 

where  the  subscripts  a  and  b  refer  to  the  two  atoms. 
In  order  for  Xpv«  to  have  proper  symmetry,  it  is  obvious 
that  x*px«  must  be  the  mirror  image  of  xm«  when 
reflected  through  a  plane  midway  between  atoms  a 
and  b  perpendicular  to  the  internuclear  axis.  The  pa¬ 
rameter  is  determined  by  the  gerade  or  ungerade 
symmetry  of  the  basis  function  Xpx«  and  is  given  by 
<r>=  (— l)"x  for  g  symmetry  and  <rx='(  — l)"x+l  for  u 
symmetry. 

For  given  symmetry  X,  the  subspecies  a  permits  two 
values;  namely,  a  =  ±f»x  where  *»x  is  the  value  of  the 
projection  of  orbital  angular  momentum  on  the  inter- 
nudear  axis.  Henceforth  the  notation  ffk.  in  lieu  of 
— «x  is  used.  The  introduction  of  symmetry  basis  func¬ 
tions  permits  considerable  computational  economies. 

The  variational  principle  is  applied  to  minimize  the 
total  energy  of  the  molecule  yielding  the  Roothaan 
equations  determining  the  linear  coefficients  C*r.  The 
expression  for  the  total  energy  of  the  molecule  is 
given  by* 4 

E=H1DT+lDT'<PDT-lDfQD9.  (14) 
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In  the  above  expression  the  elements  of  the  H 
matrix,  which  is  a  collection  of  all  one-electron  inte¬ 
grals  between  basis  functions  and  is  considered  as  a 
supervector,  and  the  (P  and  Q  supermatrices,  which  are 
ordered  collections  of  all  two- electron  integrals  between 
basis  functions,  are  only  dependent  upon  the  set  of  basis 
functions  x*x«  employed.  The  total  density  matrix  Dt 
and  the  open-shell  density  matrix  Do,  however,  are 
constructed  from  the  expansion  coefficients  C.x,  which 
are  determined  by  the  self-consistent-field  process.8'4 

The  bulk  of  the  diatomic  SCF  calculation  is  the 
evaluation  of  the  matrix  elements  H\„  and  the  super¬ 
matrix  elements  and  QxM>r,,  where  X  and  u 

designate  the  symmetry  of  the  basis  functions,  and 
p,  q,  r,  s  label  the  functions  within  a  given  symmetry. 
For  the  homonuclear  diatomic  molecule  we  have 

Hx„=d>r'f xVC-iA-Z^-’+rr1)  ]x,taiK,  (15) 

A™*-  l)x%*(2)  (fa)-} 

Xx,x.(l)x.„*(2  )dVldVi,  (16) 

Kx«.,r.=  (d\d„)  JJ X*j*.<*(  1)x**«j(2)  (ru)-1 

X*»(l)x*.(2  )dV1dVt,  (17) 
and 

(Pxpt.Mrt~  3xpo,*rt  iXxpf  pn, 

Qxpo.^M~Of3xpo.>iM-“§^3Cxpo,pr*,  (1®) 

where  d\  and  d?  are  the  dimensions  of  the  representa¬ 
tion  X,  and  the  basis  functions  are  given  in  terms  of 
atomic  functions  by  Eq.  ( 13) . 

From  Eq.  ( 13)  it  is  clear  that  H\„  reduces  to  a  sum 
of  one-  and  two-center  one-electron  integrals,  which 
can  be  evaluated  in  a  straightforward  manner.  How¬ 
ever,  the  evaluation  of  the  supermatrix  elements,  3xp*,*r. 
and  3Cx„ J,™  presents  a  formidable  computational  prob¬ 
lem  for  any  large  molecular  calculation.  One  of  the  econ¬ 
omies  which  makes  these  calculations  feasible  in  prac¬ 
tice  is  that  no  single  two-electron  integral  is  ever  com¬ 
puted  as  such.  Instead  the  scalar  product  of  a  total 
symmetrised  charge  distribution  with  a  one-center  potential 
yields  all  Coulomb  *  and  hybrid !*•*  integrals  contributing 
to  a  given  supermatrix  element.  Similarly,  ail  exchange1 
contributions  are  evaluated  as  the  scalar  product  of 
a  pair  of  two-center  exchange  functions  symmetrized 
for  the  homonuclear  diatomic  molecule.  Another  im¬ 
portant  principle  which  leads  to  considerable  economy 
is  to  confine  all  numerical  work  to  a  manifold  of  points 
characteristic  of  the  particular  molecule  being  studied  and 

•C.  C.  J.  Roothaan,  J.  Chem.  Fhys.  19,  1445  (1951). 

•K.  Ruedenberg,  C.  C.  J.  Roothaan,  and  W.  Jaunzemis,  I, 
Chem.  Phys.  24,  201  (1956). 

* K.  Ruedenberg,  J,  Chem.  Phys.  19,  1449  (1951), 


chosen  to  be  physically  significant.  Finally  the  saving 
and  interlacing  of  reusable  information  during  the 
course  of  a  lengthy  calculation  leads  to  a  significant 
extension  of  computer  capacity  (particularly  during 
the  variation  of  orbital  exponents) . 

V.  CALCULATION  OF  THE  MATRIX  ELEMENTS 

We  write  down  the  explicit  expressions  used  for  the 
evaluation  of  matrix  elements,  and  Sx M,  for  the 
homonuclear  diatomic  molecule,  although  the  methods 
employed  may  be  easily  used  to  evaluate  matrix  ele¬ 
ments  for  other  operators.  The  formulas  are 


J  x*pX«X*x«dF, 

(19) 

U>„=dx-'Z  j  xW  u-*+v*)x*jv, 

(20) 

7x„=  -Mr1  E /  xV«Ax,x«dK, 

(21) 

Bxpt=  T xpt—ZUxju. 

(22) 

If  we  now  introduce  the  explicit  form  of  the  symme¬ 
try  basis  function  given  by  Eq.  ( 13)  and  carry  out  the 
summation  over  a,  we  obtain 

S\pq  J X**pkaXaq\crfV  j X* apKaXbq\a^V f 

(23) 

J X*ap\afa  ^Xap^adV X*apkara  *Xbq\a$V 

+  */xW  1X>?Xa4^*f  J x*ap\a?b  ^Xaq^adV f 

(24) 

%  J X*ap\aAXaq\o$V 

(25) 

The  one-center  integrals  occurring  in  Eqs.  (23-25) 
are  easily  computed  via  the  functions4 

Vi(x)=xrt~Hl=  f  drr(e-". 

•'o 

(26) 

The  two-center  Coulomb  integral 


can  be  computed  by  applying  the  Laplace  expansion* 
to  rrl. 

The  remaining  two-center  integrals  are  of  the  type 

j  X  *«pX  a-H X^X  ad  V , 
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where  M  is  a  one-electron  operator.  They  are  computed 
via  the  auxiliary  functions  Laf^'ir,  p).*-* 

The  amalgamation  of  the  various  one-electron  pro¬ 
grams  into  the  diatomic  matrix  program  was  done  in  a 
straightforward  manner.  Note  that  all  integrals  reduce 
to  analytical  expressions.  The  main  programming  con¬ 
sideration  was  to  avoid  any  redundant  computation. 
In  any  event,  the  evaluation  of  the  one-electron  ma¬ 
trix  elements  constitutes  only  a  small  fraction  of  the 
total  computation  time. 

VI.  REDUCTION  OF  THE  SUPERMATRIX  ELEMENTS 
TO  INTEGRALS  OVER  CHARGE  DISTRIBUTIONS 

After  introducing  into  Eqs.  (16)  and  (17)  the  ex¬ 
plicit  form  for  Xj>xa  given  by  Eq.  (13),  it  is  clear  that 
the  general  supermatrix  element  may  be  considered  to 
be  the  sum  of  electrostatic  interactions  of  charge  dis¬ 
tributions  built  from  products  of  atomic  basis  func¬ 
tions.  A  given  charge  distribution  occurs  in  many 
supermatrix  elements,  and  we  use  these  distributions 
to  achieve  great  computational  economy  in  the  evalua¬ 
tion  of  the  supermatrices.  The  charge  distributions 
which  are  particularly  useful  for  the  homonuclear  mole¬ 
cule  are 

2X*apXaXor pg, 

,rpfl  ~  OpX  ^apXaXXtfcP-!"  <TXX  *bpXaXarjtB'  (  27  ) 

It  is  easily  established  that 

( ~l)’^l\x-a.rp~B,  (28) 

which  holds  for  charge  distributions  with  the  super¬ 
scripts  a  or  ab. 

If  we  recast  the  expressions  for  the  supermatrices 
$  and  3C  as  given  by  Eqs.  (16)  and  (17)  in  terms  of 
these  charge  distributions  (27)  we  obtain 

Sxp,  .*'•  ~clCXpt,Mri~h  ^Xpq.pTM, 

where 

cIex«.(M-«= 

+fl*oifM/i..Mjj(2)  -K2**rxs,Wfl(2)] 

+  !  H*°pXa,flXa(2)  -|-0**^pXa,ffXa(2) 

+fl**j>x«,»x«(2)3,  (30) 

•K-Xpq.prl  —  d,  12^{Cil“pX«,r/is(l)  |  0*®jX«,i*j(2) 

t 

+Q*"Vx«,*p(2)  +<Wl*\x...rf(2)  J 

*"b C0*?X a ,$p0 ( 1 )  I  0**pX a,rpff(2) 
+0*a‘pXa.rrf(2)  +<rx^fi*‘PXa,rM#(2)]), 

oPxw,|ir«=}p7**j>Xa,*Xa(l)  |  0***rMp,wp(2)  ],  (31) 

3CxXpj,(ir»=i</(i  !2C0^J>X«.r(ij(l)  |  O*“*,Xa,«*0(2)]. 

B 

•  C.  C.  J.  Roothaan,  J.  Chem,  Phys.  24,  947  (1956). 


The  methods  which  will  be  used  for  the  evaluation  of 
these  supermatrix  elements  divide  them  naturally  into 
two  classes.  The  first  class,  Eqs.  (30),  consisting  of 
the  Coulomb  and  hybrid  integrals,  will  be  evaluated 
as  scalar  products  between  two  vectors — one  having  as 
its  components  the  values  of  a  reduced  charge  distribu¬ 
tion,  the  other  having  as  its  components  the  weighted 
values  of  the  electrostatic  potential  arising  from  a  one- 
center  charge  distribution.  Both  of  these  vectors  occur 
over  a  two-dimensional  manifold  of  points  used  for 
numerical  integration.  The  second  class,  Eqs.  (31), 
consisting  of  the  exchange  integrals,  will  also  be  evalu¬ 
ated  as  scalar  products  between  two  vectors;  however, 
for  this  class  the  components  of  each  vector  are  the 
values  of  a  weighted  exchange  function  over  a  one¬ 
dimensional  manifold  of  points.  This  exchange  func¬ 
tion  is  obtained  through  the  analysis*  recently  pre¬ 
sented,  organized  specifically  for  distributions  of  the 

form  p\a.rtf. 

VH.  COULOMB  AND  HYBRID  INTEGRALS 

For  the  evaluation  of  the  supermatrix  contributions 
S‘\pq,pr>  and  £fC'xM,„„  the  analysis  given  recently*  was 
organized  for  the  computation  of  large  batches  of  inte¬ 
grals  and  for  the  symmetry  D«j>.  Since  the  integration 
over  the  angle  <t>  is  done  analytically,  the  functions 
necessary  for  the  numerical  evaluation  of  the  Coulomb 
and  hybrid  integrals  need  to  be  tabulated  only  over  a 
two-dimensional  manifold  of  points.  The  selection  of 
this  manifold  is  strongly  influenced  by  the  particular 
two-dimensional  integration  scheme  used.  In  principle 
this  integration  can  be  performed  over  any  two-dimen¬ 
sional  coordinate  system;  in  practice,  however,  the 
accuracy  and  reliability  obtained  strongly  depends  on 
the  specific  choice  of  the  manifold.  After  various  at¬ 
tempts,  it  was  found  that  a  grid  constructed  as  the 
direct  product  of  two  Gaussian  grids  over  the  prolate 
spheroidal  coordinates  $  and  v  was  most  satisfactory. 

Since  all  numerical  work  for  the  evaluation  of  the 
Coulomb  and  hybrid  integrals  is  confined  to  the  chosen 
manifold,  which  is  referred  to  as  P,  it  is  useful  to  define 
the  reduced  atomic  basis  functions  x«px«(P)  by  means  of 

XapXa(P,  4>)  =  Xoj*«( P) «'“*/ (2w) *.  (32) 

From  these  reduced  atomic  basis  functions  we  can 
build  the  reduced  one-center  charge  distributions 

O^pXm,rpe(P):=iX0rXu(P)jitrrt(P)l  (33) 

and  a  reduced  symmetrised  two-center  charge  distribution 

a  ,rpB  (  P)  ~  JC»pXa  (  P)  JC brpf  (  P) 

+<TXJC»J*«(P)  X»rpe(P)- 

At  this  point  it  is  convenient  to  limit  considerations  to 
the  use  of  a=m\  and  P=dcm,  and  to  the  only  combina¬ 
tion  of  the  reduced  distributions  of  Eqs.  (33)  which 
will  appear  in  the  working  formulas  for  the  super- 
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matrices  of  the  homonuclear  diatomic  molecule.  We 
accordingly  define  reduced  homonuclear  distributions  by 

0,+fSrp(P)  =Q* rfm,(  P)~f~  Q*4 pSmx, r/m, (  P) 

+<J ^Qh,amx,rm,(P) ,  (34) 

Q'~~rXrp(P)  —  Q?p)im\,nMt(P)  &‘*P*i*\,rrmf(P) 

+ <r\<r„0^p)imx  lTIMt (P) . 

It  is  easily  shown  from  the  properties  of  the  spherical 
harmonics1  •*  that 

n*W  P)  =  ( -  D-'O'W-P)  •  (35) 

The  second  quantity  necessary  for  the  evaluation  of 
the  Coulomb  and  hybrid  integrals  as  scalar  products 
over  the  manifold  P  is  the  weighted  potential  arising 
from  a  one-center  distribution.  These  weighted  poten¬ 
tials  may  be  developed  from  the  familiar1  one-center 
potentials  obtained  by  the  integration  over  the  coordi¬ 
nates  of  one  electron 

•U+^(2)=fn‘»mx.t^'(l)Xr»)-'dVl, 

0W2)  =  / nw^.U)  (r„)-w,,  (36) 

where  the  above  integration  is  performed  analytically 
in  a  spherical  coordinate  system  centered  on  Nucleus  a. 
The  definition  of  the  potential  Eqs.  (36)  has  been 
limited  to  Center  a  since  reference  to  only  one  center 
is  necessary  for  the  final  evaluation  of  the  integrals 
due  to  the  symmetry  of  the  distributions  Eqs. 
(34).  The  specific  reference  to  Electrons  1  and  2  in 
Eqs.  (36)  is  only  necessary  to  formally  define  these 
potentials.  Once  defined,  they  may  be  considered  as 
functions  of  three  dimensions  and  the  reference  to  the 
coordinates  of  Electron  2  dropped.  Since  we  will  need 
only  the  dependence  of  this  function  over  the  manifold 
P  we  define  the  reduced  potentials  by 

U^pt^iP,  p)  =U±pxr,(/*)  exp[-*(f»xT«,)4>].  (37) 

From  this  reduced  potential  we  construct  the  reduced 
weighted  potentials  over  the  manifold  P  defined  by 

VW^)  =  W(F)U**m(P),  (38) 

where  W(P)  is  the  weight  factor  necessary  for  the 
numerical  integration  over  the  manifold  P.  It  arises 
from  the  Gaussian  weight  factors  and  the  volume  ele¬ 
ment  in  the  prolate  spherical  coordinate  system. 

For  the  $  supermatrix  only  the  limited  class  of  dis¬ 
tributions  fll'+px,x  and  potentials  V+px,x  are  needed.  We 
therefore  introduce  the  abbreviated  notation  defined  by 

oWf)=oV(f), 

_  VUP)=VW(f)-  (39) 

•  M.  E.  Rose,  Elementary  Theory  of  Angular  Momentum  (John 
Wiley  k  Sons,  fnc.,  New  York,  1957),  Chap.  III. 


The  working  expressions  for  the  Coulomb  and  hybrid 
integral  contributions  then  become 

Vxju'QV*-!"  V^r.'Q'xpj, 

(K'xpejtf^  JCV^xwr"!"  (  1 )  "-V  xWr] • 

+*[V+X,„+  ( -  lr-V-xJ-Q'+x*,  (40) 

Vm.  EXCHANGE  INTEGRALS 

The  exchange  supermatrix  contributions,  $*xM,„M  and 
X‘xp,,p,„  were  evaluated  by  a  straightforward  applica¬ 
tion  of  the  methods  presented  recently.1  Again  the 
incorporation  of  the  D symmetry  of  the  charge  dis¬ 
tributions  Q'Va.ntf  into  the  analysis  leads  to  significant 
computational  economies.  Both  &***,., m  and  3C*xM,^„ 
can  be  considered  as  special  cases  of  the  general  integral 

X*  a,riiS;mry,HMt  ~  ftl* pXo,r«fl(l)  I  II*^m»T,wa(2)  J,  (41) 

where  v  and  k  indicate  symmetry  species,  and  y  and  3 
subspecies.  It  is  computationally  convenient  to  formu¬ 
late  this  integral  as  the  scalar  product  of  two  vectors 
over  a  one-dimensional  manifold  of  points,  where  the 
manifold  is  defined  by  the  numerical  aspects  of  the 
exchange  integral  analysis.  Each  of  these  vectors  arises 
from  an  exchange  function  determined  by  a  charge  dis¬ 
tribution. 

It  is  easily  shown17  that  the  basis  function  product 
XapXaX*Xr*0  may  be  expanded  in  prolate  spheroidal  co¬ 
ordinates  by 

=  (-l YKmoU,  ij)  exp(— p£— Tptj) 

X[(?-l)(l-^)?**.W*-a(*),  (42) 

where 

«(£,  v)  = 


The  normalization  factor  Kj,,  the  parameters  p  and  r, 
and  the  expansion  coefficients  a,;  are  determined  by 
the  product  Xa,>x«X*»>-S'  Since  the  distribution  fi*“l’Px„,fWj 
is  a  linear  combination  of  two  basis  function  products 
which  differ  only  by  the  inversion  of  the  centers  a 
and  b,  it  may  be  expanded  by 

(^)‘(?-^)Q-»m..w,=  (-1)^({‘-1)(1-^)^ 

X*.(*)*-a(*)«_'|Ox«(l,  n)«r_T”+<r^i({,  — n)«™]- 

(43) 

The  introduction  of  these  expanded  distributions  into 
the  expression  (41)  is  followed  by  familiar  steps.17 
First  the  Neuman  expansion  for  l/f«  is  introduced 
and  the  trivial  integration  over  the  angles  <tn  and 
performed.  Then,  the  results  of  the  analytic  integra¬ 
tions  over  i?i  and  m  are  expressed  in  terms  of  the 


78 


ANALYTIC  SELF-CONSISTENT  FIELD  WAVEFUNCTIONS 


auxiliary  functions1'7  defined  by 

Bf'ipr)  =  Ijv  n'(l -WWCn),  (44) 

for  which  it  is  easily  verified  that 

Bi"‘(-pr)  =  (-l),+JfW,(pr). 

Finally,  several  partial  integrations  over  the  variables 
£1  and  &  lead  to  the  following  expression : 


For  the  exchange  contribution  to  the  supermatrix  $ 
only  the  limited  class  of  exchange  functions,  namely, 
G+j;jpx,x  will  be  needed.  As  was  done  for  the  Coulomb 
hybrid  contribution  we  introduce  the  abbreviated  no¬ 
tation 

Gj;xw(5)  =G+j;px8x(5).  (48) 

The  final  working  expression  for  the  exchange  integral 
contribution,  to  the  supermatrices  in  terms  of  scalar 
products  are 


XPx«,f^;m,r,wi=  (  —  1)*+J  £  /'px«, i 


,TnP\mty,nd> 


(45) 


where 


Fpka,ritp;mry  ,rut 

=  4i?-1|>x+<rM(  - 1)  1+w][>.+<r,(  - 1)  <+"] 

XI  (?-l)[M()? 

XF'1^ J;pX«,f>fl($;  p,  t)  F* p,  t) 

and 

FMl;*a,>p{l\  P,  T)  -  Katj^dx  P lM(x)  (*-l)»* 

(46) 

i  » 

Note  that  the  /lvxa,«^.»>7.«i  integral  vanishes  identi¬ 
cally  unless  <rx<r,=  <r^r«  and  a—0=y~S.  The  param¬ 
eters  p  and  r,  the  indices  n  and  j,  and  the  coefficients 
Onj  entering  into  this  auxiliary  function  are  determined 
by  the  charge  distribution  &*,*«, r»p  through  Eqs.  (42) 
and  (43). 

The  numerical  scheme  presented  recently1  was  used 
to  evaluate  the  integrals  Il^a„p-,»,y,w*,  namely,  Simp¬ 
son’s  rule  integrations  over  the  variables  $  and  x.  This 
numerical  procedure  was  used  to  avoid  many  complica¬ 
tions7  which  arise  in  the  analytic  evaluation  of  these 
integrals  over  the  numerous  orbital  products  appearing 
as  integrands.  The  Simpson’s  rule  integration  intro¬ 
duces  in  a  natural  way  the  manifold  S  as  the  selection 
of  points  used  for  the  numerical  integrations  (see  Ap¬ 
pendix).  For  the  purpose  of  organizing  the  numerical 
work  in  the  simplest  possible  terms  it  is  useful  to  define 
the  weighted,  exchange  function  over  this  manifold  5  by 

G+ij 

=  (-l)-.2/MpF(5)X(-S»-l 

XF"^llMH(S;p,r), 

G“jj 

=  ( -  1)«*2*-*QF(  S)  X( & - 1)  tfj-’rfVJ-1 

XF-^.I;M,^(S;at),  (47) 

where  PF(5)  is  the  necessary  weight  factor  for  the 
Simpson’s  rule  integration  over  the  manifold. 


cJ*Xj q.ftr*— 

1-0 

X*xpt,lm=  ^2  G+|;pXr„"G +|;,X.M 

I_P"V— "1 

+  £  G— j;pXr^*G— jifxw,  (49) 

where  in  the  summations  over  /,  the  smaller  lower 
limit  is  used  if  «rx<r„(  —  l)"x+*,=  i  and  the  larger  lower 
limit  if  <r\<r,(  —  1)  »x-h«,=  —  l.  Also  note  that  the  summa¬ 
tion  over  l  proceeds  in  steps  of  two.  This  economy 
results  from  the  inversion  symmetry  of  the  distribu¬ 
tions  Eq.  (43) . 

IX.  CALCULATION  OF  THE  WAVEFUNCTION 

Fully  automatic  computer  programs  were  built  which 
incorporated  the  analysis  and  organization  discussed  in 
Secs.  I-Vin  of  this  pape^T* These  programs,  which  com¬ 
puted  the  H  matrix  and  the  supermatrices,  <P  and  Q, 
were  linked  to  a  modified  version  of  the  atomic  SCF 
program  written  at  the  University  of  Chicago  and 
Argonne  National  Laboratory.4  The  modifications  which 
had  to  be  made  in  the  atomic  SCF  programs  were,  of 
course,  complete  replacement  of  the  atomic  integral 
computation,  new  dosed-  and  open-shell  weight  fac¬ 
tors,  and  extensive  changing  of  the  “screening”  of 
input  data  and  printing  of  results  to  fit  the  diatomic 
molecule.  The  specifications  for  the  preparation  of 
input  and  use  of  the  molecular  program  are  aaMiMb^ 
Once  such  a  program  exists  it  is  possible  to  use  it  in 
a  variety  of  ways  ranging  from  the  calculation  of  very 
crude  SCF  wavefimctionsuu  to  an  attempt  to  reach 
the  molecular  Hartree-Fock  function  for  the  ground 
and  exdted  states  of  diatomic  molecules.1*-1*  There 
are,  of  course,  an  infinite  number  of  crude  functions 

*  Laboratory  of  Molecular  Structure  and  Spectra,  University 
of  Chicago  (Arnold  C.  Wahl). 
u  B.  J,  RansU,  Rev.  Mod.  Phys.  32,  245  (1960). 

“  J.  Eve,  Proc.  Roy.  Soc.  (London)  246,  582  (1958). 

“P.  E.  Cade,  K.  D.  Sales,  and  A.  C.  Wahl,  “The  Electronic 
Structure  of  the  Nitrogen  Molecule”,  J.  Chem.  Phys.  (to  be 
published). 

“  W.  Huo,  “The  Electronic  Structure  of  CO  and  BF,"  Ph.D. 
thesis,  University  of  Chicago. 

“A.  C.  Wahl.  “SCF  Wavefunction  and  Properties  for  Cb" 
(to  be  published). 

“  A.  C.  Wahl  and  T.  L.  Gilbert,  “A  Theoretical  Study  of  the 
Clr  Molecule-Ion,”  Phys.  Rev.  (to  be  published). 


79 


given  in 
Appendix  B. 


ARNOLD  C.  WAHL 


which  may  be  calculated  depending  upon  the  use  for 
which  they  are  desired  and  in  many  cases  personal 
taste.  There  is  within  the  framework  of  the  analysis, 
however,  only  one  molecular  Hartree-Fock  function. 
It  has  been  the  goal  of  this  work  to  make  it  possible  to 
approach  very  closely  the  molecular  Hartree-Fock  func¬ 
tion  with  a  truncated  expansion.  Since  this  function 
may  be  represented  by  several  choices  of  basis  sets, 
and  currently  the  path  to  the  “final”  function  depends 
on  computer  economics,  program  capacity,  intuition, 
and  previous  data,  a  brief  discussion  of  the  approaches 
used  in  this  work  is  in  order. 

The  gradual  improvement  of  the  molecular  wave- 
function  depends  upon  the  judicious  addition  of  basis 
functions  x?x«  and  the  optimization  of  the  orbital  ex¬ 
ponents  of  the  added  functions  in  order  to  make  them 
most  effective.  This  improvement  process  may  be  done 
in  many  different  ways.  Two  distinct  methods  were 
employed  in  this  work. 

The  first  method  was  to  start  with  a  minimal  basis 
set,  optimize  the  basis  function  exponents  in  a  coupled 
way,  using  chemical  intuition  and  computer  experimen¬ 
tation  to  determine  which  functions  should  influence 
each  other,  gradually  add  new  basis  functions,  and 
optimize  the  new  exponents.  This  process  was  con¬ 
tinued  until  the  total  molecular  energy  showed  little 
further  improvement  upon  the  addition  of  new  func¬ 
tions  or  until  program  capacity  was  exhausted.  The 
second  method  was  to  start  the  molecular  calculation 
with  a  large  basis  set  which  was  obtained  independently 
for  the  constituent  atoms,  singly  optimize  each  basis 
function  exponent,  and  add  functions  with  higher 
quantum  numbers  to  each  molecular  symmetry  with 
optimization  of  the  new  exponents.  Ideally  these  two 
methods  would  lead  to  the  same  result;  however,  since 
computer  economics  makes  extensive  coupled  optimi¬ 
zation  of  the  molecular  basis  function  exponents  in¬ 
tractable,  the  exhaustively  optimized  atomic  basis  sets 17 
appear  to  be  an  energetically  better  representation  of 
the  molecular  wavefunction  after  the  exponents  are 
merely  singly  optimized  and  functions  with  higher  l 
values  added  to  each  molecular  symmetry.  These  con¬ 
siderations  will  be  elaborated  in  forthcoming  work.1*-1* 
It  is  sufficient  to  say  here  that  the  atomic  Hartree-Fock 
function  is  a  dominant  contributor  to  the  molecular 
Hartree-Fock  function  and  forms  a  very  good  starting 
point  for  the  further  development  of  the  molecular 
wavefunction.  Currently  attempts  are  being  made  to 
develop  some  wavefunction  “prescription”  which  by 
starting  with  atomic  basis  sets  will  efficiently  lead  to 
the  molecular  Hartree-Fock  function  with  a  minimum 
of  effort. 

X.  CALCULATION  OF  MOLECULAR  PROPERTIES 

In  order  to  evaluate  any  molecular  property  charac¬ 
terized  by  an  operator  M  which  has  cylindrical  sym- 

0  P.  Bagus  and  T.  L.  Gilbert,  “Accurate  SCF  WavefuncUons 
(or  First  Row  Atoms  and  Ions,”  Phys.  Rev.  (to  be  published). 


metry,  the  matrix  elements  defined  by 

j  x\ XaMXtxJV  (50) 

are  necessary.  We  may  conveniently  evaluate  the  ma¬ 
trix  element  M\ „  as  the  scalar  product  of  two  vectors 
over  the  manifold  P.  For  this  purpose  we  introduce 
still  another  reduced  homonuclear  distribution  defined  by 

Qxjw(-P)  =  QVa.«Xa(  P)  +iQo6j>X<«,?X<>(-P)  +Q&pX<».«X«(  P) 

(51) 

and  the  weighted  property  operator  defined  by 
M(P)  =  JF(P)3f(.P), 

where  M(P)  is  the  value  of  the  property  operator  over 
the  manifold  P  and  as  before  W{P)  is  the  weight 
factor  necessary  for  the  numerical  integration  over  the 
manifold.  We  may  integrate  analytically  over  the 
angle  4>-  The  general  expression  for  the  property  ma¬ 
trix  elements  are  then 

M'Qxj*.  (52) 

The  molecular  property  is  given  as  the  inner  product 
of  the  density  matrix  with  the  property  matrix  (52) 
where  both  are  considered  as  supervectors  by 

M=Dt-M.  (53) 

A  quantity  often  of  interest,  the  contribution  of  a 
given  orbital  to  this  property,  may  be  defined  in  terms 
of  the  contribution  of  the  »th  orbital  to  the  density 
matrix: 

Mi=Di‘M,  (54) 

where  Z><  contains  only  coefficients  from  Orbital  i. 
This  numerical  scheme  is  conceptually  simple,  and  a 
very  large  class  of  properties  can  be  evaluated  in  this 
way,  particularly  since  most  differential  operators  can 
be  expressed  as  multiplicative  ones.1  An  important 
feature  of  this  method  is  its  generality  and  easy  ex- 
tendability.  The  basic  quantities  needed  are  only  the 
charge  distributions  Qxj*  and  the  weighted  property 
operator  M  over  the  manifold  of  points  P.  Properties 
characterized  by  operators  which  have  strong  singular 
behavior  at  one  of  the  nuclei  can  be  evaluated  by  this 
method  if  a  suitable  manifold  P  is  designed;  however, 
better  methods  exist  for  the  calculation  of  this  type 
of  operator. 

For  the  evaluation  of  spectroscopic  constants,  use 
must  be  made  of  the  computed  SCF  potential  curve 
for  the  molecule.  This  computed  potential  curve  has 
two  serious  shortcomings.  The  first  is  that  the  molecu¬ 
lar  orbital  wavefunction  dissociates  properly  only  for 
a  limited  class  of  systems.  For  all  others  it  dissociates 
into  a  sum  of  neutral  and  ionic  atomic  states.  Although 
this  error  is  largest  at  R=  «  it  probably  also  tends  to 
raise  the  molecular  energy  even  at  the  equilibrium 
internudcar  distance.  Even  if  the  proper  dissociation 
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took  place,  there  is  the  second  error  which  tends  to 
raise  the  molecular  energy.  This  is  the  increased  cor¬ 
relation  energy  in  the  molecule.  Both  of  these  factors 
lower  the  computed  dissociation  energy  which  in  this 
work  is  defined  as 

Emolecule  2Eitom,  (55) 

where  £,tom  is  the  Hartree-Fock  atomic  energy.  Often 
the  sum  of  these  two  errors  is  sufficient  to  completely 
overshadow  the  comparatively  small  binding  energy  of 
many  diatomic  systems.  However,  the  failure  of  the 
molecular  wavefunction  to  show  binding  on  this  basis 
(55)  does  not  completely  obviate  the  significance  of 
the  SCF  potential  energy  curve.  We  may  certainly  say 
that 

Etxtct~  En*rtre*— Fock“f“  AE,  (56) 

where  AE  is  the  correction  energy.  It  is  not  unreason¬ 
able  to  expect  that  over  any  small  range  of  R,  for 
instance,  near  the  computed  potential  minimum  ( R 
AR<R<Rt+AR  where  AI?~ 0.25  a.u.)  that  A E  is 
roughly  constant  so  that 

d£Mact/djR~d£H«rtr<»-Fock/df?.  (57) 

This  should  allow  the  equilibrium  iriternuclear  distance 
and  the  jfrs/-order  spectroscopic  constants  to  be  pre¬ 
dicted  fairly  well.  In  this  work  a  Dunham  analysis 
was  used  over  the  region  near  the  equilibrium  inter- 
nuclear  distance,  and  the  first-order  spectroscopic  con¬ 
stants  thus  obtained  show  fair  agreement  with  experi¬ 
ment. 

Total  electronic  charge  densities  for  the  molecule  are 
defined  by 

(58) 

x  i>  « 

In  order  to  visualize  these  densities  they  are  normally 
plotted  as  contour  lines  in  the  x,  z  plane.  These  lines 
are  defined  by 

fi(*,*)=C,  (59) 

where  C  is  the  value  of  the  density  for  which  a  contour 
is  desired.  Although  the  total  charge  density  is  signifi¬ 
cant,  orbital  densities,  obtained  by  including  only  the 
contributions  of  a  given  orbital  to  the  density  matrix, 
should  be  of  even  greater  interest.  These  orbital  densi¬ 
ties  should  prove  useful  in  studying  the  visual  aspect 
of  molecular  and  atomic  orbital  comparisons,  concepts 
like  S-P  hybridization,  and  the  difference  between 
bonding  and  antibonding  orbitals.  These  contours  are 
currently  produced  and  plotted  automatically  by  the 
computer. 

XI.  DETAILS  OF  THE  COMPUTATION 

The  following  is  a  list  of  some  general  computational 
considerations  which  make  these  calculations  possible 
with  existing  computing  facilities. 

(1)  The  reliability  and  accuracy  of  the  methods  used 
to  evaluate  the  supermatrices  depend  upon  the  proper 


selection  of  the  manifolds iP  and  S.  This  selection  is 
discussed  in  AppendixMl  should  be  noted  that  the 
three  basic  working  functions  Q'+pXr„,  and 

G ±rIPxr)i  depend  only  upon  a  single  pair  of  basis  func¬ 
tions.  This  retains  the  computational  identity  of  Elec¬ 
trons  1  and  2,  and  thus  the  most  arduous  part  of  the 
supermatrix  evaluation,  namely,  the  evaluation  of  these 
three  tjmes  of  functions,  need  be  done  for  approxi¬ 
mately  z^Sxhxw*  basis  function  pairs  as  opposed  to 
the  square  of  this  dependence  which  would  arise  if 
this  identity  were  sacrificed.  (»x  is  the  number  of  basis 
functions  in  symmetry  X.)  Also  the  conceptual  sim¬ 
plicity  of  this  formulation  makes  it  easily  extendable 
to  polyatomic  systems.  The  main  further  developments 
necessary  are  the  selection  of  the  manifolds,  character¬ 
istic  of  the  molecule  under  study,  over  which  numerical 
work  will  be  done  and  a  general  reorganization  for  the 
multicenter  geometry. 

(2)  In  order  to  avoid  extensive  redundant  computa¬ 
tion  in  the  evaluation  of  the  supermatrices  it  is  neces¬ 
sary  to  have  all  vectors  V^r*  available  when  a  vector 
Q'Vr,  is  constructed.  The  size  of  existing  computer 
memories  make  this  impossible  for  a  moderately  large 
basis  set.  Therefore  the  manifold  P  was  divided  into 
regions  determined  by  values  of  the  prolate  spheroidal 
coordinate  £.  The  vector  tabulations  were  then  made 
only  over  a  region  in  the  manifold  and  the  total  super¬ 
matrix  contribution  evaluated  as  the  sum  of  the  re¬ 
gional  integrations. 

(3)  The  convergence  of  the  Coulomb  and  hybrid 
integrals  as  a  function  of  the  number  of  points  in  the 
manifold  P  was  a  matter  of  experimentation  and  de¬ 
pended  upon  the  molecule  under  investigation.  It  was 
found  that  the  £  integration  should  be  truncated  at 
£<50 /iminR,  where  fmin  is  the  minimum  exponent  in 
the  basis  set,  and  that  a  grid  of  20  points  on  each  of 
the  variables  £  and  y  was  sufficient  for  studies  of  first- 
row  diatomic  systems.  For  investigations  of  second-row 
molecules,  however,  grids  of  36  points  were  found  to 
be  necessary. 

The  convergence  of  the  exchange  integrals  as  a  func¬ 
tion  of  l  in  the  Neumann  expansion  is  controlled  by  a 
single  threshold.  When  all  contributions  arising  from  a 
given  vector  G±j;pxr^  are  below  this  threshold  in  abso¬ 
lute  value,  the  calculation  of  this  vector  is  terminated. 
The  iteration  on  /  is  terminated  when  the  contributions 
for  all  vectors  G±i.PxrP  lie  below  this  threshold  or  when 
/=30.  Should  the  latter  occur,  a  record  is  made  of  the 
largest  last  contribution  and  the  calculations  continued. 
In  practice,  the  exchange  contributions  have  converged 
well  before  1=3 0.  It  was  found  that  40  points  in  the 
manifold  5  were  sufficient  for  all  exchange  integrals 
occurring  in  studies  of  first-  and  second-row  molecules. 

(4)  Due  to  the  numerical  characteristics  of  the  ex¬ 
change  integral  analysis  it  was  necessary  to  scale  the 
functions  PiM(x),  e~x,  and 

(5)  During  the  variation  of  orbital  exponents  a  great 
deal  of  machine  time  may  be  saved  by  the  saving  and 
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Table  I.  Near  Hartree-Fock  wavefunction  for  the  ground  state  of  Fj. 


Internuclear  distance -2. 68  (bohrs) 


Molecular  Basis  functions  (quantum  numbers,  orbital  exponents) 

symmetry 

SpCCICS  ffg  (Tg  Tv  Tf 


15  8.27336 

15  8.28062 

IP  1.67164 

2  P  1.58741 

1513.17191 

1513.16925 

2 P  3.20350 

2 P  3.18020 

35  4.90649 

3  5  5.03602 

2P  6.11692 

2 P  6.15863 

25  2.26751 

25  2.23962 

3D  2.49433 

3D  2.43222 

IP  1.84915 

2 P  1.44746 

4 F  2.85001 

4F  2.56431 

2 P  3.26935 

2 P  3.00518 

2 P  5.85912 

IP  6.35647 

3D  2.44269 

3D  3.60759 

4 F  2.83176 

4  F  1.52251 

Total  energy 
(hartrees) 

Potential  energy 
(hartrees) 

Kinetic  energy 
(hartrees) 

Virial  theorem 

-198.76825 

-397.35489 

198.58664 

-2.0009145 

Molecular 

orbital 

Ic,  2  a,  3c, 

1 2cu 

1»« 

lw. 

(hartrees) 

-26.42269 

-1.75654 

-0.74604 

-26.42244 

-1.49499 

-0.80523 

-0.66290 

+0.92243 

-0.23113 

+0.04801 

+0.92318 

-0.24801 

+0.50684 

+0.57948 

+0.08175 

-0.00452 

+0.00260 

+0.08074 

-0.00368 

+0.45168 

+0.51156 

+0.00560 

+0.29092 

-0.05578 

+0.00618 

+0.29569 

+0.07153 

+0.07716 

-0.00037 

+0.67105 

-0.25752 

-0.00098 

+0.82366 

+0.02122 

-0.00102 

Vector 

+0.00032 

+0.06396 

+0.58162 

-0.00036 

-0.02437 

+0.00992 

+0.00352 

components 

-0.00066 

+0.05373 

+0.30716 

-0.00033 

-0.08330 

+0.00145 

+0.00749 

+0.08509 

+0.00120 

-0.00927 

-0.00025 

+0.02017 

+0.04571 

-0.00043 

-0.00633 

-0.00000 

+0.00931 

+0.01416 

+0.00005 

+0.00264 

reuse  of  the  vectors  and  which  are  not 

built  from  a  basis  function  being  varied.  Therefore  the 
program  was  designed  to  save  and  reuse  those  vectors 
during  the  variation  of  exponents. 

(6)  Due  to  the  large  amount  of  computer  time 
needed  for  any  sizable  molecular  computation,  a  true 
interrupt  procedure  and  an  emergency  feature  were 
built  into  the  molecular  program.  The  interrupt  pro¬ 


cedure  allows  the  calculations  to  be  interrupted  and 
recommenced  when  scheduling  permits  with  virtually 
no  backtracking  necessary.  The  emergency  procedure 
periodically  saves  sufficient  information  to  restart  the 
computation.  Thus,  should  some  catastrophe  occur  cal¬ 
culations  may  be  continued  with  the  loss  of  "only  a 
small  fraction  of  the  computing  done  previous  to  the 
disaster. 


Table  II.  Computed  properties  for  near  Hartree-Fock  ground  state  wavefunction*  of  Fj. 


Molecular 

property 

R  R 

(bohrs)  (hartrees) 

li  e(bo^rs)' 

9  Ip 

t/  (bohrs)'  (hartrees) 

De 

(hartrees) 

(r«+r»)*r.  (jp)tm- 

(bohrs)  (bohrs)’ 

Computed 

Experiment 

2.68  -198.7683 

2.68  -199.670 

0  0.659 

0 

6.868  0.6689 

...  0.5990 

3.689  0.7772 

Spectroscopic  constants  via  Dunham  analysis 

«,(cm-1) 

w,X,(cm~l) 

21,  (cm-1) 

a.  (cm-1) 

R.a) 

Computed 

Experiment 

1257 

919.0 

9.85 

13.6 

1.003 

0.8901 

0.0108 

0.0146 

1.33 

1.42 

*  The  basis  let  was  constructed  by  starting  with  the  nominal  atomic  set  of  Bogus  and  Gilbert:  (1)  singly  optimising  all  setas;  (2)  addition  of  W  functions  with 
single  optimisation;  (2)  addition  of  4/  reactions  with  single  optimisation. 
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Tabus  III.  Comparison  of  arduously*  built  up  molecular  basis  set  with  set 
obtained  starting  from  atomic*  /unctions  for  Fi. 


X  E  Q  Ip  De  (r»+n)«.. 

Basis  set  (bohrs)  (hartrees)  n  ((bohrs)1  (hartrees)  (hartrees)  (bohrs)  (bohrs)1 


•t  sr«  v,  . 


Atomic  start 


u 

Is 

2  p 

2  p 

w 

W 

2 P' 

2  p‘ 

2s 

2s 

2  p" 

2  P‘ 

3s 

3s 

3d 

3d 

2p, 

2p: 

4/ 

4 / 

2  p' 

2p 

2 p" 

2 p" 

3d 

3d 

V 

V 

-198.7683  0  0.6589  0.66290  -0.048  3.689  0.7772 


Arduously  built 


Is 

\s 

Is' 

1  s' 

2s 

2s 

2s 

2s 

2Pt 

2 P. 

2  p' 

2p' 

2p* 

3d 

3  P 

4/ 

2  P  2  p 
2  p'  2  p' 
2  p"  2 p" 
3d  3d 
4/  4 / 


2.68 


-198.7563  0  0.5753  0.66894  -0.060  3.695  0.7874 


*  Arduous  refers  to  startlui  with  a  small  basis  set  and  (radually  addins  functions  with  coupled  optimisation  of  aetas  at  each  addition, 
h  Starting  point  was  the  “nominal”  atomic  set;  the  result  of  a  very  careful  investisation  of  first-row  atoms  of  Bagus  and  Gilbert  (Argonne  National  Laboratory) 
to  be  published. 


XU.  RESULTS  FOR  THE  FLUORINE  MOLECULE 

The  fluorine  molecule  was  selected  as  a  prototype 
system  for  investigation  through  the  use  of  the  tech¬ 
niques  developed  in  the  preceding  sections.  The  reasons 
for  this  choice  were  several:  (1)  the  comparative  lack 
of  experimental  and  theoretical  information  on  this 
system,  (2)  the  fact  that  if  fluorine  could  be  success¬ 
fully  studied  with  these  programs  it  should  clear  the 
way  for  studies  of  smaller  systems  and  provide  a  guide- 
post  for  the  investigation  of  larger  systems,  and  (3)  it 
was  estimated  to  be  the  largest  system  for  which  ex¬ 
tensive  optimization  of  basis  function  exponents  would 
be  economically  feasible  and  for  which  the  molecular 
Hartree-Fock  function  might  be  attainable. 


Fio.  1.  Total  molecular  change  density  contours  for  the  fluorine 

molecule. 


Previous  calculations  on  F»  consist  of  SCF  calcula¬ 
tions  by  Ransil11  and  Eveu  yielding  total  energies  of 
—197.87694  a.u.  and  —197.87017  a.u.,  respectively. 
Eveu  also  performed  a  limited  configuration  mixing 
calculation  yielding  a  total  energy  of  —197.95036  a.u. 
The  best  wavefunction  presented  in  this  work  yields 
an  energy  of  —198.76825  a.u. 

The  above  F*  function  is  presented  in  Table  I  along 
with  the  orbital  energies.  Table  II  presented  additional 
properties  computed  from  this  function.  The  ionization 
potential  (IP)  was  evaluated  by  Koopman’s  theorem. 
The  spectroscopic  constants  are  given  in  conventional 
units.  There  are  no  experimental  comparisons  available 
for  the  molecular  quadrupole  moment  (Q),  the  field 
gradient  at  the  nucleus  (q),  or,  of  ixmrse,  the  average 
molecular  size  (r.-f  (•»)*,,  and  the  size  of  the  average 
cylinder  enclosing  the  molecule  (p*)*. 

Table  III  compares  the  function  (atomic  start)  ob¬ 
tained  by  starting  with  the  atomic  Hartree-Fock  re¬ 
sults  with  the  molecular  wavefunction  which  was  built 
up  gradually  (arduous).  The  atomic-start  function  is 
energetically  superior  and  represents  far  less  computa¬ 
tion. 

Table  IV  presents  a  hierarchy  of  functions  ending 
with  the  final  function.  Note  the  convergence  of  the 
energy  as  contrasted  to  the  wide  variation  of  several  of 
the  properties  as  basis  set  size  is  increased. 

Figure  1  is  a  contour  diagram  of  the  total  electronic 
charge  density  in  the  x,  s  plane,  where  the  wavefunction 


83 


Table  IV.  Summary  of  basis  set  (expansion)  buildup  for  F». 


ARNOLD  C.  WAHL 


84 


si  item  function  (bam  atomic  studios  of  Bafus  and  Gilbert).” 


ANALYTIC  SELF-CONSISTENT  FIELD  W  A  V  E  F  U  N  C  T  I O  N  S 


normalization  is  fW*dV  =  2xN  (N  is  the  number  of 
electrons) . 

The  computed  dissociation  energy  ( D, )  is  poor;  in 
fact,  of  the  wrong  sign.  Evidently  the  two  shortcom¬ 
ings  of  the  molecular  wavefunction  discussed  in  Sec. 
X,  namely,  the  increased  correlation  energy  in  the 
molecule  and  the  improper  description  of  molecular 
dissociation,  are  serious  enough  to  completely  mask 
the  relatively  small  binding  energy  for  this  molecule. 
This  failure  to  yield  energetic  binding,  however,  should 
not  be  considered  a  total  condemnation  of  the  wave- 
function.  It  should  be  noted  that  the  calculated  ioniza¬ 
tion  potential,  intemuclear  distance,  and  the  first-order 
spectroscopic  constants  show  fair  agreement  with  ex¬ 
periment.  Further  it  should  be  kept  in  mind  that  the 
binding  energy  is  a  very  subtle  quantity  and  that  the 
definition  of  it  employed  in  this  work  is  a  particularly 
hard  test  of  the  theory.  Less  rigorous  definitions  would 
yield  almost  any  binding  energy  desired. 

In  conclusion  it  can  be  said  that  the  results  obtained 
for  Fj  are  encouraging  but  that  only  through  a  con¬ 
sistent  study  of  the  Hartree-Fock-Roothaan  wavefunc¬ 
tion  for  a  large  series  of  molecules  will  the  ultimate 
usefulness  of  this  function  become  established.  Such  a 
study  is  now  possible  with  existing  “computing  ma¬ 
chinery”  and  is,  in  fact,  under  way.  The  molecular 
Hartree-Fock  function  is  clearly  lower  in  energy  than 
any  limited  configuration  mixing  wavefunction  cur¬ 
rently  available  which  suggests  that  a  next  logical  step 
is  to  add  the  one  additional  configuration  which  would 
lead  to  the  proper  description  of  the  dissociation  of  the 
molecule.  Significant  improvement  of  the  potential 
curve  would  then  be  expected  resulting  in  the  more 
reliable  computation  of  the  spectroscopic  constants. 
Hopefully,  studies  of  this  sort  for  a  series  of  molecules 
will  aid  in  the  development  of  a  set  of  consistent  rules 
which  will  allow  us  to  use  the  Hartree-Fock  func¬ 
tion  more  effectively  without  enormous  computational 
effort.  It  is  also  clear  that  the  atomic  Hartree-Fock 
functions  are  necessary  to  efficiently  evaluate  the  mo¬ 
lecular  Hartree-Fock  function,  as  diatomic  Hartree- 
Fock  functions  may  prove  to  be  the  dominant  contribu¬ 
tors  to  polyatomic  and  ultimately  solid  wavefunctions. 
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APPENDIX  At  THE  MANIFOLDS  P  AND  S 

—  The  existence  of  a  series  of  manifolds  P  which  will 
yield  increasingly  accurate  results  by  numerical  inte¬ 
gration  is  basic  to  the  very  definition  of  the  Riemann 
integral.  In  practice  the  problem  is  to  find  an  optimal 
small  set  of  points  which  will  yield  results  of  a  desired 
accuracy.  The  development  of  this  set  is  a  matter  of 
experimentation  guided  by  a  knowledge  of  the  spatial 
behavior  of  the  charge  distributions  which  appear  as 
integrands.  These  distributions  show  their  steepest  vari¬ 
ation  in  the  region  near  the  nuclei,  thus  requiring  a 
manifold  which  concentrates  points  about  the  two  nu¬ 
clei  and  distributes  points  more  diffusely  as  the  distance 
in  every  direction  from  the  intemuclear  axis  increases. 
After  experimentation  with  several  coordinate  sys¬ 
tems  it  was  found  that  the  manifold  P  obtained  by 
a  crossed  Gaussian  numerical  integration  over  the  pro¬ 
late  spheroidal  coordinates  £  and  i;  yielded  the  most 
satisfactory  results  where  the  inverse  transformation 
f=(l+/3)/(l  — (8/)  was  employed.  The  parameter  /8 
was  chosen  to  confine  the  manifold  P  inside  an  ellipsoid 
of  revolution  outside  of  which  the  wavefunction  of  the 
molecule  under  study  is  no  longer  computationally  sig¬ 
nificant. 

The  manifold  S,  used  for  the  numerical  integration 
necessary  lor  the  evaluation  of  the  exchange  integrals, 
must  concentrate  points  near  the  intemuclear  axis 
(£=1).  The  inverse  transformation  £=  1/T  where  a 
Simpson-rule  integration  is  performed  over  the  vari¬ 
able  T  was  found  to  be  satisfactory.  It  is  important 
to  use  an  equal  interval  numerical  integration  pro¬ 
cedure  so  that  the  inner  integrations  over  the  variables 
*  may  be  performed  efficiently.1  If  the  selection  of  the 
manifold  S  does  not  extend  to  infinity,  a  correction 
term  is  added  to  the  formula  Eqs.  (46)  given  for  the 
I'»*  integral.  This  truncation  correction  term 

is  defined  by 

=  4R-1[Vx+<r(i(  —  1)  w+i] 

W+M)  !](-l)* 

X[G«w(U.)/Frw(U*)]F^,;M.,^(£n«;  r,  P) 

XFvi  p),  (60) 

where  £„,«  is  the  finite  upper  limit  of  the  £  integration 
and  QiM{x)  is  the  associated  Legendre  function  of  the 
second  kind.1  The  analysis  of  Sec.  VIII  was  presented 
for  the  infinite  upper  limit  of  the  £  integration  since 
the  above  correction  is  a  consideration  which  compli¬ 
cates  formulas  unnecessarily  while  representing  no  real 
computational  difficulty. 
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APPENDIX  B» 


THE  COMPUTER  PROGRAM 
1.  General  Considerations 


A  fully  automatic  program  that  computes  the  SCF  wave  function  for 
homonuclear  diatomic  molecules  was  constructed  for  the  IBM  7094  compu¬ 
ter.  It  incorporates  the  features  discussed  previously  in  this  paper.  An 
SCF  run  using  the  first  basis  set  presented  in  Table  IV  requires  about 
40  sec;  the  "final"  basis  set  requires  about  45  minutes. 

The  orbital  exponents  are  varied  automatically  by  an  essentially 
brute -force  technique,  which  is  the  same  as  that  presented  for  atoms. 

The  program  handles  a  limited  number  of  open  shell  cases,  among  which 
are  og>u,  7TgiU,  <5gu,  7r|(tl,  <5||U,  tt3  u,  6|_u.  The  necessary  a  and  /3 
coefficients  are  presented  in  Table  V.  The  homonuclear  diatomic  SCF 
program  is  designed  to  include  certain  open-shell  configuration  cases. 
Table  V  lists  the  vector  coupling  coefficients  for  the  open-shell  configura¬ 
tion  cases  now  acceptable  by  the  program.  The  number  of  basis  functions 
permissible  is  determined  by 


I(i)<Nx><Nx  +  I>s  144* 

X. 

where  is  the  total  number  of  symmetry  basis  functions,  Eq.  (13),  of 
symmetry  X.  The  restrictions  on  basis  function  quantum  numbers  are 
1  <  N  ^  6,  Q  s  l  ^  3,  and  -l  ^  m  ^  i.  Experience  has  shown  that  this 
program  is  useful  for  obtaining  near  Hartree-Foch  wave  functions  for 
molecular  systems  ranging  in  size  from  H2  through  Cl2. 


Table  V 

VECTOR  COUPLING  COEFFICIENTS  FOR 
HOMONUCLEAR  OPEN-SHELL  CONFIGURATIONS 


Open-shell  Case(s) 

State(s) 

°g.u 

2*g,u 

l 

-1/2 

^g.u*  6g,u 

2JIg.u'  2Ag.u 

i 

-1/2 

7Tg.u’  6!>u 

3Zg,  32g 

0 

1/2 

‘V  ,r8 
'*{■  ‘H 

1/2 

1 

-1/2 

-3/2 

7T^  63 

g>u’  °g,u 

2ng,u,  2Ag,u 

1/9 

-  l/l  8 
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2.  Loading  Conventions 


The  input  to  the  program  is  specified  as  follows  on  FAP  (Fortran 
Assembly  Program)  cards: 


Location 

Operation 

Contents 

10 

BCD 

Heading  sentence.  Inserted  in  first  line  of  input  and 
final  output  page.  Also  inserted  in  heading  of  each 
interrupt  page. 

20 

DEC 

Nuclear  charge.  Floating  or  fixed  point  number. 

21 

DEC 

Internuclear  separation,  R.  Floating  point  number. 

Up  to  nine  R  values  permitted  to  be  run  consecutively 

30 

DEC 

Number  of  symmetry -orbitals  basis  functions,  ac- 
cording  to  symmetry.  Order  is  #Og,  #ou,  #7ru,  #  TTg, 
#6g,  #6U»  #VU.  #Yg-  The  total  number  of  symmetry- 
orbitals  basis  functions  is  limited  by 

I(iK<Nx  +  i>si44’ 

X 

where  N^  is  the  total  number  of  symmetry-orbital 
basis  functions  of  X  symmetry. 

40 

DEC 

Number  of  closed-shell  molecular  orbitals,  accord- 
ing  to  symmetry.  Order  is  #0g,  #£%,  #7ru,  #7Tg,  #<5g, 
#6U,  #7U»  an<*  $7g  cf°se(^  shells. 

50 

DEC 

Number  of  open-shell  electrons,  according  to 
symmetry.  Order  is  #0g,  #0^,  #7TU,  #7Tg,  #6g, 

#yu,  and  #7g  open- shell  electrons.  No  more  than 
one  open  shell  per  symmetry  is  permitted. 

60 

DEC 

Open-shell  alpha  coefficients.  Listed  in  Table  V. 

80 

DEC 

Open -shell  beta  coefficients.  Listed  in  Table  V. 

100 

DEC 

Quantum  number  N  for  symmetry-orbitals  basis 
functions  given  above.  Order  is  Og,  0g,  .... 
au,  ^ui  •  •  •  »  ^u>  7Tu  » •  *  •  »  "^g*  ^g’  *  •  *  *  ^g’  •  ■  ■  * 

*^u’  ^u>  •  •  •  >  Yu»  ...  ,  7g>  7g»  Limit  is 

N  £  6. 

133 

DEC 

Quantum  number  L  for  symmetry- orbitals  basis 
functions  given  above.  Order  is  same  as  for 
quantum  numbers  N  order.  L  ^  3. 
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Location  Operation 


Contents 


166 


200 

400 


420 


DEC  Orbital  exponents  for  the  symmetry-orbitals  basis 

functions  given  above.  The  order  coincides  with  that 
of  N  and  L  just  preceding ,  All  orbital  exponents 
must  exceed  the  input  threshold  (normally  0.100). 

In  addition,  the  difference  between  orbital  exponents 
for  symmetry-orbitals  basis  functions  with  the  same 
N  and  L  value  must  be  greater  in  absolute  magnitude 
than  a  given  threshold  (also  normally  0.100). 

DEC  SCF  input  vectors.  No  more  than  200  total  vector 
components  are  permitted, 

DEC  Indices  of  symmetry-orbitals  basis  functions  whose 
orbital  exponents  are  to  be  varied  and  mutually  op¬ 
timized.  One,  two,  or  three  orbital  exponents  may  be 
simultaneously  optimized.  Each  set  of  indices  must 
be  separated  by  a  zero.  The  basis  functions  are 
numbered  in  the  order  given  above  where  the  N,  L, 
and  orbital  exponent  values  are  listed.  A  typical 
variational  chain  might  be  1,  2,  0,  3.  This  would 
specify  that  the  orbital  exponents  of  symmetry- 
orbital  functions  1  and  2  are  simultaneously  optimized, 
and  then  the  orbital  exponents  of  symmetry-orbital 
function  3  is  singly  optimized.  In  preparing  the 
coupling  chains,  always  put  the  most  energy- 
sensitive  orbital  exponent  first  in  the  indices. 

DEC  Increment  for  the  variation  of  the  symmetry-orbitals 
basis  functions  orbital  exponents.  Loaded  in  the  same 
manner  and  sequence  as  the  indices  immediately 
preceding,  except  that  the  increments  replace  the 
indices.  If  any  particular  increment  or  all  the  in¬ 
crements  are  not  explicitly  given,  or  if  any  are  less 
than  0.001,  10%  of  the  orbital  exponent  involved  is 
employed  in  the  variation.  The  set  of  increments 
is  called  the  mesh  of  the  variation. 


SCF  Convergence  Control 


440 

DEC 

N  Diagonalization  SCF  Threshold  Bias.  l^N  s  5, 
and  normally  program  is  set  to  N  =  1 . 

441 

DEC 

N  Number  of  SCF  Extrapolations.  5  ^  N  —  25,  and 
normally  program  is  set  to  N  =  5. 

442 

DEC 

N  Number  of  Prior  SCF  Extrapolations.  0  —  N  —  25, 
and  normally  program  is  set  to  N  =  0. 
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Location  Operation 


Contents 


443 

DEC 

N  Number  of  Diagonalization  Iterations.  5  ^  N  S  25, 
and  normally  program  is  set  to  N  =  5. 

444 

DEC 

Number  of  Locked  Passes  Prior  to  SCF.  0  £  N  £  9, 
and  normally  program  is  set  to  N  =  0. 

445 

DEC 

N  Maximum  Number  of  Extrapolations.  5  s  N  ^  100, 
and  normally  program  is  set  to  N  =  50. 

446 

DEC 

N  Extrapolation  Method.  N  =  1  for  Hartree-Roothaan 
Method,  N  =  2  for  Sack  Method.  Normally  program 
is  set  to  N  =  1 . 

447 

DEC 

N  Diagonalization  Method.  N  =  1  for  SVDG  (Single 
Vector  Diagonalization),  and  N  =  2  for  Jacobi.  Nor¬ 
mally  program  is  set  to  N  =  1. 

448 

DEC 

25  Computes  expectation  values  of  1,  (sinz@a)/ra 
(cos20a)/ra,  3z2  -  r|,  l/ra,  £,  r|,  z^,  and  x|  +  y|. 

449 

DEC 

Quadratic  one -dimensional  exponent  variation 

employed. 


Intermediate  Output  Requests 


460 

DEC 

♦Intermediate  matrices  printout.  S,  U,  T,  ,  and 
matrices  are  printed  in  format*. 

461 

DEC 

*S-Matrix,  its  eigenvalues,  and  vectors  are  printed 
in  format*. 

462 

DEC 

*Final  matrices  S,H,P,Q,  D-Open,  D-Total,  F-Open, 
F-Closed,  R-Open,  and  R-Closed  are  printed  in 
format*. 

463 

DEC 

♦integrals  between  final  orbitals,  H-integrals,  P- 
integrals.  Q-integrals,  and  La  Grangian  multipliers 
are  printed  in  format*. 

464 

DEC 

*F  Matrix,  its  eigenvalues,  and  vectors  are  printed 
in  format*. 

465 

DEC 

1  SCF  iterations  are  printed. 

♦Give  s 

the  printout  format  (always  off  line): 

If  *  equals  1,  the  output  will  be  eight-column 
floating  point  decimal. 

If  *  equals  2,  the  output  will  be  eight-column 
fixed  point  decimal. 

466 

DEC 

Print  final  vectors  of  intermediate  results  during 

variation  run. 
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Location  Operation 


Contents 


470 

DEC 

Integration  truncation  cutoff  value  in  floating  decimal. 
If  omitted,  a  standard  value  is  used:  RTRUN  =  60. 
This  assumes  no  STO's  are  more  diffuse  than  a  hydro' 
gen  IS  function. 

476 

DEC 

Only  used  in  variation  runs.  Number  of  Neumann  ex- 
pansion  terms  to  be  included  in  exchange  integral  cal¬ 
culations.  The  maximum  number  of  terms  permitted 
is  (30  -  Mmax),  after  which  record  is  kept  of  any  ex¬ 
change  integral  that  does  not  meet  the  threshold  of 
10‘6,  and  computations  are  continued. 

477 

DEC 

1  Save  current  input  flag.  Current  input  will  be  re¬ 
used  with  any  modifications  as  read  in  for  the  next 
case;  it  does  not  save  itself. 

480 

OCT 

NSIMP000001,  Number  of  Simpson1 2 3 4 5 6  s -rule  points  in 
octal.  The  maximum  number  of  points  is  70. 

481 

OCT 

NPETA0000NPXI.  Number  of  Gaussian  points  in 
octal  used  in  the  double  Gaussian  numerical  inte¬ 
grations.  NPETA  and  NPXI  may  take  any  of  the 
values  12,  16,  20,  24,  30,  or  36  points  (in  decimal). 

If  no  grid  is  specified,  a  30  x  30  grid  is  employed. 

482 

DEC 

1  Output  flag  to  call  for  eight-column  floating  point 
decimal  print-out  (off  line)  to  addends  to  J  and  K 
supermatrix  elements  for  exchange  and  coulomb 
passes. 

500 

BCD 

Symmetry  symbol  list,  only  if  order  of  molecular 
orbitals  departs  from  the  order  1  Og,  2  0g,  ...  , 

1  0^^ ,  2  ou ,  .  .  .  ,  1  ,  2  ,  ...  ,  ^  J  ig ,  2  *^g ,  .  .  .  , 

1  i  2  6g ,  ...  ,  1  <5^ ,  2  6U ,  ...  ,  1  "V  u ,  2  7u ,  .  .  .  ,  1  Tg , 

2  7g,  ... 

3.  Operating  Instructions 


a.  To  Start  Any  Run 


1.  Mount  LMSS-AA-SCF  No.  1  tape  on  B7. 

2.  Mount  blanks  on  B3,  B4,  B5,  A5,  A6,  and  A7. 

3.  Mount  output  tape  on  A3. 

4.  Place  deck  in  card  reader  headed  by  molecule  card. 

5.  Clear,  put  SSW  1,  4,  and  5  down. 

6.  Load  cards. 

Program  will  load  cards  and  proceed  with  computation. 
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b.  To  Interrupt 


1.  Place  SSW  3  down. 

2.  Within  1-60  minutes,  run  will  stop  and  print  out  on-line  interrupt 
sentence . 

3.  Unload  tapes  B7  and  B5,  and  save  these  tapes  for  subsequent  continua¬ 
tion  of  computation. 

c.  To  Restart  Interrupted  Run 

1.  Mount  tapes  B7,  and  B5  saved  in  interrupt  procedure. 

2.  Place  blanks  on  B3,  B4,  and  A3,  A5,  A6,  and  A7. 

3.  Place  INTERRUPT -RES  TART  card  in  card  reader. 

4.  Clear,  put  SSW  1,  4,  and  5  down. 

5.  Load  INTERRUPT-RESTART  card. 

6.  Computations  will  be  continued  from  interrupted  point. 

* 

d.  Also  Note 

1.  Description  of  emergency  procedure  on  page  40. 

2.  Details  of  interrupt  output  option  on  pages  39  and  40. 

3.  Channel  a  tape  option  on  page  40. 

4.  Program  STOP  with  END  in  IR  4,  5,  6,  7  lights  is  normal  conclusion. 

e.  Sense  Switch  Controls 
SSW  Function 

1.  If  down,  program  considers  current  input  to  be  last  case. 

2.  If  down,  exponent  variation  will  be  terminated  at  current  iteration, 
and  final  output  page  printed. 

3.  If  down,  computation  will  be  interrupted  and  tapes  written  for  subse¬ 
quent  continuence  of  computation  at  point  of  interruption.  See  following 
paragraphs  for  output  option  at  this  point. 

4.  If  down,  input  is  called  from  cards.  If  up,  input  is  called  from  tape  A2. 

5.  If  down,  tapes  A5and  A6are  used  for  saving  and  editing  of  two  electron 
potentials  during  exponent  variation.  If  up,  tapes  A5  and  A6  are  not 
used  at  the  expense  of  computer  time. 

6.  If  down,  current  internuclear  distance  in  a  series  of  values  is  con¬ 
sidered  as  last  one. 

f.  Interrupt 

The  depression  of  SSW  3  interrupts  the  current  molecular  computa¬ 
tion.  The  computer  will  come  to  a  program  stop  after  printing  an  interrupt 
message  on  the  one-line  printer.*  The  stop  will  occur  within  1-60  minutes 
of  the  time  SSW  3  is  pressed.  Tape  B5  must  be  saved  for  restarting  of 
computations. 

*If  a  full  requeued  output  at  the  time  of  interruption  is  desired,  push  SSW  3  up  after  the  stop  has 
occurred,  and  press  the  START  button.  The  output  will  be  written  on  tape  A3,  and  the  computer  will 
come  to  a  second  program  stop. 
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For  restarting  of  interrupted  computation,  tape  B5  should  be  re¬ 
mounted  with  program  tape  on  B7.  Blanks  on  B3,  B4,  A5,  A6,  and  A7. 
Machine  is  cleared  and  interrupt  restart  card  loaded.  Computations  will 
restart  at  point  of  interruption.* 

g.  Emergency  Procedure 

Should  computations  stop  at  an  unexpected  point,  or  should  the 
tapes  give  trouble,  provide  new  tapes  as  follows:** 

1.  Ready  EMERGENCY  RESTART  AND  RECOVERY  card  in 
reader. 

2.  Clear  machine;  load  cards. 

USE  OF  EMERGENCY  PROCEDURE  WILL  LEAD  TO  A  LOSS  OF  NO  MORE 
THAN  60  MINUTES  OF  COMPUTATION. 

h.  Channel  A  Tape  Option 

If  the  heavy  use  of  tapes  A5  and  A6  leads  to  continued  difficulty 
after  new  tapes  have  been  provided,  computations  may  be  continued  less 
efficiently  without  the  use  of  these  tapes  as  follows: 

1.  Clear  machine  at  any  time  other  than  when  tape  B3  is  being 
referenced. 

2.  Put  SSW  5  up. 

3.  Load  EMERGENCY  RESTART  AND  RECOVERY  CARD. 


*If  the  restart  fails  (very  unlikely),  use  the  emergency  procedure. 
Directions  will  appear  on  on-line  printer. 
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THE  ELECTRONIC  STRUCTURE  OP  DIATOMIC  MOLECULES.  III.  A.  HARTREE-FOCK  WAVE  FUNCTIONS 
AND  ENERGY  QUANTITIES  FOR  N2(X  12+)  AND  Ng(X  22g,  A  2IIu,  B  2S+)  MOLECULAR-IONS . * 
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Department  of  Physics,  University  of  Chicago 
Chicago,  Illinois  60637 
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ABSTRACT 

The  problem  of  the  convergence  of  a  sequence  of  Hartree-Fock-Roothaan  wave 
functions  and  energy  values  to  the  true  Hartree-Fock  results  is  examined  for  N?(X  ^2*) . 
This  critical  study  is  based  on  a  hierachy  of  Hartree-Fock-Roothaan  wave  functions 
which  differ  in  the  size  and  composition  of  the  expansion  basis  set  in  terms  of  STO 
symmetry  orbitals.  The  concluding  basis  set  gives  a  total  Hartree-Fock  energy  of 
-108.9956  Hartrees  and  R  ( HF )  =  2.0132  Bohr  for  N„(X  12*) . 

e  d  g 

Results  are  also  presented  from  direct  calculations  for  three  states  of  the 

1  p  _i_  p  p  4. 

N2  molecular-ion  (X  ~2g,  A  IIu,  B  Sy)  which  are  also  thought  to  be  very  close  approxi¬ 
mations  to  the  true  Hartree-Fock  values.  The  results  give  E^  =  -108.4079  H., 

-108.4320  H.,  and  -108.2702  H.  and  R  (HF)  =  2.0385  B.,  2.134  B.,  and  1.934  B.  for  the 

p  4_  p  2  + 

X  2  ,  A  II  ,  and  B  2  states  of  N„,  respectively.  Extensive  calculations  for  various 
g  u  U  2  2 

R  values  establishes  that  the  X  2g  and  A  ny  states  are  reversed  in  order  relative  to 
experiment,  a  shortcoming  ascribed  to  the  Hartree-Fock  approximation. 

I.  INTRODUCTION 

This  is  the  third  in  a  planned  series  of  papers  from  this  laboratory  whose 

objective  is  to  obtain  Hartree-Fock  wave  functions  for  the  ground  state  and  certain 

excited  states  of  diatomic  molecules,  and  from  these  wave  functions  to  calculate  many 

expectation  values  of  the  electronic  coordinates,  certain  molecular  properties,  and 

the  electronic  charge  and  momentum  density  for  each  molecular  orbital  as  well  as  for 

the  entire  molecule.  All  of  these  calculations  are  made  for  several  intemuclear 

separations.  The  longer  range  objective  of  this  series  is  to  provide  a  solid  and 
— 

Research  reported  in  this  publication  was  supported  by  Advanced  Research  Projects 
Agency  through  the  U.S.  Army  Research  Office  (Durham),  under  Contract  DA-11-022-0RD-3119* 
and  by  a  grant  from  the  National  Science  Foundation,  NSF  GP-28. 

^Present  address:  Department  of  Chemistry,  Queen  Mary  College,  London,  England. 

^Present  address. 
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extensive  platform  from  which  to  begin  a  critical  re-examination  of  the  theory  of  the 
electronic  structure  of  small  molecules.  This  extensive  platform  will  consist  of  cal¬ 
culations  for  homologous  and  lsoelectronic  series  of  diatomic  molecules  to  approximately 
the  same  level  of  accuracy. 

In  another  perspective,  this  series  of  theoretical  studies  might  be  viewed  as 
"dry"  experiments.  One  may  recall  the  immense  early  successes  Mulliken,  Herzberg  and 
others  had  in  the  interpretation  of  the  electronic  structure  of  diatomic  and  polyatomic 
molecules  in  terms  of  the  nature  of  their  molecular  orbitals  as  gleaned  from  the  elec¬ 
tronic  spectra  of  these  systems.  In  as  much  as  this  series  of  studies  is  able  to  obtain 
accurate  molecular  orbitals,  we  hope  to  extend  these  studies  to  molecules  yet  unobserved, 
and  in  particular  to  explore  a  host  of  expectation  values  and  molecular  properties  not 
available  from  the  corresponding  spectral  data. 

The  first  paper  in  this  series1  dealt  with  the  Hartree-Fock-Roothaan  equations 
for  diatomic  molecules,  especially  for  homonuclear  diatomic  molecules,  and  discusses  at 
length  the  organization  of  the  computer  program  to  calculate  efficiently  and  rapidly 
the  supermatrix  elements  and  perform  the  SCF  procedure.  Results  are  also  presented  by 
Wahl1  for  F2(X  1Z^)  as  a  prototype  molecule.  The  second  paper  of  this  series2  deals 
primarily  with  extensive  calculations  on  CO(X  1Z*)  and  BF(X  12^)  and  also  discusses 
the  partner  heteronuclear  diatomic  SCF  computer  program  with  emphasis  on  any  differences 
from  the  description  given  by  Wahl.1  Further  members  of  this  series  will  Include  results 
for  Li2(X  X2+),  Be2(1S+),  B2(X  3Z"),  C2(a  V,  A'  3Z"),  and  02(X  V,  a  XAg,  b  V)  to 
complete  this  study  of  the  first  row  homonuclear  diatomic  molecules;  results  for 
Na2(X  lsg)>  C£2(X  1Z*),  and  eventually  all  ground  configuration  states  for  all  second 
row  homonuclear  diatomic  molecules;  results  for  the  first  and  second  row  hydride  mole¬ 
cules,  AH;  results  for  first  row  oxides,  AO,  and  fluorides,  AF,  a  number  of  other  im¬ 
portant  heteronuclear  diatomic  molecules  (including  BN(a  1Z+),  NO(X  2n,  A  2Z+), 

CN(X  2Z+,  A  2n),  LiCi(X  1Z+),  and  a  number  of  other  small  heteronuclear  diatomic  mole¬ 
cules  some  of  which  have  not  been  experimentally  identified).-^  As  a  matter  of  course 
each  presentation  will  usually  include  calculations  for  several  positive  and/or  negative 
ions  of  the  parent  system  and  potential  curves  as  well  for  all  ground  configuration 
states. 

1A.  C.  Wahl,  J.  Chem.  Phys.  41,  2600  (1964). 

%.  Huo,  "SCF  Wave  Functions  and  Computed  Properties  for  CO  and  BF",  to  be  published 
in  J.  Chem.  Phys. 

^The  scope  of  this  study  will  eventually  include  certain  excited  states  of  a  given  dia¬ 
tomic  system  and  thus  the  specific  state(s)  Involved  will  have  to  be  clearly  designated. 
It  is  therefore  convenient  to  employ  the  spectroscopic  designation  for  the  state  in 
question  where  it  is  available  and  applicable. 
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The  three  general  objectives  of  the  present  paper  are: 
i)  To  report  the  Hartree-Fock-Roothaan  wave  functions  for  N?(X  '*'2+)  and 
N t(X  2Z+,  A  B  22+),  molecules  and  molecule-ions  for  a  range  of  R  values.  A 

number  of  expectation  values  of  electronic  coordinates,  certain  molecular  properties 
and  charge  density  contours  of  the  various  molecular  orbitals  are  given  In  subsequent 
members  of  this  series.  III.  B  and  III.  C. 

11 )  To  provide  considerable  documentation  of  the  study  of  the  convergence  of 
the  expansion  method  (see  Section  II)  toward  limiting  behavior  with  respect  to  the 
total  energy  and  certain  molecular  properties.  This  limit  should  be  the  Hartree-Fock 
result.  This  study  Is  essentially  a  problem  In  numerical  analysis,  but  since  the 
results  In  this  series  are  intended  to  represent  the  Hartree-Fock  results  as  closely 
as  practically  possible,  it  is  a  rather  Important  item  to  be  considered.  In  addition, 
the  reasons  for  the  choice  of  many  of  the  methods  employed,  in  this  and  later  members 
of  this  series,  to  obtain  the  expansion  basis  set  will  become  evident.  In  paper  IV  of 
this  series  a  similar  documentation  is  given  for  Li„(X  1Z^) . 

ill)  To  give  the  general  prospectus  for  this  and  projected  remaining  members 
of  the  series  in  regard  to  objectives,  methods,  and  nomenclature. 

The  general  discussion  of  the  behavior  of  the  electronic  charge  distributions 
is  deferred  to  contributions  dealing  with  various  homologous  and  lsoelectronlc  series. 
Such  studies  are  primarily  being  developed  directly  in  terms  of  charge  density  con¬ 
tours  and  charge  density  difference  contours  and  will  eventually  also  include  popula¬ 
tion  analysis  and  localized  molecular  orbitals.  Such  an  effort  for  the  first  row 
homonuclear  diatomic  molecules  is  now  in  progress. 

The  remainder  of  this  section  is  devoted  to  a  consideration  of  the  importance 
of  certain  new  experimental  methods  for  measuring  directly  the  properties  of  Individual 
molecules  and  a  brief  review  of  previous  calculations  on  the  nitrogen  molecule.  In 
Section  II  the  basic  theory  underlying  this  series  of  papers  is  briefly  reviewed  for 
completeness  and  to  emphasize  certain  practical  difficulties. 

The  electronic  structure  of  the  nitrogen  molecule  has  been  studied  experi¬ 
mentally  and  theoretically  by  many  investigators  and  using  a  variety  of  experimental 
methods.  A  large  part  of  our  present  understanding  of  the  electronic  structure  of 
nitrogen  ha3  come  from  years  of  careful  study  of  the  electronic  spectra  of  nitrogen 
and  nitrogen  molecular-ions.  This  has  provided  accurate  dissociation  energies  for 
N?(X  and  Nt(X  2Z*),  Ionization  potentials,  much  information  about  the  nature  of 

the  molecular  orbitals,  and  other  useful  molecular  quantities.  The  electronic  spectra 
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of  the  nitrogen-(nitrogen-molecular-ions)  system  is  one  of  the  most  well  understood 
(though  far  from  completely),  and  thoroughly  studied. ^  The  easy  availability, 
relatively  great  stability,  and  traditionally  important  chemical  status  of  nitrogen, 
has  often  led  to  the  use  of  nitrogen  in  experimental  studies  employing  new  high  resolu¬ 
tion  apparatus  or  in  the  introduction  of  innovative  experimental  methods  to  study 
simple  physical  processes.  One  might  recall  the  innovative  experimental  studies  of 
Fox  and  Hickam^  and  Frost  and  McDowell^  in  determining  several  electron  impact  mole¬ 
cular-ion  appearance  potentials  or  vertical  ionization  potentials  of  nitrogen  for 
various  excited  states  of  the  N^  molecular-ion  formed,  studies  which  nicely  complement 
the  far  ultraviolet  Rydberg-serles  spectra  of  nitrogen;  the  new  work  of  Al-Joboury  and 

g 

Turner  on  Photoelectron  Spectroscopy  which  is  particularly  useful  for  determining 
higher  ionization  potentials  as  is  demonstrated  for  the  ionization  of  N2  to  N*  and 
this  method  is  also  suggestive  as  to  the  bonding  type  of  the  molecular  orbital  involved 

Q 

in  the  ionization  process;  the  recent  success  of  Buckingham  and  associates  in  the 
direct  measurement  of  the  electric  quadrupole  moment  of  simple  molecules,  including 
N2,  and  for  the  first  time  providing  unamblgously  the  sign  of  the  electric  quadrupole 
moment.  Previous  experimental  estimates  of  the  electric  quadrupole  moment  of  simple 
molecules  have  come  chiefly  from  line  broadening  measurements  and  pressure  Induced 
rotational  or  vibration-rotational  spectra4 * * * * * 10  and  give  only  the  magnitude  of  the  elec¬ 
tric  quadrupole  moment. 

4 

R.  S.  Mulliken,  in  The  Threshold  of  Space,  edited  by  E.  B.  Armstrong  and  A.  Dalgamo, 
(Pergamon  Press,  Inc.,  New  York,  1957),  p.  169.  A  complete  survey  of  the  nitrogen 
spectra  and  state  through  1956. 

'’A.  Lofthus,  "The  Molecular  Structure  of  Nitrogen",  University  of  Oslo,  i960,  Blindem, 
Norway. 

^R.  E.  Fox  and  W.  H.  Hickman,  J.  Chem.  Phys.  22,  2059  (1951*). 

^D.  C.  Frost  said  C.  A.  McDowell,  Proc.  Roy.  Soc.  (London),  A230,  227  (1955). 

°M.  I.  Al-Joboury  and  D.  W.  Turner,  J.  Chem.  Soc.  (London),  983  (1963). 

%.  D.  Buckingham,  J.  Chem.  Phys.  30,  1580  (1959);  A.  D.  Buckingham  and  R.  L.  Disch, 

Proc.  Roy.  Soc.  (London)  A275,  275  (1963),  and  private  communication. 

10J.  A.  A.  Ketelaar  and  R.  P.  H.  Rettschnick,  J.  Molecular  Phys.  7,  191  (1963),  give 
one  of  the  latest  result  of  this  kind. 
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Molecular  beam  magnetic  and  electric  resonance  measurements  have  continued  to 
provide  an  additional  and  potentially  very  valuable  source  of  information  about  the 
electronic  structure  of  simple  molecules.  N.  F.  Ramsey  and  associates'1'1  have  recently 
begun  an  extensive  program  to  measure  the  molecular  magnetic  rotational  moment  of 
small  molecules  and  have  measured  the  magnetic  rotational  moment  of  N1^N1^.  In  addi¬ 
tion,  the  spin-rotational  interaction  constant,  that  is,  the  interaction  constant 

between  the  nuclear  magnetic  moment  and  the  rotational  magnetic  moment,  has  been 
IS  13 

measured  for  N  N  and  have  yielded  the  nuclear  magnetic  antishielding  constant  for 

12  14  14 

the  nitrogen  nucleus.  The  corresponding  measurements  have  not  been  made  for  N  N 

due  to  experimental  difficulties  and  hence  no  nuclear  quadrupole  coupling  constant, 

lh 

eqQ,  is  yet  available  from  molecular  beam  magnetic  resonance  methods  since  N  nuclei 
have  spin  \  and  no  electric  quadrupole  moment.  The  nuclear  quadrupole  coupling  con- 

Ik 

stant  at  the  N  nucleus  has,  however,  been  measured  in  the  solid  phase  of  nitrogen, 

1*5 

most  recently  by  Scott.  These  experimental  quantities,  the  magnetic  rotational 
moment,  the  spin-rotation  coupling  constant(s),  the  quadrupole  coupling  constant,  and 
the  related  quantities  are  relatively  new  sources  of  valuable  information  about  the 
charge  distribution  in  simple  molecules. 

The  study  of  collision  or  scattering  processes  involving  small  molecules  has 
also  provided  much  new  and  interesting  information  relating  to  the  electronic  struc¬ 
ture  of  simple  molecules,  including  nitrogen.  The  variety  of  these  newer  experimental 

methods  ranges  from  elastic  and  inelastic  scattering  of  slow  electrons  from  molecules, 

14 

through  electron  Impact  spectroscopy,  a  new  tool  which  offers  great  promise  of 
complementing  optical  spectroscopy  in  providing  means  of  studying  usually  forbidden 
electronic  transitions  in  atoms  and  molecules,  to  the  difficult  problems  involving  the 
collision  of  charged  or  neutral  atoms  or  molecules  with  molecules,  or  simply,  chemical 
reactions.  Gerjuoy  and  Stein1'’  have  theoretically  studied  the  rotational  excitation 
of  homonuclear  diatomic  molecules  by  slow  electron  collisions  and  in  particular  have 
made  calculations  for  nitrogen.  This  theory  makes  use  In  an  important  way  of  the 

11N.  F.  Ramsey,  Bull.  Amer.  Phys.  Soc.  £,  89  (1964),  and  paper  presented  at  the 
American  Physical  Society  Meeting,  January  25,  1964. 

12  M.  R.  Baker,  C.  H.  Anderson,  and  N.  F.  Ramsey,  Phys.  Rev.  153,  A1533  (1964). 

15T.  A.  Scott,  J.  Chem.  Phys.  36,  1459  (1962). 

14A.  Kuppermann  and  L.  M.  Raff,  Disc.  Faraday  Soc.  35.  30  (1963). 
ljE.  Gerjuoy  and  S.  Stein,  Phys.  Rev.  ^7,  1671  (1955). 
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details  of  the  electronic  charge  distribution  of  the  nitrogen  molecule.  Schulz^  has 
recently  suggested  the  existence  of  a  short-lived  intermediate  species,  N2:e-,  in  the 
interpretation  of  his  experimental  data  on  the  scattering  of  slow  electrons  from 

nitrogen.  An  excellent  review  of  these  and  other  low  energy  collision  processes  has 

17 

been  given  by  Blondi,  1  where  many  additional  references  are  listed. 

The  scattering  of  fast  electrons  (30  to  50  kev)  from  molecules  has  long  been 
useful  in  determining  molecular  geometry  from  the  electron  diffraction  of  gases.  As  in 
X-ray  diffraction  of  crystals  (or  gases),  the  X-ray  scattering  factors  of  the  con¬ 
stituent  atoms  of  the  molecule  are  universally  employed  to  interpret  the  electron  dif¬ 
fraction  measurements.  In  both  X-ray  crystallography  and  electron  diffraction,  the 
molecular  scattering  factor  is  simply  assumed  to  be  the  superposition  of  the  atomic 
scattering  factors  for  the  constituent  atoms  and  except  for  vibrational  corrections, 
no  account  is  taken  of  the  effects  of  chemical  bonding  and  the  modification  of  the 
superimposed  atomic  electronic  charge  distribution  due  to  molecule  formation.  This  is 
almost  always  an  excellent  approximation,  but  very  careful  X-ray  measurements  have 
revealed  small  effects  in  certain  cases  which  may  be  ascribed  to  the  intrinsic  mole¬ 
cular  character  of  the  scattering  system.  The  recent  improvements  in  the  techniques 
and  interpretation  of  electron  diffraction  measurements  for  diatomic  molecules  have 

lQ 

initiated  studies  by  Bartell  and  Kuchitsu,  to  detect  anharmonlc  vibrational  effects 

in  N2,  02,  NO,  and  Ci2,  and  Hansen1^  has  recently  suggested  a  method  for  obtaining 

atomic  scattering  factors  from  high  precision  electron  diffreaction  measurements  on 

20 

simple  molecules.  In  addition,  Swick  has  been  able  to  measure  the  elastic  and 
inelastic  electron  diffraction  scattering  pattern  for  N2  and  other  simple  molecules. 

l60.  J.  Schulz,  Phys.  Rev.  116,  1141  (1959);  125,  229  (1962). 

1^M.  A.  Biondi,  "Advances  in  Electronic  and  Electron  Physics",  18,  67  (1963), (Academic 
Press,  Inc.,  New  York). 

^L.  S.  Bartell  and  K.  Kuchitsu,  J.  Phys.  Soc.  (Japan),  17,  Suppl.  B-ll,  20  (1962). 

Proce  dings  of  the  International  Conference  on  Magnetism  and  Crystallography, 

Kyoto,  Japan,  1961. 

P.  Hansen,  J.  Chem.  Phys.  36,  1043  (1962). 

20D.  A.  Swick,  J.  Phys.  Soc.  (Japan),  17,  Suppl.  B-ll,  12  (1962).  Proceedings  of  the 
International  Conference  on  Magnetism  and  Crystallography,  Kyoto,  Japan,  1961. 
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It  is  not  too  optimistic  to  expect  that  further  improvements  will  eventually  provide 
evidence  for  "shifts"  of  the  atomic  scattering  factors  for  atoms  in  different  mole¬ 
cular  environments  which  are  due  to  differential  bonding  situations.  A  review  of  the 

calculations  of  X-ray  and  electron  diffraction  scattering  factors  for  atoms  and  mole- 

21 

cules  has  been  given  by  Roux  and  Comille  who  emphasize  the  basic  association  of 
these  quantities  with  the  electronic  charge  density  of  the  atom  or  molecule.  The 
experimental  measurement  of  the  scattering  of  X-rays  by  simple  molecules  in  the 

gaseous  phase  seems  to  have  been  completely  abandoned  in  recent  years  although  measure- 

22 

ments  were  made  by  Gajewski  for  nitrogen  and  several  other  simple  molecules  over 
thirty  years  ago.  The  molecular  scattering  factor  might  play  a  more  important  role 
in  understanding  the  electronic  structure  of  simple  molecules  if  these  experimental 
developments  are  indeed  realized  and  use  made  of  the  effects  already  observed.  The 
X-ray  and  electron  diffraction  scattering  factors  do  contain  the  closest  means  avail¬ 
able  of  direct  (or  semi-direct)  measurement  of  the  electronic  charge  density  (coherent 
scattering)  and  as  Coulson  has  emphasized,  the  electronic  momentum  density  (incoherent 
scattering) . 

The  preceding  paragraphs  have  purposely  emphasized  newer,  and  to  some  extent 
chemically  unorthodox,  kinds  of  experimental  information  measuring  the  behavior  and 
properties  of  the  electronic  charge  distribution  of  small  molecules.  Experimental 
results  of  this  kind  are  partially  available  for  N2  and  a  few  other  small  molecules, 
and  it  Is  hoped  that  further  results  will  be  rapidly  forthcoming.  There  are  many 
other  types  of  experimental  studies  involving  the  physical  properties  of  small  mole¬ 
cules  which  could  also  be  mentioned  here.  In  addition,  the  variation  of  molecular 
properties  with  vibrational  state  of  the  molecule,  and  hence  information  about  the 
change  of  the  electronic  charge  density  with  nuclear  separation,  is  possible.  It  is 
che  general  contention  of  this  paper,  and  Indeed  of  this  series  of  papers,  that  these 
molecular  properties,  these  newer  and  more  demanding  probes  into  the  electronic  charge 
density  of  small  molecules,  should  and  will  play  a  more  prominent  role  in  understanding 
more  fully  the  electronic  structure  of  small  molecules.  Paper  III.  B  of  this  series 
will  deal  with  certain  of  these  molecular  properties  for  N2  and  Ng  molecular  ions,  but 
others,  and  particularly  the  scattering  problems  remain  temporarily  beyond  the  scope 
of  this  series. 

2^M.  Roux  and  M.  Comille,  Cahier  ?hys.  16,  45  (1962). 

22H.  Gajewski,  Phys.  Z.  £5,  122  (1932). 
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The  theoretical  attempts  to  understand  the  nitrogen  molecule,  and  in  parti¬ 


cular  to  explain  the  great  stability  and  inertness  of  nitrogen,  began  rather  early  _uid 

two  simple  molecular  models  were  those  discussed  by  Langmuir  and  Sommerfeld.  The  model 

23 

of  Langmuir,  which  was  a  static  model  based  on  empirical  chemical  evidence  and  the 
Lewis  octet  theory,  envisioned  the  nitrogen  molecule  as  arising  from  two  nitrogen  atoms 
with  unchanged  K  shells,  eight  of  the  remaining  electrons  forming  a  Lewis  octet,  and 
the  last  two  electrons  were  embedded  in  the  octet  such  that  an  increase  in  stability 
resulted  (see  Fig.  la).  The  dynamical  model  of  Sommerfeld  (which  was  first  suggested 
by  N.  Bohr  in  1913)  was  one  of  the  several,  now  forgotten,  attempts  to  extend  and  test 
the  Bohr  model  of  atomic  hydrogen  to  other  atoms  and  to  diatomic  molecules. 

Sommerfeld' s  nitrogen  molecule  (shown  in  Fig.  lb),  consisted  of  two  nitrogen  atom 
cores,  with  a  charge  of  +3  each  separated  by  a  distance  R,  and  the  six  remaining  elec¬ 
trons  all  revolving  in  the  same  orbit  and  direction  half-way  between  these  two  nitrogen 
atom  cores. 

It  is  interesting  to  note  that  fifty  .years  later  a  "Modified"  Lewis -Langmuir 
octet  model  based  on  the  necessity  of  coulombic  and  exclusion  repulsion  between  the 

Oil 

electrons  of  a  molecule  has  been  proposed  by  Linnett.  The  Linnett  model  for  nitrogen 
is  illustrated  by  Figs,  lc  and  Id  and  only  the  ten  valence  shell  electrons  are  con¬ 
sidered.  Five  electrons  are  assigned  to  each  spin  and  these  five  electrons  of  each 
set  will  be  situated  at  the  corners  of  two  tetrahedra  having  a  common  face  (Fig.  lc 
for  spin  up  and  Fig.  Id  for  spin  down).  These  two  sets  are  superimposed,  but  the  two 
triangular  sets  in  the  bond  region  may  be  staggered  with  respect  to  one  another. 

The  first  major  attempt  of  any  kind  to  calculate  the  electronic  density  of  N2 
(and  also  F2),  after  the  advent  of  quantum  mechanics,  was  the  effort  by  Hund  in  1932 
using  the  Thomas-Fenni  approximation.  The  valence  bond,  or  Heitler-London-Slater- 
Pauling,  method  could  suggest  a  reasonable  interpretation  for  the  nitrogen  molecule, 
but  since  at  least  three  "bonding  pairs"  were  Involved,  ab  initio  valence-bond  calcu- 

lations  for  the  full  six  (or  ten)  valence  shell  electrons  were  very  difficult, 
pc  make 

Koplnecx  ^  did,  however^/ certain  valence  bond  calculations  in  1952  for  both  the  six 

and  ten  electron  cases  following  the  methods  of  Hellmann.  The  most  extended  valence 

2^It  is  interesting  to  read  the  heroic  attempts  on  the  part  of  A.  Lande  in  1917  and 
1918  to  provide  a  dynamical  Justification  of  the  octet  model. 

2^J.  W.  Linnett,  "The  Electronic  Structure  of  Molecules",  (John  Wiley  and  Sons,  Inc., 
New  York,  1964). 

2%.  Kopineck,  Z.  Naturforschg.  Jfc,  22,  31 4  (1952). 
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bond  (or  atomic  orbital)  method  calculations  seem  to  be  the  unpublished  results  of 

T.  Itoh,2^  obtained  In  this  laboratory,  which  yielded  a  dissociation  energy  of  5.03  eV. 
27 

Huber  and  Thorsen  have  also  made  certain  valence-bond  calculations  for  the 

X  -  A  ^2*  excitation  energy  for  Ng. 

Molecular  orbital  calculations  have  proved  much  more  manageable  and  there  has 

been  a  steady  stream  of  LCAO-MO-SCF  calculations  for  Ng  from  this  laboratory  and 
28 

others.  Scherr  made  calculations  in  which  the  molecular  orbitals  were  approximated 

by  Is,  2s,  2pG,  and  2p7T  STO  orbitals  on  each  nucleus.  In  his  pioneering  study,  Scherr 

used  the  Slater  orbital  exponents  with  no  optimization  of  these  non-llnear  parameters. 

Ransil, 29  and  Fraga  and  Ransil^®  then  determined  LCAO-MO-SCF  wave  functions  for  Ng  at 

Re(Exptl.),  and  for  a  range  of  R  values,  again  using  the  minimal  valence  shell  Slater- 

type  expansion  functions,  but  the  orbital  exponents  were  optimized  at  Re(Exptl.). 

31 

Fraga  and  Ransil^  also  made  limited  configuration  interaction  calculations  based  on 

"52 

the  minimal  basis  set  just  mentioned.  Clementi  made  the  next  small  improvement  by 
adding  a  3dm  STO  to  the  minimal  set  and  optimizing  the  orbital  exponent  of  the  new 
function.  Richardson^  has  given  the  real  start  of  the  extended  basis  set  LCAO-MO-SCF 
calculations  for  Ng  in  his  "double-?"  expansion  set,  in  which  the  molecular  orbitals 
are  approximated  by  one  Is,  two  2s,  two  2po,  and  two  2pm  STO  functions  on  each  nucleus. 
Richardson  was  able  to  perform  only  crude  optimization  of  the  non-linear  variational 
parameters.  In  unpublished  research,  Richardson  also  made  several  useful  calculations 
of  certain  Ng  states  of  this  same  quality.  Only  recently,  Nesbet  has  published  a 
much  more  extended  LCAO-MO-SCF  calculation  for  Ng.  This  last  calculation  and  parallel 
ones  for  several  other  molecules  are  near  the  depth  of  study  intended  In  this  series. 

26 

R.  S.  Mulliken,  in  lectures  on  "Problems  Concerning  the  Electronic  Structure  of 
Diatomic  Molecules",  Autumn  quarter,  1961,  University  of  Chicago. 

27-L.  M.  Huber  and  W.  Thorsen,  J.  Chem.  Phys.  41,  1829  (1964). 

pO 

C.  W.  Scherr,  J.  Chem.  Phys.  23.  569  (1955). 

29b.  J.  Ransil,  Rev.  Modem  Phys.  32,  245  (i960). 

30B.  J.  Ransil  and  S.  Fraga,  J.  Chem.  Phys.  3£,  669  (1961). 

31S.  Fraga  and  B.  J.  Ran3il,  J.  Chem.  Phys.  £6,  1127  (1962). 

52E.  Clementi,  Gazz.  Chimica  Ital.  ^1,  722  (1961). 

•^J.  W.  Richardson,  J.  Chem.  Phys.  3£,  1829  (1961). 

54R.  K.  Nesbet,  J.  Chem.  Phys.  40,  3619  (1964). 
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In  the  present  endeavc  . ,  no  critical  comparison  of  these  various  LCAO-MO-SCF 
results  for  N2  with  the  results  here  given  is  attempted.  This  Is  chiefly  because  the 
present  calculations  contain  a  hierachy  of  different  results,  certain  of  which  are  com¬ 
parable  to  these  earlier  results,  and  these  seem  more  suitable  for  the  comparative 
investigations  herein  discussed. 
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II.  THE  HARTREE-FOCK  AND  HARTREE-FOCK-ROOTHAAN  EQUATIONS 


In  the  Hartree-Fock  approximation  the  electronic  wave  function  is  written 


=  [(2N)!]*  (91a)[1(<P1P): 


(<PNa) 


2N-1 


(<PNP) 


2N] 


II. 1 


for  the  system  containing  2N  electrons  with  the  closed  shell  configuration  specified 
by  the  set  of  N  orthonormal  space  orbitals  tp^,  and  having  the  state  symmetry  symbol 
n(12+  or  ^2*).^  A  single  Slater  determinant  suffices  for  a  closed  shell  configuration, 

o 

for  a  closed  shell  configuration  plus  one  extra  electron  in  an  open  shell  or  a  closed 
shell  configuration  with  one  hole  to  form  an  open  shell,  and  for  those  open  shell  con¬ 
figurations  which  arise  if  all  open  shell  cp1  have  the  same  spin  function  (that  is, 
states  for  Mg  =  *  S).  If  there  are  several  electrons  in  a  single  open  shell,  or  elec¬ 
trons  distributed  in  open  shells  of  different  symmetry,  the  wave  functions  for  the 
open  shell  configuration  of  definite  state  symmetry  can  be  written  in  the  form, 

*r>  •  |°k  *(h  ■ 


where  the  4>^  are  single  Slater  determinants  of  the  form  in  Eq.  II. 1  ordered  by  the 
superscript  K.  This  index  K  identifies  the  possible  various  choices  from  the  degener¬ 
ate  members  of  molecular  spin  orbitals  available  to  the  electrons  in  the  incomplete 
shells. ^  The  CR  in  Eq.  II. 2  are  determined  entirely  by  symmetry  requirements,  that 
is,  by  combining  the  to  form  <X>fi  of  a  definite  state  symmetry,  fi.  The  short  sum 

in  Eq.  II. 2  i3  not  to  be  confused  with  "configuration  interaction"  and  indeed  con¬ 
figuration  interaction  wavefunctions  for  open  shell  systems  might  be  written  as  sums 


^The  notation  given  in  this  section  follows  that  employed  in  C.  C.  J.  Roothaan,  Rev. 
Modem  Phys.  2£,  69  (1951);  ibid,  32,  179  (i960);  C.  C.  J.  Roothaan  and  P.  S.  Bagus, 
in  Methods  in  Computational  Physics,  edited  by  B.  Adler,  S.  Fembach  and  M.Rotenberg, 
(Academic  Press,  Inc.,  New  York,  1963),  p.  47ff.  These  three  papers  will  be  referred 

to  a3  Tl,  T2,  and  T3,  respectively. 

^Numerous  examples  of  wave  functions  of  the  form  of  II .2  occur  in  the  literature  and 
basic  texts.  A  convenient  collection  of  such  forms  for  Dwh  or  symmetry  mole¬ 
cules  is  given  by  S.  Fraga  and  B.  J.  Ransil  in  "Formulae  for  the  Evaluation  of  Elec¬ 
tronic  Energies  in  the  LCAO-MO-SCF  Approximation",  Technical  Report  1961,  Laboratory 
of  Molecular  Structure  and  Spectra,  University  of  Chicago,  pp.  236ff.  The  formulae 
givfcn  by  Fraga  and  Ransil  really  have  nothing  to  do  with  the  LCAO  approximation. 
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of  selected  0^  with  coefficients  determined  by  the  variational  method.  It  Is  quite 

proper  to  refer  to  both  expressions  II. 1  and  II. 2  as  "single  configurations"  since  in 

both  cases  a  unique  set  of  space  orbitals,  cp^ ,  is  implied.  In  open  shell  cases  this 

set  of  space  orbitals,  q>1 ,  may  give  rise  to  several  states  (fi)  in  which  only  the  set 

of  coefficients  C„  will  differ.  (For  example  the  X  a  ,  and  b  states  of 

^  5  6  S 

02). 

The  total  energy  expression  for  a  wave  function  of  the  fonn  of  II. 2  (and  also 
II. l)  may  be  written 


ZZt 


-  5  I  Z  N  .N  Q.  +  2  TS2-2-  »  II. 3 

X,m  p.Jn  nM-  Am»M.n  a>p  R^ 


where  the  sums  over  both  closed  and  open  shell  molecular  orbitals  of  symmetry  X  or  p 
are  indicated  by  I  and  J,  and  sums  over  only  open  shell  molecular  orbitals  are  indi¬ 
cated  by  m  and  n.  The  last  sum,  over  a>B,  is  Just  the  nuclear  repulsion  term(s). 
is  the  number  of  electrons  in  molecular  orbital  i  of  symmetry  X,  and  is  the 
familiar  one-electron  integral  contributions.  The  second  and  third  terms  here  parallel 
those  given  by  Roothaan  and  Bagus  J  in  T3  and  are  valid  for  a  wide  range  of  open  shell 
configuration  cases.  (But  please  note,  no  expansion  method,  or  LCAO  molecule  orbitals, 
has  been  introduced  at  this  point.)  The  expressions  for  ^  and  are 


and 


II. 4 


The  and  /t Xi,pJ  are  two"electron  integrals  involving  both  closed  and  open  shell 

molecular  orbitals,  <p^,  and  the  ^  ^  un  and^f  ^  are  two-electron  integrals  invol¬ 
ving  only  the  open  shell  molecular  orbitals,  q>m.  The  v  and  are  the  open  3hell 

coefficients  and  are  obtained  from  the  of  Eq.  II. 2. 

If  the  total  energy,  as  expressed  by  Eq.  II. 3,  is  minimized  with  respect  to 
the  orthonormal  set  of  functions  (the  molecular  orbitals),  which  occur  in  the  inte¬ 
grals,  H^,  \5\i,pj'  and  Qxm,pn'  one  obtalns  the  usual  Hartree-Fock  equations: 


PC<V  ' 

P0<V  *mK  “  Vn  '  . 
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for  the  closed  shell  molecular  orbitals  (indicated  by  q>k  and  <Pg)  and  for  the  open  shell 
molecular  orbitals  (indicated  by  <pm  and  <pn),  respectively.  Solution  of  this  set  of 
coupled  integro-differentlal  equations  for  the  q>k  and  cp^  molecular  orbitals  and  using 
Eq.  II. 3,  gives  the  lowest  energy  possible  for  a  wave  function  of  the  form  of  Eq.  II. 1 
or  II. 2.  Since  the  operators  and  Fo^tpk’%^  depend  on  the  q>k  and  <pm  sets,  an 

Iterative  procedure  is  required  which  yields  the  self-consistent  field  (SCF)  wave  func¬ 
tion  which  Is  by  definition  the  Hartree-Fock  wave  function.  Thus  when  a  direct 
numerical  solution  of  Eqs.  II. 5  is  possible,  SCF  wave  functions  and  Hartree-Fock  wave 
functions  are  identical . 

The  above  program  is  indeed  realized  for  atoms  as  was  vigorously  exploited  by 
Hartree  and  many  others.  For  electronic  systems  possessing  less  symmetry,  direct 
numerical  solution  of  Eqs.  II. 5  becomes  much  less  inviting.  If  one  considers  diatomic 
molecules  and  writes  the  in  terms  of  prolate  spheroidal  coordinates  as 

<P1(r)  =  fiU,ri)ga(0)  ,  II. 6 

with  the  nuclei  at  the  foci,  then  the  Hartree-Fock  equations,  Eqn.  II. 5,  for  a  diatomic 
molecule  reduce  to  the  general  form 

2  2 

A  ^“5  +  B  -If  +  c  +  D 

^  Sti  ii. 7 

+  E  f^M)  +  Z  /o[fj(«,ti)]dedrj  fjU,!})  =  . 

The  coefficients  A,  B,  C,  D,  and  E  are  simple  functions  of  %,  q,  and  the  intemuclear 

separation,  R,  and  the  integrand  G[f^(?,q)]  Is  only  Intended  to  show  the  integro- 

differential  character  of  these  equations.  The  explicit  form  follows  simply  from 

37 

equations  and  a  discussion  given  by  Lennard-Jones  and  Pople.  The  Hartree-Fock  wave 
function  for  a  diatomic  molecule  is  thus  to  be  gained  from  the  numerical  solution  of 

this  set  of  coupled  elliptic  partial  integro-differential  equations  in  ?  and  q.  Except 

38 

for  an  approximate  treatment  by  Berthier^  for  HP,  no  serious  attempts  have  been  pub¬ 
lished.  The  numerical  solution  of  partial  differential  equations  in  two  variables  has 

Lennard-Jones  and  J.  A.  Pople,  Proc.  Roy.  Soc.  (London),  A210,  190  (1951). 

"'  a.  Berthier,  in  Caleul  Des  Fonctlons  D’ Onde  Moleculalre,  Colloques  Intemationaux 
du  CNR3  LXXXII.  (Paris,  1958),  p.  115. 
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experienced  some  progress,  but  apparently  the  numerical  solution  of  the  coupled  set  of 

Eqs.  II. 7  still  represents  a  formidable  problem  in  this  embryonic  field  of  applied 
39  40 

mathematics  (see  Fox  and  Young  for  surveys  of  methods  useful  for  simpler  forms  of 
elliptic  partial  differential  equations).  It  may  not  be  too  optimistic  to  think  that 
it  will  be  feasible  to  solve  the  Hartree-Fock  equations  for  a  few  representative  dia¬ 
tomic  molecules  (for  example,  Hg,  Lig,  LiH,  Ng  and  CO)  by  direct  numerical  methods  in 
the  next  decade. 

If  an  analytical  form  for  the  molecular  orbitals,  cp.,  is  now  assumed,  that  is, 

33 

if  they  are  expanded  in  terms  of  certain  known  functions 

^iAa  =  ^xpAa  CiAp  »  11  * 8 


the  problem  resolves  to  finding  the  linear  expansion  coefficients,  C.^  ,  and  an  ade¬ 
quate  expansion  in  terms  of  the  expansion  functions,  Following  Roothaan  and 

35 

Bagus  in  T3  the  energy  expression  is  written 


ZZ£ 


En  =  h\  +  i  oL9  dt  -  |  dIQ  d0  +  £  -S-k  , 

"  1  11  u  u  a>p  ap 

where*?  and  Q  are  now  supermatrices  with  elements^ 

vP  Apq  ,urs  ^Apq,urs  ”  2^-Apq,u.rs 


and 


^Apq,urs  ^ “a^v^  Apq,urs  “  2  ^^Aavl^Apq, 


M-rs 


II.  9 


II. 10 


Equation  II. 10  corresponds  to  elements  of  Eqn.  II. 4.  The  supermatrix  elements  are 

thus  constructed  from  electronic  integrals  involving  the  expansion  functions  xp^a* 

35 

The  Hartree-Fock  equations  now  become 


Fcc  =  eSc 

and  L  II. 11 

Fr  c  =  e  S  c  j 

•^L.  Fox,  Numerical  Solution  of  Ordinary  and  Partial  Differential  Equations,  (Addison- 
Wesley  Publ.  Co.,  Inc.,  Reading,  Massachusetts,  1962). 

^°David  M.  Young,  in  a  Survey  of  Numerical  Analysis,  edited  by  J.  Todd,  (McGraw-Hill 
Book  Co.,  Inc.,  New  York,  1992),  chap.  11. 
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This  series  of  papers  deals  with  the  solution  of  Eqs.  II.  11  for  diatomic  molecules  and 
specifically  for  the  lowest  state  of  any  symmetry  type  arising  from  closed  shells  con¬ 
figurations  or  configurations  which  have  several  open  shells  of  different  symmetry 
(for  example  6,  7rn,  07rn,  and  so  forth).  These  equations  are  here  reproduced  to  serve 
as  a  touchstone  for  this  and  following  members  of  this  series. 

In  choosing  to  solve  the  Eqs.  II. 11,  one  has  thus  bypassed  relative  Incompe¬ 
tence  at  the  numerical  solution  of  the  Hartree-Fock  equations  for  diatomic  molecules 
(Eq.  II. 7)  and  substituted  the  relatively  well  developed  machinery  of  matrix  methods 
and  calculation  of  electronic  integrals  over  analytic  functions.  In  addition  one  has 
also  assumed  the  task  of  exploring  the  convergence  of  expansions  given  by  Eq.  II. 8  such 
that  true  Hartree-Fock  wave  functions  are  obtained. 

The  expansion  method  has  been  referred  to  in  the  literature  as  the  "Roothaan 

Method",  "Roothaan  Scheme", "extended  basis  set  SCF",  and  called  various  other  names. 

We  would  like  to  propose  that  one  refer  instead  to  the  expansion  method  in  terms  of  the 

Hartree-Fock-Roothaan  Equations  as  given  by  Eq.  II. 11.  This  would  thus  imply  on  expan- 

36 

sion  form  as  systematized  by  Roothaan"^  in  Tl,  indicate  the  adoption  of  the  open-shell 

36 

formalism  given  by  Roothaan  and  Bagus^  in  T3,  and,  of  course,  imply  the  iterative 
solution  to  invariance  in  the  C^p  coefficients.  One  would  thus  be  referring  to  a 
specific  genera  of  equations,  flexible  in  regard  to  the  extent  of  the  expansion  and 
the  nature  of  the  expansion  functions 

This  suggestion  is  primarily  motivated  by  an  attempt  to  clarify  the  term 
"Self-Consistent-Field".  The  solution  of  the  Hartree-Fock  Equations  (Eq.  II. 5)  yields 
the  Hartree-Fock  wavefunctlon  which  is  identical  with  the  Self-Consistent  Field  wave- 
function,  that  is,  only  if  the  q>1  are  exactly  determined  is  the  true  self-consistency 
of  the  independent  particle  model  really  achieved.  In  contrast,  one  may  have  a  hier- 
achy  of  Hartree-Fock-Roothaan  Equations  and  Hartree-Fock-Roothaan  wavefunctlons ,  where 
the  members  of  the  hierachy  perhaps  arise  from  different  size  or  kinds  of  expansions 
of  the  form  of  Eq.  II. 8.  The  hierachy  of  Hartree-Fock-Roothaan  wavefunctlons  thus 
gradually  approaches  the  Hartree-Fock  wavefunctlon  in  a  limiting  manner.  One  must 
remember  that  in  speaking  of  LCAO-MO-SCF  wavefunctlons,  or,  as  we  propose,  of  Hartree- 
Fock-Roothaan  (HFR)  wavefunctlons,  that  the  self-consistency  merely  means  a  certain 
degree  of  invariance  in  the  C^p  coefficients  and  does  not  mean  the  true  self- 
consistency  of  the  independent  particle  model,  except  as  the  expansion  converges  to 
the  true  Hartree-Fock  orbitals  <f>^. 
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A  remaining  practical  point  may  be  noted  before  concluding  this  section.  The 
basic  limitation  on  how  large  an  expansion  basis  set  may  be  employed  depends  on  the 
total  number  of  unique  ftpq,  and  ^rs  supermatrix  elements  generated.  The 

present  versions  of  the  Homonuclear  and  Heteronuclear  diatomic  SCF  programs  perform 
the  contraction  of  the  supermatriees  such  that  the  entire  J?  or  Q  supermatrix  must 
occupy  the  rapid  access  memory  of  the  computer  (the  32K  core  for  an  IBM  7094).  Thus 
approximately  20000  total  supermatrix  elements  are  permitted.  In  terms  of  the  total 
number  of  expansion  functions,  Xp^a  this  requires  that 

Einx(nx  +  1)  «Nfflax  ,  11.12 

where  n^  is  the  number  of  expansion  functions  of  symmetry  X.  The  present  limit  for 

N  is  144  for  homonuclear  diatomic  molecules  and  172  for  heteronuclear  diatomic 
max 

molecules.  Even  as  this  is  written,  modifications  are  underway  to  remove  these  limits, 
but  the  problem  of  computation  time  will  go  up  sharply  as  still  larger  basis  sets  are 
employed. 
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xll.  THE  DETERMINATION  OP  THE  BEST  HARTREE-FOCK-ROOTHAAN  WAVE  FUNCTION 


The  most  time  consuming  and  tedious  task  leading  to  the  results  presented 
here  was  the  exhaustive  study  to  determine  the  best  basis  set  expansion,  the  optimal 
non-linear  parameters  (orbital  exponents)  of  the  expansion  functions,  the  behavior 
towards  convergence,  and  the  effects  of  these  various  characteristics  of  the  calcula¬ 
tion  on  certain  expectation  values  and  molecular  properties  of  the  nitrogen  molecule, 
to  be  discussed  subsequently.  This  study  on  nitrogen  and  the  following  one  for  Li2, 
was  particularly  exhaustive  in  order  to  provide  useful  general  guidelines  for  similar 
studies  on  other  first  row  homonuclear  diatomic  molecules.  This  section  will  display 
in  detail  the  methods  employed  and  conclude  by  presenting  the  final  choice  of  the 
Hartree-Fock-Roothaan  wave  function  for  nitrogen.  Evidence  will  be  presented  in  sup¬ 
port  of  the  belief,  herein  advanced,  that  this  final  result  is  a  very  close  approxima¬ 
tion  to  the  true  Hartree-Fock  wave  function. 

A.  Basis  Expansion  Functions  and  Molecular  Parameters 


The  ground  electronic  configuration  of  nitrogen  in  terms  of  molecular  orbitals 
as  established  by  molecular  spectroscopy  is  written 


N2(X  10gX  2V2V1-'‘U  ' 


where  the  molecular  orbitals  are  in  the  order  of  decreasing  orbital  energy  as  obtained 
from  the  analysis  of  the  relative  positions  of  the  several  Rydberg  series  ionization 
limits  of  Np(X  12+) .  The  use  of  the  simply  numbered  symbols,  16  ,  26  ,  36  ,  16  ,  lm , 

. . . . ,  Is  more  suitable  when  dealing  with  extended  basis  set  expansions  for  the  mole¬ 
cular  orbitals.  The  familiar  symbols,  6  Is,  6  2s,  6  2p,  6  Is,  tt 2p,  ...»  which  denote 

g  g  g  U  U 

the  parentage  of  the  molecular  orbitals  with  respect  to  the  separated  atoms  limit,  will 
be  employed  here  instead  to  denote  the  individual  STO  symmetry  molecular  orbitals,  as 
is  explained  below.  Another  useful  notation  suggested  by  Mulllken,  that  is,  writing 
only  the  outer  shell  molecular  orbitals  as  zd,  ye,  x6,  wtt,  vtt,  ....,  is  most  useful 
when  dealing  with  homologous  series  of  molecules  involving  different  numbers  of  closed 
inner  shells  of  the  separated  atoms  and  for  isoelectronic  series  of  homonuclear  and 
heteronuclear  diatomic  molecules.  This  last  notation  will  be  employed  In  this  series 
only  for  such  series  of  molecules.  All  of  the  calculations  in  this  section  for 
nitrogen  (X  employ  the  experimental  equilibrium  separation,  Rg(Exptl.)  =  2.068 

Bohr. 
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The  general  expansion  form  of  the  various  molecular  orbitals  was  given  In 
Eq.  II. 8.  The  expansion  functions,  Xp\a>  employed  In  this  series  of  papers  for  homo- 
nuclear  diatomic  molecules  are  given  by 


XpAa 


4  U 


i  X  (?a' 
p  p  a 


+  X. 


n  i  A  ' 
p  p  a 


III.l 


or  explicitly 


XpAa 


n  +  i 

=  (2?p)  p  [2(2np) 
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III.  2 


Detailed  definition  of  the  spherical  harmonics,  Y^0  , 0),  and  the  coordinate  systems 

41 

employed  are  given  by  Wahl,  Cade  and  Roothaan.  This  rather  cumbersome  subscript 
notation  on  the  expansion  functions  and  the  Slater-Type-Orbitals  (STO’s)  should  be 
Interpreted  as  follows:  the  expansion  function  hereafter  called  a  STO  symmetry 

molecular  orbital, specifies  basis  function  p  (which  defines  np,  -0p,  and  of  the  STO's 
on  centers  a  and  b)  of  symmetry  A  (that  is,  6g,  6^,  7rg,  ...)  which  defines  |Aa| 

( |Aa|  is  the  projection  of  the  orbital  angular  momentum  on  the  molecular  axis  such 

that  |Aa|  =0,  1,  2,  ...  lead  to  C,n,6,  ...  STO  symmetry  orbitals)  and  e^.  If 

X  A  +  1 

=  (-)  ,  Xp^a  is  a  gerade  (g)  function  and  0^  =  (-)  implies  Xp^a  is  an  ungerade 

(u)  function.  The  subscript  a  on  Xp^a  designates  the  subspecies  of  symmetry  A  and 
specifies  the  Aa  values  from  among  *  A^  or  zero.  The  STO  symmetry  molecular  orbitals, 
as  well  as  linear  combinations  to  form  the  lV^a>  belong  to  an  irreducible  representa¬ 
tion  of  the  point  group. 

A  simple  shorthand  procedure  will  be  employed  in  discussing  the  expansion 
basis  sets.  This  is  most  easily  conveyed  by  a  few  examples: 

Vs  =  2"*  L*lia)  +  *lib)3  ’  VP  =  ^2p6}  +  X2pe}l  * 


V* 
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and  analogous  symbols  for  corresponding  STO  symmetry  orbitals  except  with  minus 
signs.  The  tt  ,  tt  ,  and  higher  type  STO  symmetry  orbitals  are  similarly  abbreviated  by 

*■*  o 

A.  C.  Wahl,  P.  Cade  and  C.  C.  J.  Roothaan,  J.  Chem.  Phys.  4l,  2578  (1964). 
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m  2p,  7T  2p,  m  3d,  m  3d,  where  for  example 
u  g  u  g 


u)  +  x  (")] 

Wo™  T  ^PpTT  J 


Vp  H ' 


2p7T+ 

(a) 


p-.ry  +  y  (k)l 

.  i-XppTf  +  X2p7r  1 
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that  is.  Includes  the  degenerate  members  of  different  a  subspecies.  The  distinction 
between  STO  symmetry  orbitals  having  the  same  symbol  but  different  orbital  exponents 
will  be  made  by  primes.  The  basis  set  composition  will  refer  to  the  specific  make-up 
(that  is  the  set  of  n  ,  ip,  of  the  expansion  functions  for  each  symmetry). 

The  restriction  of  these  calculations  to  the  employment  of  symmetry-adapted 
expansion  functions,  Xp^a»  and  hence  symmetry-adapted  molecular  orbitals,  9^^,  Is  not 
necessary  and  there  has  been  doubts  expressed  by  L&wdin  that  such  a  choice  really 
represents  an  absolute  minimum  even  to  Hartree-Fock  approximation.  The  employment  of 
symmetry -adapted  molecular  orbitals  does,  however,  provide  considerable  simplification 
in  dealing  with  the  large  number  of  supermatrix  elements  as  is  discussed  by  Wahl.1 
Even  if  it  is  useful  to  relax  the  restriction  that  the  molecular  orbitals,  <P1Aa»  be 
symmetry  adapted,  it  is  important  to  realize  that  in  so  doing  the  expansion  basis  set 
size  would  have  to  be  considerably  reduced  for  molecules  as  small  even  as  nitrogen, 
especially  if  any  optimization  of  orbital  exponents  is  desired,  not  to  mention  other 
difficulties. 

In  the  STO  symmetry  orbitals  of  Eqs.  III.l  and  III. 2,  It  is  of  course,  neces¬ 
sary  that  the  functions  centered  on  nuclei  a  and  b  be  identical,  that  is,  np,  ip,  Xa> 
and  £p  must  be  the  same.  Finally,  it  should  be  noted  that  basis  set  compositions  for 
Cg  and  Gu  type  molecular  orbitals,  are  completely  independent.  Thus,  the  corre¬ 

sponding  6  and  6  STO  symmetry  orbitals  (if  indeed  they  are  corresponding  sets)  do 

o 

not  have  to  have  the  same  orbital  exponents  as  was  the  case  in  the  calculations  by 

Ransil  and  Fraga.  The  usefulness  of  this  extra  degree  of  functional  freedom  was  first 

4-3  44 

pointed  out  by  Huzinaga,  and  Phillipson  and  Mulliken,  and  is  discussed  in  part  B 
of  this  section. 

42P.  0.  LBwdin,  Rev.  Modem  Phys.  3£,  496  (1963). 

4?S.  Huzinaga,  Proc.  Theoret.  Phys.  (Japan)  1_2»  125  (1957). 

44P.  E.  Phillipson  and  R.  S.  Mulliken,  J.  Chem.  Phys.  28,  1248  (1958). 
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B.  General  Principles  In  Synthesizing  the  Expansion  Basis  Set; 

Illustration  for  N„(X 

- 2-s - gJ- 

In  these  calculations  on  nitrogen  and  In  general  In  seeking  solutions  to  the 
Hartree-Fock-Roothaan  equations,  the  problem  of  synthesizing  the  expansion  b'asi-6  set 
may  be  conveniently  analyzed  In  terms  of  the  following  questions: 

1st)  How  Is  the  basis  set  composition  decided?  That  is,  how  many  STO  sym¬ 
metry  expansion  functions  are  needed  to  adequately  represent  each  molecular  orbital 
symmetry  type  and  what  kind  of  STO  symmetry  orbitals  with  respect  to  the  n  ,  and 
f  values?  If  several  STO  symmetry  orbitals  with  the  same  Up  and  ip,  but  different 
r  values  (such  as,  for  example,  6  2p  and  6  2p'),  are  used,  how  many  of  such  multiple 

P  o  O 

form  are  recommended  and  with  what  spread  or  values  of  £  ' s?  What  is  the  quickest  and 
best  manner  to  decide  the  basis  set  composition  in  terms  of  computer  time?  Associated 
with  these  questions  is  the  problem  of  deciding  what  role  the  related  atomic  Hartree- 
Fock-Roothaan  wave  functions  should  play  in  contributing  to  representing  at  least  the 
inner  shell  molecular  orbitals.  These  questions  must  all  find  answers  such  that  the 
total  number  of  matrix  elements  satsifies  Eq.  11.12. 

2nd)  What  sequence,  combination,  and  extent  of  optimization  of  the  orbital 
exponents,  Cp»  of  the  STO  symmetry  orbitals  chosen  to  form  the  basis  set  composition 
is  necessary  and  useful?  This  question  is  more  inextricably  tied  to  the  preceding 
questions  for  small  or  inadequate  basis  sets,  but  may  be  treated  as  approximately 
separated  when  large  expansion  basis  sets  are  employed.  As  the  existing  program  per¬ 
mits  one,  two,  or  three  £  ’s  to  be  optimized  simultaneously,  this  question  also 
involves  the  assessment  of  the  relative  merits  of  the  many  possible  combination  schemes 
of  exponent  optimizations.  Also,  how  does  the  relative  importance  of  optimization  of 
the  £  ' s  depend  on  the  original  source  of  the  starting  Cp’s,  for  example  Cp's  from 
atomic  results  for  inner  shells  and  <;  ’s  from  interpolation  or  extrapolation  schemes? 

^^The  basic  problem  considered  in  this  section  has  also  been  dealt  with  extensively  by 
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Bagus,  Gilbert,  Roothaan,  and  Cohen,  for  the  first  row  atoms .  While  the  general 
procedures  to  obtain  very  accurate  approximations  to  the  Hartree-Fock  wave  function 
are  basically  similar  in  atoms  and  diatomic  molecules,  practical  difficulties  pre¬ 
vent  the  more  exhaustive  methods  used  for  atoms  from  being  used  for  diatomic  mole¬ 
cules  . 

^P.  Bagus,  T.  L.  Gilbert,  C.  C.  J.  Roothaan,  and  H.  D.  Cohen,  "Analytic  Self-Consis¬ 
tent  Field  Functions  for  First-Row  Atoms",  to  be  submitted  to  Phys.  Rev.  for  publ. 
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3rd)  How  close  Is  the  best  Hartree-Fock-Roothaan  SCF  wave  function  to  the 
true  Hartree-Fock  SCF  wave  function?  How  Is  this  to  be  measured?  For  atoms,  many 
cases  exist  where  numerical  Hartree-Fock  wave  functions  have  been  determined  and  a 
direct  point  by  point  comparison  with  the  Hartree-Fock-Roothaan  wave  functions  Is 
possible.  These  comparisons  have  been  very  encouraging  In  most  cases. ^  Such  a 
direct  comparison  with  diatomic  molecules  is  not  possible  unless  a  few  Hartree-Fock 
wave  functions  are  obtained  by  the  numerical  solution  of  Eq.  II. 7.  Other  means  must 
then  be  found  to  Indicate  the  convergence  of  these  calculations  toward  the  true 
Hartree-Fock  result. 

In  the  broader  and  purely  mathematical  sense,  the  problem  of  the  rate  of  con¬ 
vergence  of  the  approximation  of  the  molecular  orbitals,  should  also  deal  with 

the  nature  and  fonn  of  the  expansion  functions,  xp^a*  That  is,  whether  other  analytic 
forms  of  Xp^a  might  be  generally  or  specifically  advantageous.  Even  the  consideration 
of  different  kinds  of  expansion  functions  for  different  purposes  might  be  useful.  The 
commitment  to  the  STO  symmetry  expansion  functions  of  Eq.  III. 2  in  this  series  of 
papers,  is  based  largely  on  a  background  of  success  and  no  serious  practical  com¬ 
petitors  and  not  on  any  formal  demonstration  that  such  a  form  minimized  the  number  of 
terms  in  the  expansion  of  Eq.  II. 8. 

4th)  What  role  can  the  various  molecular  properties  and  expectation  values 
play  as  criteria  of  the  convergence  towards  Hartree-Fock  results?  Strictly  speaking 
the  progression  of  calculations  steadily  and  monotonously  Improves  the  total  energy, 
but  this  gradual  improvement  provides  no  assurance  that  the  wave  function  is  an  equally 
good  approximation  to  the  true  Hartree-Fock  wavefunction  in  all  regions  of  space.  The 
convergence  of  the  total  energy  may  mask  serious  deficiencies  in  the  wave  function  and 
the  problem  is  to  discover  how  to  measure  this  and  correct  for  it.  This  aspect  will 
be  considered  for  N2  and  Ng  molecular-ions  in  paper  III.B  of  this  series. 

The  four  items  above  stress  the  purely  numerical  and  empirical  nature  of  the 
problem  under  consideration  and  Introduce  some  nomenclature.  The  predominate  influence, 
so  long  as  small,  or  minimal,  expansion  basis  sets  are  employed,  has  been  from  chemical 
or  physical  intuition,  couched  in  terms  of  distorted,  hybridized,  or  polarized  atoms 
in  the  molecule,  and  there  is  good  reason  to  retain  these  ideas  if  possible.  There  is, 
however,  great  difficulty  In  properly  and  uniquely  assessing  these  intuitive  aspects 
when  the  basis  set  is  large  and  for  molecular  orbitals  which  depart  radically  from  the 
distorted  one-center  problem,  or  atom,  are  Involved.  The  problem,  especially  for  the 
outer  molecular  orbitals,  becomes  more  properly  one  of  a  purely  mathematical  nature. 
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namely  to  best  approximate  the  molecular  orbitals  with  as  few  terms  as  possible.  This 
purely  mathematical  aspect  has  been  largely  and  necessarily  Ignored  In  the  past  when 
considering  the  expansion  functions  and  really  takes  the  form  of  curve  fitting  of  a 
most  tedious  kind.  Physical  intuition  still  can  play  a  measured  role  and  is  certainly 
desirable, and  chemically  significant  interpretations  can  be  won,  but  less  so  in  terms 
of  the  simple  single  expansion  coefficients,  C.^  .  This  is  partially  why  the  inter¬ 
pretative  and  chemical  aspects  of  this  series  of  papers  is  reserved  for  homologous  and 
isoelectronic  series  of  diatomic  molecules  where  a  direct  approach  in  terms  of  mole¬ 
cular  orbital  charge  density  contours  is  proposed. 

Previous  calculations  of  the  kind  considered  in  this  series  have  also  probed 
the  problem  of  choosing  the  basis  set  composition.  These  calculations  include  the 

z  |i-7  o 

results  of  Richardson^  for  N^,  Lefebvre-Brl on,  Moser,  and  Nesbet  '  for  CO,  Clement! 

kq  cq  ci 

and  Nesbet  for  HF,  Manneback  for  Lig,  Kahalas  and  Nesbet  for  LiH,  and  more 
recently  the  results  of  McLean-’2  for  LiF,  Yoshlmine9-^  for  BeO,  Nesbet-^  for  the  14 

C|l 

electron  systems  N2»  CO,  and  BF,  and  finally  the  H CZ  results  of  Nesbet.  In  general 
these  efforts,  all  for  extended  basis  sets,  seem  to  suffer  from  two  defects.  First, 
practical  considerations  have  usually  forced  the  authors  to  restrict,  often  severely, 
the  size  of  the  expansion  basis  set,  the  extent  of  optimization  of  orbital  exponents, 
and  most  importantly,  to  restrict  exhaustive  tests  of  the  basic  assumptions  made  in 
support  of  the  particular  calculations.  The  second  defect  is  associated  with  the  fact 
that  these  are,  with  one  exception,  studies  of  individual  molecules  and  do  not  permit 
the  study  of  whole  homologous  and/or  isoelectronic  series.  The  present  investigations 
generously  relax  these  restraints. 

Mulliken  J  has  given  an  interesting  discussion  on  criteria  for  the  construc¬ 
tion  of  good  LCAO-MO-SCF  wave  functions,  but  the  specific  suggestions  made  were  based 

48 

mostly  on  the  results  on  HF  by  Clementl.  In  particular  several  specific  warnings 

Lefebvre,  C.  Moser  and  R.  K.  Nesbet,  J.  Chem.  Phys.  35,  1702  (1961). 

Clement!,  J.  Chem.  Phys.  36,  33  (1962). 

49R.  K.  Nesbet,  J.  Chem.  Phys.  36,  1518  (1962). 

J®C,  Manneback,  Ph.ysica  29,  769  (1963). 

513.  L.  Kahalas  and  R.  K.  Nesbet,  J.  Chem.  Phys.  32,  529  (1963). 

"'2A.  D.  McLean,  J.  Chem.  Phys.  32,  2653  (1963). 

-’^M.  Yoshimine,  J.  Chem.  Phys.  40,  2970  (1964). 

54R.  K.  Nesbet,  J.  Chem.  Phys.  41,  100  (1964). 

99R.  3.  Mulliken,  J.  Chem.  Phys.  ^6,  3428  (1962). 
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given  by  Mulliken  about  "balanced"  sets  and  other  matters  seem  particularly  relevant 
only  when  small  or  marginal  expansion  basis  sets  are  employed.  This  matter  will  be 
reconsidered  later. 

Answers  to  the  four  groups  of  questions  given  cannot  claim  to  be  either 
unique  or  complete  and  are  "general"  only  within  certain  bounds.  The  remainder  of  this 
section  Is  devoted  to  describing  the  calculations  on  N2  as  a  start  to  answering  these 
questions . 

Three  different  and  relatively  independent  schemes  were  employed  In  synthesiz¬ 
ing  the  expansion  basis  set  for  N„(X  ^2*)  at  R  =  2.068  Bohr.  The  first  scheme  takes 

eg  e 

the  perspective  that  the  Ng  wavefunction  should  be  built  up  completely  from  scratch 

,4  , 

and  the  relationship  to  the  two  N(  S)  atoms  be  gleaned  directly.  The  second  and  third 

scheme  consider  the  Ng  molecule  to  be  formed  by  two  distorted  N(^S)  atoms  separated  by 

Rg,  and  the  Hartree-Fock-Roothaan  wavefunctions  for  the  N(^S)  atom  play  a  key  role. 
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In  these  last  two  schemes  the  calculations  of  Bagus,  Gilbert,  Roothaan  and  Cohen  for 
atoms  are  employed  and  the  two  differ  in  which  atomic  basis  set  is  used  as  the  starting 
point. 

A  quick  preview  of  the  progress  of  two  of  these  schemes  to  build  up  the  expan¬ 
sion  basis  set,  expressed  in  terms  of  certain  energy  quantities,  is  given  in  Figs.  2, 

3,  4,  and  5,  and  in  Tables  I  and  II.  In  Table  I,  the  total  energy,  kinetic  and  poten¬ 
tial  energy,  virial,  and  orbital  energies  are  documented  for  the  first  and  second 
schemes.  The  variation  of  these  quantities  as  the  basis  set  synthesis  progresses  for 
both  schemes  is  illustrated  in  Figs.  2  (total  energy),  3  (orbital  energies),  4 (kinetic 
energy),  and  5  (potential  energy).  In  these  figures  the  lines  connecting  the  points 
do  not  correspond  to  any  curve  fitting,  but  merely  serve  to  connect  the  points  in 
sequence.  The  following  discussion  will  define  these  Tables  and  Figures  completely. 

The  construction  of  basis  set  1  started  with  the  reproduction  of  Ransil's 
Best-Minimal-Molecular-Orbitals  (BMMO)  set“^,  called  set  1A  here,  with  the  Cp's  of 

X  6  and  x  c  complements  equal  (g  =  u  constraint).  The  general  procedure  was  then  to 
P°g  pou 

add  new  STO  symmetry  orbitals  one  or  two  at  a  time  and  optimize  certain  combinations  of 
orbital  exponents.  The  overall  basic  logic  was  simply  to  add  STO  symmetry 

orbitals  of  lowest  permitted  i  until  no  further  improvement  was  evident  and  then  add 
XpAa  the  next  highest  value.  For  example,  in  6^  symmetry,  6gns  and  bgn p,  and 

C..ns'  and  6_np'  types  were  practically  exhausted  before  starting  to  add  6„nd  STO 

O  O 

symmetry  orbitals.  The  next  step,  however,  from  the  BMMO  results  of  Ransil2^  (Set  1A) 
was  the  relaxation  of  the  g  =  u  constraint  which  gave  a  small  Improvement.  Set  IB  was 
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obtained  from  Set  1A  by  double  (l.e.  simultaneous)  optimizations  of  the  £  ' s  for  each 
of  the  egls  and  6uls;  6g2s  and  Cu2s;  and  6g2p  and  0u2p  pairs.  Then,  in  addition,  cer¬ 
tain  other  double  optimizations  were  carried  out  of  Sp's  only  in  dg  or  6y  symmetry  and 
several  single  optimizations  which  finally  gave  what  may  be  termed  the  BMMO  (g  #  u) 
set.  Sets  1C  through  1G,  represented  by  the  first,  and  steepest  drop,  of  the  solid 
curve  in  Pig.  2,  correspond  to  the  gradual  improvement  to  the  "double  zeta"  approxi¬ 
mation  (Set  1G).  At  each  lntennediate  point  the  £p's  of  the  new  STO  symmetry  orbitals, 
that  is  6  Is'  and  <5uls '  (Set  1C),  6g2s'  and  du2s  ’  (Set  ID),  iT^pp'  (Set  IE),  ag2p' 

(Set  IF),  or  CTu2p'  (Set  1G),  respectively,  were  simultaneously  optimized  with  the 
original  unprimed  analog  and  a  few  other  £p's,  usually  from  those  Xp^a  which  are  impor¬ 
tant  in  the  same  symmetry,  were  single  reoptimized.  Thus  when  a  second  C  2s  was  added, 

D 

6  2s'.  the  C  's  of  C  2s  and  C  2s'  were  doubly  optimized  and  then  the  r.'s  of  d..ls  and 
S  P  g  g  - *•  g 

dgls'  were  singly  reoptimized.  An  exhaustive  and  complete  reoptimization  of  all  Cp's 

was  not  carried  out  at  each  stage,  however.  Set  1G  should  be  comparable  with 

33 

Richardson's  best  double  zeta  calculation,  ^  but  actually  the  energy  for  Set  1G  is 
much  lower  than  Richardson's  result  (i.e.  -108.8914  Hartree  versus  -108.785  Hartree). 
Although  Richardson's  set  did  not  have  6  Is'  and  6  Is'  STO  symmetry  orbitals,  most  of 

&  W 

the  improvement  through  Set  1G  is  due  to  more  thorough  optimization  of  orbital  expon¬ 
ents.  The  first  plateau  of  the  solid  curve  in  Fig.  2,  corresponding  to  Set  1H  through 
Set  IK,  represents  the  addition  of  new  STO  symmetry  orbitals  such  as  7ru2p",  dg2p" ,  and 
dg3s,  that  is,  additional  xp^a  of  already  existing  kinds,  differing  only  in  different 

£  's  or  n  values,  but  no  new  l  values.  The  new  C,  's  were  optimized  in  a  similar 
P  P  P  P 

fashion  as  before,  except  now,  with  up  to  three  Xp?va  identical  except  for  ?p's,  suc¬ 
cessive  double  optimizations  were  employed  (a  few  triple  optimizations  Indicated  that 
well  chosen  consecutive  double  optimizations  were  as  effective).  This  also  increases 
the  lability  towards  degeneracy  of  the  expansion  basis  set;  so  not  only  did  this  stage 
contribute  only  slight  improvement  in  the  energy,  it  was  difficult  to  keep  the  calcu¬ 
lation  in  production. 

The  last  major  improvement  in  constructing  basis  set  1,  shown  by  the  second 
and  smaller  drop  of  the  solid  curve  in  Fig.  2,  was  obtained  by  the  introduction  of  a 
new  i  value,  namely  the  addition  of  e  3d  (Set  1L)  and  m  3d  (Set  1M)  STO  symmetry 
orbitals.  The  ?p's  of  the  new  STO  symmetry  orbitals  were  singly  optimized  and  there 
was  no  exhaustive  back  optimizations  to  permit  readjustment  of  the  Cp's  of  the  Xp^a 
already  present.  Basis  sets  IN  through  1R  were  formed  by  introducing  Cu3d,  Cg3d’,  and 
7Tu3d'  STO  symmetry  orbitals  and  also  adding  cg4f  and  wu4f  STO  symmetry  orbitals. 
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Again  the  new  functions  were  either  doubly  optimised  with  analogous  unprimed  forms  or 
just  single  optimized.  This  last  stage  (IN  through  1R)  gives  rise  the  second  plateau 
of  the  solid  curve  in  Pig.  2  and  here  the  next  new  ^p  value,  involving  i!  =  3,  shows 
no  significant  drop  off.  Set  1R  consists  of  11  STO  symmetry  orbitals  representing 
0  molecular  orbitals,  7  representing  6  molecular  orbitals,  and  6  representing  the 
single  l7Tu  molecular  orbital,  or  in  short  this  is  a  11x7x6  set.  This  set  (1R)  gives 
rise  to  115  matrix  elements  thus  leaving  room  for  a  few  additional  basis  functions. 

To  test  what  additions  might  be  useful,  a  few  additional  STO  symmetry  orbitals  were 
added  to  each  symmetry  type  holding  the  other  two  fixed.  These  single  SCF  runs,  called 
"saturation"  runs,  tested  the  usefulness  of  adding  6  4d,  <5  5f,  e  3d",  7r  3p,  7r  3d", 
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eu3s,  ®u3p,  6  4f,  and  certain  other  STO  symmetry  orbitals.  This  series  of  single  SCF 
saturation  runs  suggested  the  addition  of  Gg3d"  and  eu3s  basis  functions  which  yielded 
set  IS,  a  12x8x6  set,  which  concluded  the  buildup  of  basis  set  1  and  the  first  scheme 
of  synthesizing  the  basis  set.  The  C  ' s  of  these  two  new  STO  symmetry  orbitals  were 
optimized  either  singly  or  together  with  analogous  types  already  present  as  in  the 
preceding  steps. 

It  may  be  profitable  to  make  several  points  here  before  going  on  to  the  des¬ 
cription  of  the  second  scheme  of  synthesizing  the  expansion  basis  set.  In  the  first 
place,  and  most  important  for  assessment  of  the  convergence  towards  the  true  Hartree- 
Fock  results,  is  the  striking  appearance  of  the  solid  curve  in  Fig.  2  which  displays 
the  progressive  improvement  in  the  total  energy  (see  Table  II  for  energy  differences). 
Particularly  encouraging  is  the  fact  that  this  curve  seems  to  have  leveled  off  and  Is 
only  very  slightly  affected  (in  the  third  or  fourth  decimal  place)  by  adding  more  STO 
symmetry  functions  of  types  already  present  or  even  new  types  of  functions  from  the 
remaining  possibilities  (STO  symmetry  functions  with  np  *  6  and  lp  «  3  permitted). 

The  leveling  off  follows  two  substantial  drops  in  the  energy  improvement  curve  asso¬ 
ciated  with  doubling  the  minimal  basis  set  and  the  introduction  of  basis  functions  with 
/p  «  2,  respectively. 

The  second  point  is  that  the  total  energy  for  basis  set  IS  Is  -108. 9888 
Hartree  compared  to  the  experimental  value  of  -109.586  Hartree.  This  difference, 
about  16.244  e.v.,  reflects  not  only  the  improvement  yet  to  be  obtained  to  Hartree- 
Fock  limits,  but  the  intrinsic  shortcomings  of  the  Hartree-Fock  approximation.  It 
seems  that  the  bulk  of  improvement  must  lie  with  the  latter  and  only  a  rather  small 
amount  remains  to  be  gained  within  the  Hartree-Fock  approximation. 
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To  achieve  a  Hartree-Fock-Roothaan  result  which  is  an  even  closer  approxima¬ 
tion  to  the  true  Hartree-Fock  result  than  the  results  of  basis  set  IS,  the  remaining 
source  of  improvement  is  most  likely  to  be  gained  from  either,  i)  continued  and  relent¬ 
less  optimization  and  reoptimization  of  £p's,  and  substitution  of  one  Xp^a  for  another 
(for  example,  replace  a  G  2p  function  by  a  6  3p  function)  within  basis  set  IS,  or, 
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il)  continued  extension  of  the  expansion  basis  set  with  the  addition  of  more  functions 
of  types  already  present  or  new  types.  This  second  possibility  seems  unlikely  to  be 
too  useful  except  perhaps  in  giving  overwhelming  conviction  that  convergence  has 
indeed  been  achieved.  Remarks  already  made  have  indicated  the  likelihood  that  the 
addition  of  many  new  functions  will  give  only  a  small  reward  for  much  extra  effort. 
Besides,  this  second  possibility  is  presently  beyond  the  capability  of  the  existing 
computer  program,  which  does  not  permit  basis  sets  giving  rise  to  more  than  144  matrix 
elements.  Any  small  improvement  which  remains  must  then  come  from  the  pursuit  of  i), 
that  is  by  extensive  reoptimizations  of  the  £p's  of  set  IS.  In  building  up  set  IS, 
the  Cp's  °f  the  new  Xp^a  were  optimized  either  singly  or  in  combination  with  the 
XpAa' s  of  symmetry  and  J  already  present.  Therefore  any  improvement  via  i)  must 

come  from  the  back  optimizations  and  reoptimizations  of  the  Cp's  of  the  whole  basis  set 
at  each  stage  to  permit  the  old  Xp^a  to  readjust  to  the  addition  of  the  new  Xp^a-  It 
is  likely  that  the  bulk  of  this  readjustment  for  STO  symmetry  orbitals  of  the  same 
symmetry  but  different  ip  values  is  absorbed  in  the  vector  components,  but  perhaps 
the  small  residue  is  only  to  be  gained  by  following  path  i).  For  a  large  basi3  set, 
optimization  of  the  Cp's  is  very  expensive,  especially  If  double  optimizations  are 
desired,  so  this  problem  was  postponed  until  the  second  and  third  schemes  were  explored. 
See  Table  III  for  the  terminal  wave  function  resulting  from  this  first  scheme  (that 
is,  basis  set  IS). 

The  synthesis  of  the  basis  set  in  the  second  and  third  schemes  was  based  on 
the  use  of  the  Bagus,  Gilbert,  Roothaan,  and  Cohen  results  for  the  N(^S)  atom.^^  Hie 
basic  plan  was  to  employ  STO  symmetry  functions  constructed  from  the  atonic  basis  sets 
and  then  to  add  Xp?va,  especially  those  with  lp  -  2,  which  seem  necessary  from  the 
results  of  scheme  one.  The  Bagus,  Gilbert,  Roothaan  and  Cohen  results  give  several 
Hartree-Fock-Roothaan  wave  functions  for  N(^S)  which  differ  in  the  size  of  the  basis 
set,  that  is,  in  the  number  of  £  and  £  Slater-Type-Orbitals  employed.  These  results 
for  the  first  row  atoms  are  the  fruit  of  a  dedicated  effort  to  obtain  the  best  possi¬ 
ble  expansion  set  for  several  arbitrary  levels  of  approximation.  For  each  set  exhaus¬ 
tive  optimisation,  reoptimization,  and  back  optimisation  of  the  ?p's  was  carried  out. 
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The  depth  of  study  of  this  effort  Is  emphasized  to  point  out  the  care  that  was  devoted 
to  Insuring  that  both  Inner  and  outer  shell  atomic  orbitals  were  very  close  to  the 
true  Hartree-Fock  orbital  results.  Translated  into  practical  terms,  this  means  that 
these  sets  are  particularly  valuable  for  these  molecular  calculations  since  the  atomic 
cores  are  accurately  represented  by  as  few  terms  as  possible,  thus  permitting  more 
flexibility  in  the  addition  of  new  xpxa*  The  second  and  third  scheme  to  construct  the 
basis  set  for  Ng  differ  only  in  the  choice  of  which  Hartree-Fock -Roothaan  wave  function 
for  N(^S)  was  employed.  Since  the  third  scheme  (really  the  second  chronologically) 
was  abandoned  when  it  became  evident  scheme  two  (really  the  third  chronologically)  was 
superior,  only  the  results  of  the  second  scheme  are  presented. 

The  two  Hartree-Fock-Roothaan  wave  functions  for  N(^S)  which  are  of  parti¬ 
cular  interest  here  are  the  "nominal"  set  and  the  "accurate"  set  of  Bagus,  Oilbert, 
Roothaan  and  Cohen. ^  The  basis  set  composition  of  the  nominal  set  isj  ls(£  =  6.34 6), 
Is" (10.507) ,  2s(1.697),  3s(3.715);  2p(l.352),  2p' (2.555),  and  2p"(5.573),  which  yields 
-54.40080  Hartrees  for  the  total  energy.  The  accurate  set  has  the  basi3  set  composi¬ 
tion;  Is (?  =  6.037),  is’ (10.586),  2s(1.588),  2s’ (2.539),  3s(7-334);  2p(l.222), 

2p' (1.890),  2p" (3.270),  and  2p"'  (7.677),  and  gives  a  total  energy  of  -54.40093  Hartrees 
for  N(^S).  A  number  of  single  SCF  runs  were  made  for  Ng(X  ^S*)  at  Rg  =  2.068  Bohr  to 
explore  the  merits  of  using  these  atomic  basis  sets,  either  unchanged  or  mixed, 
together  with  other  Xp*a  involving  =  2  and  3  based  on  the  results  of  the  first 
scheme.  It  was  decided  from  these  calculations,  to  employ  as  a  starting  set  for  the 
second  scheme  a  composite  set  of  STO  symmetry  functions  constructed  by  using  the  five 
s -functions  of  the  accurate  set  in  Cg  and  6U  symmetry,  the  three  p-functions  from  the 
nominal  set  in  0g  and  symmetry,  the  two  p-functions  from  the  marginal  set  in  6U, 

and  then  0  3d,  c  4f,  e  3d,  n  3d,  and  rr  4f  STO  symmetry  orbitals  as  recommended  from 
g  g  u  u  u 

the  build  up  of  Set  1  but  with  independent  Cp’s.  The  actual  starting  basis  set  for 

^Thls  choice  was  also  Influenced  by  collateral  calculations  and  suggestions  by 
aeabers  of  this  group,  especially  those  by  Or.  J.  B.  Greenshields . 
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the  second  scheme  was  therefore 


<3gls( £  =  6.037),  egls'(10.586),  cg2s(1.588),  Cg2s ’ (2. 539) ,  eg3s(7.334), 
Cg2p(l.352),  eg2p’(2.555),  sg2p" (5.573),  eg3d(1.352),  cg3d' (2.555), 
6g3d"(5.573),  <5g4f( 1,917);  euls(6.037),  6uls '( 10.586) ,  cu2s(l.588), 
cu2s’(2.539),  6u3s(7.334),  Cu2p(l.if97),  6u2p’(3.247),  6u3d(l.917); 
ttu2p(1.352)  ,  7ru2p'(2.555),  Tru2p"(5.573),  mu3d(1.497),  mu3d  ’  ( 3. 247) , 
and  rru4f( 1.917) .  This  Is  Set  2B  In  Tables  I  and  II,  and  Pigs.  2, 3, ^,5. 

Set  2A,  which  is  obtained  from  set  2B  by  deleting  all  with  ip  =  2  or  3, 

is  only  a  single  SCP  result  with  no  "molecular"  optimizations  of  the  £p's  and  is 
Included  purely  for  comparative  purposes.  Set  2A  Is  an  8x7x3  size  set  which  gives  a 
total  energy  for  Ng  of  -IO8.8967  Hartrees  and  may  be  compared  with  the  gradual  build 
up  set  II,  which  is  a  7x6x3  size  set  with  total  energy  -108.8992  Hartrees.  Set  II  is 
the  smallest  set  in  the  gradual  build  up  scheme  which  gives  a  lower  energy  than  set  2A 
and  lacks  only  6  3s  and  C  3s  STO  symmetry  orbitals  from  being  equivalent  to  set  2A 
[except  for  the  Cp's,  of  course].  How  can  the  smaller  basis  set,  set  II  [7>6x3  in 
size],  give  a  better  energy  than  the  larger  set,  set  2A  [8x7x3  in  size]?  The  answer 
£  ’  s  and  certainly  set  2A  would  give  the  better  result  if  the  C's  were  all  optimized. 
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However,  if  set  2B,  which  also  has  no  "molecular"  optimization  of  the  Cp's ,  and  is  a 
12x8x6  size  set,  is  now  compared  with  IS,  the  result  of  extensive  optimizations  as 
described  before  and  also  is  a  12x8x6  size  set,  the  surprising  result  is  that  the  pro¬ 
posed  starting  set  of  scheme  two,  set  2B,  is  already  lower  in  energy  than  the  laborous 
result  of  scheme  one,  set  IS  [the  energy  of  set  2B  is  -108.9897  Hartree  and  the  energy 
of  set  13  is  -IO8.9888  Hartree,  a  difference  of  (0.00091  Hartree]!  In  addition, 
except  for  the  Cp's,  set  IS  and  2B  are  Identical  in  basis  set  composition;  thus  the 
small  difference  must  be  attributed  entirely  the  ?  values.  Two  possible  explana- 
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tions  may  be  advanced  to  understand  this  paradox. 

A  first  possible  explanation  suggests  that  this  small  energy  difference 
reflects  the  inadequacy  in  scheme  one  of  the  optimization  of  those  Cp  values  for  Xp*a 
which  significantly  affect  the  1G  and  1G  molecular  orbitals,  these  being  very  impor- 
tant  contributors  to  the  total  energy.  Although  there  was  considerable  optimization 
of  the  Cp's  in  scheme  one,  the  procedure  followed  was  certainly  not  comparable  to  the 
exhaustive  optimizations  of  Bagus,  Gilbert,  Roothaan  and  Cohen, ^  for  N( *S)  and  a 
small  improvement  in  the  quality  of  the  lCg(~lSjj)  and  10u(~ls^)  molecular  orbitals 
might  account  for  this  small  deficiency  of  the  gradual  build  up  set  IS.  As  may  be 
noted,  the  and  elc  values  are  lower  for  the  starting  set  2B  than  for  the  final 
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set  IS  by  small  amounts  and  both  are  lower  than  the  e^  value  for  N(^S).  Argument 
based  solely  on  this  evidence  is  weak  and  unconvincing  and  in  light  of  the  comparison 
of  basis  sets  II  and  2A  cited  earlier,  this  explanation  is  not  the  major  reason  why 
the  proposed  starting  set,  set  2B,  is  better  than  the  final  set  of  the  gradual  build 
up,  set  IS. 

The  second  proposed  explanation  is  that  extensive  optimizations  of  the  £p's 
should  be  performed  only  after  the  basis  set  composition  as  a  whole,  that  is  the  entire 
set  of  np,  ip,  and  starting  £p's  of  the  xpxa  for  each  symmetry,  has  been  decided.  This 
explanation  thus  suggests  that  the  gradual  build  up  of  basis  set  IS  failed  to  permit 
sufficient  readjustment  of  the  entire  set  of  Cp's  at  each  stage.  Therefore,  through 
basis  set  IK,  which  is  the  last  set  in  scheme  one  before  STO  symmetry  orbitals  with 
ip  =  2  and  3  were  added,  a  better  result  is  obtained  than  from  basis  sets  based  on 
unoptirnized  atomic  sets  only  (and  no  6  3d,  tt 3d  STO  symmetry  orbitals)  because  the 
optimizations  through  set  IK  permit  the  important  outer  shell  distortions  due  to  mole¬ 
cule  formation  but  probably  at  the  slight  expense  of  representing  the  inner  parts  of 
the  molecular  orbitals  Involving  6  2p,  6  2p,  and  tt 2p  type  STO  symmetry  orbitals  (as 
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well  as  the  leg  and  1CU  molecular  orbitals).  Then  continuing  to  set  IS  by  addition  of 
Xpxa  with  ip  =  2  and  3  and  only  optimizing  the  newly  added  STO  symmetry  orbitals,  the 
6g2p,  6g2p ' ,  6g2p” ,  mu2p,  m^p',  and  7ru2p"  basis  functions  were  trapped  in  a  manner 
which  prevented  their  readjustment  except  through  the  linear  expansion  coefficients. 
This  readjustment  of  the  £p's  of  the  XpXa  with  i  =  0  and  1  would  permit  higher  quality 
representation  of  the  inner  parts  of  the  molecular  orbitals  since  the  6  3d  and  i  3d 
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types  were  now  also  available  for  representing  the  outer  parts,  or  polarization,  of 
these  molecular  orbitals.  Conversely,  set  2B,  which  is  an  unoptirnized  atom  set  with 
the  addition  of  6g J5d,  0  4f,  C^Jd,  7ru3d,  and  7TUJ*'£’  ^yPe  STO  sJrmrnetl’y  orbitals,  was  able 
to  well  represent  the  inner  parts  of  the  molecular  orbitals  by  using  atomic  £p's  and 
obtain  a  substantially  good  representation  of  the  outer  parts  from  XpXa  with  t  -  2 
and  3  together  with  some  flexibility  in  the  Xpxa  with  2p  =  0  and  1.  Set  2B  thus  was 
large  enough  in  size,  and  versatile  enough  in  original  composition,  to  slightly  eclispe 
set  IS  entirely  through  atomic  £  ' s  and  the  vector  components. 

The  second  argument  seems  much  more  plausible  and  it  was  decided  to  start 
scheme  two  with  the  full  12x8x6  size  set  (set  2B)  and  carry  out  the  optimization  of 
the  Cp's  with  the  whole  set  present. 

Set  2C  was  obtained  from  set  2B  by  singly  optimizing  all  £p's  in  order  of  most 
important  vector  components  in  any  symmetry.  The  improvement  in  total  energy  from  set 
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2B  to  set  2C  was  from  -108.9897  Hartree  to  -108.9926  Hartree  with  the  major  Improve¬ 
ments  coming  from  the  optimization  of  the  £'s  for  the  0  2s (AE  =  0.00071)* 
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6  2p(AE  =  0.00018),  <5  2s'(AE  =  0.00009),  m  3d(AE  =  0.00049),  G  4f (AE  =  0.00027),  and 
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7tu4f(AE  =  O.OOO78)  ST0  symmetry  orbitals.  The  relatively  large  energy  improvements 
from  the  7ru3d,  C^4f,  and  mu4f  basis  functions  reflects  more  the  starting  choices  of 
the  Cp's  rather  than  the  Importance  of  these  basis  functions.  The  concluding  set, 
set  2D,  was  obtained  by  again  singly  optimizing  all  Cp's  from  the  preceding  set,  set 
20.  The  total  improvement  in  the  energy  in  going  from  set  2C  to  set  2D  was  rather 
small  (AE  =  0.00025)  with  the  largest  improvement  from  a  single  optimization  contribu¬ 
ting  only  0.00005  H.  This  indicated  that  further  passes  of  single  optimizations, 
either  in  total  or  partially,  would  not  be  rewarding.  The  last  feasible  prospect 
would  be  to  perforai  various  double  optimizations  and  these  were  considered  to  be  poten¬ 
tially  unproductive  relative  to  the  machine  time  Involved.  Thus  set  2D  is  the  final 
result  for  scheme  two  and  this  wave  function  is  given  in  Table  IV. 

The  dashed  line  in  Pig.  2  shows  the  energy  values  for  basis  sets  2A,  2B,  20, 
and  2D.  This  curve  is  less  emphatic  as  a  testimony  of  convergence  except  that  it 
indicates  an  energy  limit  in  the  close  neighborhood  of  the  limit  of  the  curve  from 
the  gradual  build  up  scheme.  That  other  schemes  could  be  divised  is  not  unlikely,  but 
it  is  doubtful  that  the  energy  result  could  be  significantly  lower  than  the  results  of 
set  2D  (actually  the  energy  difference  between  basis  sets  IS  and  2D  is  not  very  large, 
|AE|  =  0.0040  Hartrees  of  0.1088  ev.). 

How  have  these  results  (and  other  minor  excursions  of  calculations  on  N2  not 
presented  here)  helped  in  suggesting  answers  to  the  questions  posed  at  the  beginning 
of  this  section?  For  calculations  on  diatomic  molecules  it  seems  imperative  to  start 
with  atomic  Hartree-Fock-Roothaan  wavefunctions  whose  basis  set  are  large  enough  to 
adequately  represent  the  atomic  orbitals,  but  small  enough  to  permit  the  addition  of 
new  Xp^a  and  if  still  possible  leave  room  for  further  exploration.  In  addition  to  the 
Xpka  arising  from  the  atomic  results,  it  is  essential  to  have  at  least  one,  and  pre¬ 
ferably  two,  XpXa  ST0  symmetry  orbitals  with  lp  =  2.  Multiple  XpAa,  differing  only  in 
£  ,  for  example  6  2p,  <5  2p',  and  c  2p",  are  necessary  either  from  atom  parentage  or 
possibly  for  addition  functions  (for  example  7Tu3d  and  7ru3d'  in  basis  sets  IS  and  2D). 

It  is  also  clear  that  the  "double -zeta"  approximation-5-5  leaves  much  to  be  desired  since 
this  result  would  do  no  better  than  level  off  on  the  first  and  upper  plateau  of  the 
solid  curve  of  Fig.  2.  In  addition,  the  expectation  values  for  the  "double-zeta" 
approximation  are  suspect  a3  discussed  In  paper  III.  B.  The  requirements  on  the  size 
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and  composition  of  the  basis  set  suggested  by  the  preceding  remark's  can  be  satisfied 
within  the  present  restriction  of  the  total  number  of  matrix  elements  for  all  first 
row  homonuclear  diatomics,  but  perhaps  without  crushing  conviction  for  0.,  and  F,. 

The  optimization  of  orbital  exponents  is  crucial  for  small  basis  sets  but  can 
never  alone  absorb  the  deficiency  due  to  a  lack  of  expansion  functions.  The  number 
and  secondly,  the  kind  of  STO  symmetry  orbitals  are  still  the  most  important  considera¬ 
tions  and  the  energy  improvement  to  be  gained  by  exponent  optimization  decreases 
sharply  as  skill  in  picking  a  starting  basis  set  composition  improves.  This  has  been 

illustrated  in  this  section  for  N-/X  "''2+).  After  the  set  of  n  and  l  for  the  y  -> 
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representing  each  symmetry  type  is  decided  and  a  set  of  F  is  chosen  from  either 
atomic  results,  interpolation,  extrapolation,  or  elsewhere,  optimization  of  certain 
orbital  exponents  seems  obligatory.  As  emphasized  before  it  seems  essential  to  do 
these  optimizations  with  either  the  whole  set  present  (which  is  preferable)  or  to 
back  optimize  the  ' s  very  extensively  as  the  basis  set  is  built  up.  The  calculations 
reported  here,  and  others  to  be  reported,  indicate  that  optimization  of  certain  4p's 
make  no  significant  improvement.  Recognition  of  these  certain  £  ' s,  or  more  properly 
the  Xp7va»  permits  a  curtailment  of  the  optimization  of  the  £p's  with  confidence  that 
little  or  nothing  is  lost  and  this  considerably  reduces  the  computation  time.  Such 
curtailment  has  been  practiced  in  the  present  paper  only  for  the  potential  curve 
points  of  N2(X  1Sg)  and  for  the  N+(X  2S+,  A  2ny,  and  B  2Z+)  molecule-ions. 

Although  not  exhaustively  tested,  triple  optimizations  seem  to  accomplish  no 
more  than  arranged  combinations  of  double  and/or  single  optimizations  and  are  not  recom¬ 
mended.  Carefully  chosen  combinations  of  single  optimizations,  or  exhaustive  and  repeti¬ 
tive  single  optimizations,  seem  to  accomplish  almost  as  much  as  a  double  optimization 
involving  the  same  two  £  .  This  is  based  only  on  a  few  test  cases  and  probably  depends 
on  the  particular  case  and  very  importantly  on  the  size  of  the  basis  set.  The  major 
argument  against  extensive  double  and/or  triple  optimizations  is  the  tremendous  time 
Investment  necessary  for  molecules.  The  general  problem  of  the  simultaneous  optimiza¬ 
tion  of  all  orbital  exponents  is  thus  not  definitively  solved  and  this  represents  a 
defect  in  the  present  efforts.  It  is  our  belief,  however,  that  for  large  basis  sets 
series  of  single  optimizations  are  as  effective  as  such  a  general  solution  would  be. 

Before  leaving  the  discussion  of  basis  set  composition  and  the  £p  values,  a 

Jr* 

few  remarks  about  the  "split-zeta"  method  proposed  by  Huzinaga  y  and  Phillipson  and 

Mulliken^  was  promised.  The  Best-Minimal-Molecular-Orbital  (BMMO  g  =  u)  sets  of 

Ransil29  restricted  the  4  such  that  Ca  lo  =  4C  ls,  C0  2s  *=  C0  2s*  and  C0  2p  =  40  2p, 

H  g  u  g  u  g  u 
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and,  of  course,  that  equal  numbers  of  Xp^a  represent  the  and  £>u  molecular  orbitals. 

The  improvement  to  be  gained  by  relaxing  the  fg  =  t,g  restraint  to  give  the  BMMO(g  #  u) 

g  u 

results  were  indicated  in  going  from  set  1A  (BMMO  g  =  u)  to  set  IB  (BMMO  g  *  u)  on  the 
solid  curve  of  Pig.  2.  That  this  is  a  significant  improvement  is  not  to  be  doubted 
relative  to  the  BMMO(g  =  u)  result,  but  this  degree  of  flexibility  seems  far  less 
important  relative  to  extending  the  basis  set  and  permitting  Gg3d,  Tru;5d,  and  other 
such  Xp^a<  It  is  our  present  conclusion  that  the  complete  separation  of,  for  example, 

0  and  6  ,  basis  function  sets  is  most  important  only  in  permitting  different  numbers 
of  XpXa  I°r  two  sy^wstries  due  to  having  more  6^  type  molecular  orbitals  than  6 u, 
and  due  to  the  fact,  as  has  been  discovered,  that  fewer  Cy  expansion  functions  are 
necessary  even  when  an  equal  number  and  C.  molecular  orbitals  are  present.  Any 

O  *'* 

exhaustive  treatment  should  keep  them  separated  but  as  the  £p's  in  Tables  III  and  XV 
show  analogous  differ  only  slightly. 

The  question  of  measuring  how. closely  our  best  results  (basis  set  2D)  compares 
with  the  true  Hartree-Fock  results  Is  less  easy  to  answer  conclusively.  This  compari¬ 
son  refers  to  a  point  by  point  comparison  of  the  final  Hartree-Fock-Roothaan  wave  func¬ 
tion  and  a  comparison  of  certain  expectation  values  and  molecular  properties.  In  the 
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paper  by  Bagus,  Gilbert,  Roothaan,  and  Cohen  this  question  is  considered  at  length 
for  first  row  atoms  and  the  very  favorable  comparison  of  the  Hartree-Fock-Roothaan 
wave  functions  with  the  numerical  Hartree-Fock  wave  functions  is  delivered  with  crush¬ 
ing  conviction.  Lacking  even  one  molecular  Hartree-Fock  wave  function  (from  solving 
Eq.  11-17  numerically)  our  discussion  must  be  based  almost  entirely  on  observing  the 
convergence  of  the  calculation.  If  all  the  functional  parameters  were  exercised  to 
exhaustion  with  no  further  improvement,  it  would  be  a  very  strong  Indication  of  con- 

{- O  1  i 

vergence.  In  the  results'5  for  Lip(X  S’:)  this  was  more  comfortably  achieved,  that  is, 
by  virtue  of  having  only  two  C  molecular  orbitals  and  one  6  molecular  orbital,  rela- 

g  W 

tively  huge  basis  sets  could  be  employed  to  go  far  beyond  what  is  really  needed.  For 
N2  the  situation  is  somewhat  less  favorable  since  the  problem  and  present  computer 
program  do  not  permit  comfortable  margins  for  such  exploration.  The  problem  is  thus 
to  determine  from  a  series  of  "improving"  approximations  how  close  the  last  result  is 

J'3.  B.  Greenshields,  "The  Electronic  Structure  of  Diatomic  Molecules.  VII.  Carbon 
and  Carbon  Molecule  Ions",  to  be  submitted  for  publication  in  J.  Chem.  Phys. 

5®p.  E.  Cade,  K.  D.  Sales,  and  A.  C.  Wahl,  "The  Electronic  Structure  of  Diatomic 

Molecules.  IV.  Li0(X  12+)  and  Lit^S*,  Tl  )  Ions",  to  be  submitted  for  publication 
in  J.  Chem.  Phys. 
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from  the  unknown  quantity  sought.  The  quantity  sought  may  be  considered  as  any  Hartree- 
Fock  computed  value,  such  as  the  total  energy,  orbital  energies,  expectation  values, 
or  molecular  property,  but  especially  the  molecular  orbitals  and  the  molecular  orbital 
charge  densities. 

To  therefore  measure  how  certain  molecular  quantities  do  vary  or  "converge" 
as  the  wave  function  assumes  greater  and  greater  flexibility,  one  may  construct  tables 
of  differences  between  results  of  the  Nth  and  (N+l)th  approximation  for  the  various 
quantities  and  examine  the  behavior  as  N  increases.  In  Table  II  is  presented 
AE  =  En+1  -  En,  AT,  AV,  and  the  set  of  Ae^  for  the  basis  set  synthesis  in  both  scheme 
one  and  two.  The  differences  in  Table  II  arise  from  the  results  given  in  Table  I. 
Difference  tables  are  given  and  discussed  in  paper  III.  B  for  various  expectation 
values  and  molecular  properties.  Figs.  2,  3,  4,  and  5  also  indicate  the  manner  of 
convergence  for  the  total  energy,  orbital  energies,  kinetic  energy,  and  potential 
energy,  respectively. 

The  AE  increments  of  Table  II  show  explicitly  the  relative  saturation  at  the 
various  stages  shown  in  the  solid  curve  of  Fig.  2  as  the  basis  set  progresses  from  set 
1A  to  set  IS.  Similarly  the  relative  improvements  in  going  from  set  2A  to  set  2D 
indicates  that  the  true  Hartree-Fock  energy  value  has  been  obtained  to  at  least  two 
decimal  places  and  perhaps  to  three  decimal  places. 

The  other  quantities  considered  here  are  not  of  course,  bound  to  a  predictable 
course  toward  the  Hartree-Fock  result  and  their  differences  show  this.  Most  disturb¬ 
ing  is  the  erratic  behavior  of  the  kinetic  and  potential  energy  values  displayed  in 
the  solid  lines  of  Figs.  4  and  5*  Thus  while  the  total  energy  in  the  solid  curve  of 
Fig.  2  is  relatively  well  behaved  and  always  descending,  the  differences  in  Table  II 
3how  that  the  gains  in  energy  may  be  due  chiefly  to  a  decrease  in  the  kinetic  energy 
(always  positive)  or  an  increase  in  the  potential  energy  (always  negative),  or  finally 
a  combined  change  of  a  subtle  nature.  The  major  feature  of  the  AT  and  AV  differences 
is  that  they  also  gradually  decrease  in  size.  Though  less  convincing  when  compared  to 
the  AE  values,  the  AT  and  AV  progressions  indicate  that  the  kinetic  and  potential 
energy  are  also  converging,  but  more  slowly,  to  perhaps  the  true  Hartree-Fock  values. 

Not  much  else  can  safely  be  stated.  The  dashed  curves  in  Figs.  4  and  5  for  the  syn¬ 
thesis  of  basis  set  2D  show  a  more  reasonable  behavior  which  suggests  that  the  erratic 
behavior  of  AT  and  AV  in  scheme  one  arises  from  the  crude  approximation  of  the  molecular 
orbitals  in  scheme  one  at  the  intermediate  stages  and  the  relative  sensitivity  of  <T> 
and  <V>  to  these  changes.  A  question  of  "internal  balancing"  of  the  representation  of 
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various  molecular  orbitals  may  also  be  responsible  (see  paper  III.  B  lor  a  discussion). 

The  various  e^'s  shown  in  Pig.  3  and  As^s  in  Table  II  indicate  that  the  e^'s 
are  not  greatly  sensitive  to  improving  the  wave  function,  but  also  show  an  unsystematic 
behavior  (see  Ae.^  values)  at  the  intermediate  points  of  scheme  one.  These  Ae^  also 
exhibit  decreasing  values  for  all  columns  as  larger  basis  sets  are  obtained. 

It  should  be  emphasized  that. the  erratic  behavior  in  certain  regions  of  the 
solid  curves  of  Pigs.  4  and  5,  which  display  the  variation  of  the  kinetic  and  potential 
energy,  respectively,  should  not  be  taken  as  condemnation  of  the  convergence  of  scheme 
one  or  cause  alarm  generally  in  this  context.  The  gradual  build  up  of  the  basis  set 
in  scheme  one  was  purposely  constructed  Btep  at  a  time  to  more  effectively  measure  the 
defects  of  the  various  intermediate  basis  sets  when  viewed  in  the  overall  sequence  of 
the  converging  series.  The  last  points  of  the  solid  curves,  for  example  points,  IP, 

IQ,  1R,  and  IS,  should  certainly  be  given  more  weight  than  the  points  on  the  left  hand 
side  of  Pigs.  4  and  5  because  these  sets  are  gradually  larger  and  better  able  to  make 
up  defects  in  basis  set  composition  and  exponent  optimizations  due  to  greater  flexibi¬ 
lity  through  the  linear  expansion  coefficients.  In  this  light  the  last  several  points 
in  the  solid  curve  should  perhaps  be  set  at  greater  intervals  and  not  strictly  linear 
as  they  are  given.  In  such  a  perspective  the  erratic  behavior  of  <T>  and  <V>  would 
still  be  present  and  condemn  intermediate  sets,  but  it  would  not  mask  as  much  the 
apparent  gradual  convergence  of  these  values. 

It  would  be  desirable  to  also  construct  a  table  of  charge  density  differences 
for  each  molecular  orbital  and  for  the  total  wavefunctlon,  a  quantity,  for  example, 
such  as  D(S,ti,0), 


-  pN+i(S»n>0) 
d(M,0) - -p^TITOT - 


III.  5 


for  an  octant  of  the  molecule.  pN(?,q,0)  is  either  a  partial  or  total  electron  charge 
density.  As  the  sequence  of  Hartree-Pock-Roothaan  wavefunctions  approach  the  Hartree- 
Foek  wavefunctlon  then  D(€,n,$)  -*  0  all  over  the  octant.  This  would,  however,  be  cmly 
a  necessary  and  not  sufficient  condition.  The  resulting  massive  table,  or  the  equiva¬ 
lent,  is  not  included  in  this  paper. 

The  well  known  test  could  also  be  made  to  investigate  the  constancy  of 
and/or  enU,q,<*>)  in  the  expressions 


*1 


€|U*n»d) 


III.  6 


126 


for  closed  shells,  and 


P0<V’m)<5,n 


tp  =  enU>n*«) 


III.  7 


for  open  shells,  over  the  range  of  (5,t),$>)  points  In  the  unique  octant.  It  Is  con¬ 
templated  that  this  test  may  be  undertaken  In  the  future  for  a  few  diatomic  systems. 

Certain  additional  manifestations  of  the  convergence  of  the  Hartree-Fock- 
Roothaan  wavefunctions  to  the  Hartree-Fock  wavefunctions  Is  discussed  in  paper  III.  B 
concerning  certain  expectation  values  and  a  few  molecular  properties. 

Thi3  discussion  of  convergence  is  the  most  satisfactory  the  authors  though 
could  be  presented  with  the  calculations  performed.  It  is  especially  unsatisfactory 
from  the  viewpoint  of  numerical  analysis,  in  which  a  more  meaningful  discussion  would 
consider  the  best  approximation  in  terms  of  the  measure 

N 

V  W  =  Min  ||  <pixa  -  l  XpXa  ||  ,  III. 8 

Ci*p  p 


and  then  study  aa  N  increases  to  its  present  limitations  (that  is  if  was 
known).  Eq.  III. 8  defines  the  measure,  M,  of  the  best  approximation  of  the  molecular 
orbital  <p1Xa  to  Nth  degree,  as  equal  to  the  rionn  of  the  quantity 


^iXa 


N 

!*p*a  CiXp  » 
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minimized  with  respect  to  the  expansion  coefficients.  A  detailed  discussion  of  an 
analysis  of  this  sort  and  its  ramifications  as  regards  expectation  values  and  mole¬ 
cular  properties  would  be  very  interesting  and  useful. 

It  is  to  be  noted  that  the  general  conclusions  drawn  here  closely  parallel 

p 

those  discussed  by  Huo  for  the  calculations  on  CO  and  BF.  In  assessing  the  relative 
approach  to  the  true  Hartree-Fock  results  for  the  Ng  calculation  compared  to  the  cal¬ 
culations  on  CO  and  BF,  one  must  remember  that  relatively  huge  sets  are  employed  for 
N2  compared  to  CO  and  BF.  This  arises  since  symmetry  expansion  orbitals  are  employed 
for  homonuclear  diatomic  molecules.  Therefore,  the  12  og,  8  au,  and  6  ?ru  basis  set  for 
N2  really  corresponds,  in  terms  of  the  heteronuclear  problem,  to  20  C-type  functions 

p 

and  6  m-type  STO's  on  each  nitrogen  nucleus,  while  the  largest  set  employed  by  Huo 
has  8  c-type  STO’s  on  0,  8  6-type  STO’s  on  C,  4  m-type  STO's  on  0,  and  4  ir-type  STO's 
on  C  for  CO.  The  employment  of  symmetry  expansion  functions  is  thus  a  tremendous 
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practical  advantage. 


Certain  of  the  conclusions  presented  here  are  also  well  known  from  the  works 
34 

of  Nesbet  (who  first  draws  attention  to  the  necessity  of  introducing  d-type  orbitals), 
McLean'’2  (who  also  stresses  the  Importance  of  optimizing  orbital  exponents  with  the 
entire  basis  set  present),  and  others. 

In  closing  Sec.  III-B,  it  may  be  useful  to  pinpoint  the  deficiencies  of  the 
preceding  results  as  viewed  by  the  authors.  The  major  shortcomings  are: 

1st)  It  would  be  very  desirable  to  be  able  to  add  even  more  basis  functions 
to  clinch  our  view  that  convergence  is  achieved.  The  present  computer  program  for 
homonuclear  diatomic  molecules  Just  does  not  peimit  a  comfortable  margin  beyond  what 
we  believe  is  really  needed  to  obtain  Hartree-Fock  results  for  Ng. 

2nd)  Simultaneous  optimization  of  all  orbital  exponents  would  be  desirable. 

At  our  present  level,  it  would  be  desirable  to  be  able  to  do  exhaustive  double  and 
triple  optimizations,  but  the  expense  seems  unjustified. 

3rd)  It  would  be  interesting  to  be  able  to  add  xpxa  with  i  )  3  to  confirm 
our  belief  that,  at  least  for  first  row  diatomic  molecules  in  their  ground  states,  STO 
symmetry  orbitals  beyond  Cg4f ,  6u4f,  7ru4f,  and  mg4f  are  unnecessary. 

4th)  It  is  not  now  feasible,  or  in  light  of  the  1st)  defect  mentioned,  perhaps 
even  necessary,  to  painstakingly  attempt  to  weed  out  the  one  or  two  functions,  if 

indeed  there  are  any  functions,  not  really  needed  as  Bagus,  Gilbert,  Roothaan  and 
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Cohen  have  done  for  the  first  row  atoms.  This  defect  is  most  objectionable  if  these 
sets  are  to  be  used  as  the  starting  point  for  perturbation  calculations,  such  as 
involved  in  obtaining  the  electric  polarizability  or  magnetic  susceptibility  of  dia¬ 
tomic  molecules. 


Final  Hartree-Fock-Roothaan  Wave  Functions  For  N,-,(X  ^2*)  and 
'  "™  ~  -  i  S. 


Nt(X  V,  A  \,  B  2Zp  Ions. 


The  concluding  wave  functions  from  the  synthesis  of  the  expansion  basis  set 
using  scheme  one  (Set  IS)  and  scheme  two  (Set  2D)  are  given  in  Table  III  and  IV, 
respectively.  The  total  energy,  kinetic  and  potential  energy,  virial,  and  the  orbital 
energies  for  these  wave  functions  are  given  in  the  appropriate  rows  of  Table  I  and  are 
repeated  here  for  completeness.  Basis  set  2D  will  be  considered  the  final  result  at 
R  (Exptl. )  and  is  taken  as  the  Hartree-Fock  wave  function  for  N^(X  ^2^)  when  a  single 
definite  choice  is  required,  or  unless  it  is  otherwise  stated. 
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The  wave  function  for  N.,(X  ^2g),  set  2D,  was  now  used  for  the  starting  basis 
set  composition  to  obtain  the  Hartree-Fock-Roothaan  wave  functions  for  the  following 
singly  ionized  states  of  N^: 


N+(lCg216u220g22Cu2l7ruSog), 

X 

2v+ 

ZE  ’ 

4(icgHHH2i^dg2>’ 

A 

o 

‘*n  , 

u 

Nl(1Cg2l6u226g226ul7ru4^g2)^ 

B 

X  > 

The  order  of  the  molecular  orbitals  and  the  state  specifications  are  in  accordance 

li  + 

with  experimental  assignments.  These  three  states  of  N.D  participate  in  two  well- 

+  6 

known  band  systems  of  N2,  that  is. 


and 


B  22+  —  X  22*  {First  Negative  System), 
u  g 

A  2n  —  X  2S^  (Meinel  System). 


It  should  be  emphasized  that  these  calculations  on  the  N2(X  22g,  A  2nu,  B  22*)  ions 
are  direct  calculations  for  the  open  shell  system  resulting  from  the  removal  of  one 
electron  from  a  36g»  l^u,  or  2du  molecular  orbital,  respectively,  and  are  not  simply 
taken  from  the  N2(X  *2g)  results.  Accordingly,  full  rearrangement  of  the  molecular 
orbitals  (and  therefore  full  rearrangement  within  the  Hartree-Fock  approximation)  is 
achieved  for  the  N*  ions  resulting  from  the  ionization  processes: 


N2(...26u2l^>gS 


N+(...2eul7Tu450g2,  B  2s£)  +  e" 

N+{...2du2l7Tu356g2,  A  \)  +  e- 

N+(...26u2l7ru43Cg,  x  2S+)  +  e“  . 


Thus  we  have  obtained  Hartree-Fock-Roothaan  wave  functions  for  these  three  states  of 
N+  which  sure  also  to  be  employed  in  subsequent  research  on  the  reorganization  of  the 
electronic  charge  distribution  of  nitrogen  upon  ionization,  and  for  calculating  the 
transition  moments  for  the  First  Negative  and  Meinel  systems  of  N*. 

It  seemed  reasonable  that  the  final  N2(X  ^2g)  wave  function  should  provide 
the  starting  expansion  basis  set  for  each  of  these  three  states  of 
N2(X  2Zg,  A  2nu,  B  22+) .  This  choice  was  far  more  practical  than  starting  anew  for 
each  of  these  states  of  N2  and  is  not  unreasonable  on  simple  physical  arguments.  The 
reorganization  of  the  charge  distribution,  and  hence  modification  of  tue  molecular 
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orbitals,  for  these  various  states  was  thU3  effected  through  the  linear  expansion  coef¬ 
ficients  and  reoptimization  of  certain  S  values  as  is  discussed  below.  In  the  case 

I  A  i 

of  the  N^(X  Sp,  however,  a  parallel  study  was  also  made  which  makes  use  of  the 
Hartree-Fock-Roothaan  wavefunctlons  for  the  N+(^P)  atomic  ion. 

Let  us  consider  first  the  calculations  on  the  N2(B  2^)  molecular-ion.  The 
basis  set  composition  of  N2,  set  2D  (Table  IV),  provided  the  starting  set  using 
R  =  Re(Exptl.)  =  2.0315  Bohr.  This  Hartree-Fock-Roothaan  wave  function  gave  an  energy 
of  -108.2533  Hartrees  before  any  reoptimizations  of  the  orbital  exponents.  The  Cp 
values  for  all  eight  Xp^a  of  du  symmetry  were  singly  reoptimized.  Including  those 
which  contribute  mainly  to  the  10  molecular  orbital  (that  is  0uls,  0uls',  and  6u3s 
STO  symmetry  orbitals).  The  total  improvement  in  the  energy  after  these  eight  single 
optimizations  was  O.OOI63  Hartrees  (E  ■=  -108.2549  Hartrees),  with  0.00148  of  the 
improvement  coming  from  the  slight  expansion  of  the  6u2s*  STO  symmetry  function  and 


0.00010  improvement  coming  from  the  reoptimization  of  C,  Clearly  then,  the 

u-50 

reoptimization  of  most  of  the  £  for  Cu  symmetry  was  fruitless  and  apparently  the  bulk 
of  the  reorganization  to  this  point  is  effected  by  the  linear  expansion  coefficients 
and  the  slight  expansion  of  the  first  STO  symmetry  function  optimized  (eu2s').  The 
next  step  was  to  singly  reoptimize  the  C  's  for  nine  of  the  twelve  6  STO  symmetry 

r  o 

functions  (neglecting  only  the  6  Is,  0  Is’,  and  6  4f  functions).  This  step  gave  an 

£  o  O 

additional  energy  lowering  of  0.00108  Hartrees  (E  =  -108.2560  Hartrees)  with  the  only 

large  contributions  arising  from  two  contracting  6  STO  symmetry  functions,  that  is, 

© 

0.00077  Hartree  lowering  from  6  2s  optimization  (the  first  6  function  optimized)  as 

o  o 

C,  _  increases  from  1.45349  to  1.61093,  and  0.00023  Hartree  lowering  from  6  2p 

Og£-S  o 

( Cg  2p  goes  from  1.28261  to  1.39078).  The  attempted  optimization  of  the  Cp  for  the 
other  seven  6  STO  symmetry  functions  clearly  gave  very  little  improvement. 

o 

The  last  set  of  reoptimizations  of  the  non-linear  parameters  (Cp's)  for  the 
N2(B  2Z+)  wave  function  Involved  ttu  STO  symmetry  functions.  All  six  Cp's  for  the  mu 
basis  functions  were  singly  reoptimized,  lowering  the  energy  to  E  -  -108.2596  Hartrees 
(a  further  improvement  of  0.00354  Hartree).  In  fact,  the  largest  improvement  of  all 
(that  is,  from  any  symmetry)  came  from  optimizing  the  energy  with  respect  to  2p, 
which  also  contracted  (C^  2p  went  from  1.38436  to  1.53707)  and  alone  gave  a  lowering 
of  0.00352  Hartree.  This  last  result  provided  what  was  taken  as  the  Hartree-Fock  wave 
function  for  N2(B  2S*),  which  is  given  in  Table  VII.  The  most  surprising  fact  in  this 
sequence  of  reoptimizations  was  that  any  rearrangement  of  the  molecular  orbitals  not 
accomplished  by  the  linear  expansion  coefficients,  C1^p,  seems  to  come  chiefly  from 
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the  contraction  of  the  tt  2p,  fi  2a,  and  6  2p  STO  symmetry  functions.  This  is  surprising 

**4  o  o 

since  it  is  an  electron  from  the  2 Cu  molecular  orbital  which  is  removed  to  form  the 
Ng(B  2^)  ion.  The  total  energy  decreased  from  -108.2533  Hartrees  to  -108. 2596 
Hartrees  (which  gives  AE  =  O.OO63)  as  a  result  of  these  three  sequences  of  single 
optimizations.  A  few  additional  further  calculations  were  also  made  for  N2(B  22+) 
and  these  are  discussed  a  little  later. 

2  +  x 

It  is  known  from  experimental  data  that  the  B  2U  state  of  Ng  is  several  elec- 

2  2  + 

tron  volts  above  the  A  IIu  and  X  2^  states,  whereas  these  latter  two  states  have 
potential  curves  which  are  relatively  close  together  over  a  range  of  intemuclear 
separations.  The  calculations  of  the  Hartree-Fock-Roothaan  wave  functions  and  energies 
for  the  Ng(X  22*,  A  2Hu)  states  closely  paralleled  the  calculations  for  the  B  22* 
state.  The  basis  set  composition  used  as  the  starting  point  was  again  set  2D  for 
N„(X  ‘*’2^)  and  in  both  cases  three  sequences  of  selected  single  reoptimizations  of  C  's 
were  carried  outj  one  sequence  for  each  symmetry  type  occupied. 

The  starting  basis  set  (Table  IV)  gave  an  energy  of  -108.4208  Hartrees  for 

1  p 

N^(A  cnu)  at  R  =  2  .222  Bohr  (the  experimental  Re  value).  This  energy  value  decreased 
to  -108.4239  Hartrees  (AE  =  0.0031  Hartree)  after  all  six  Cp’s  of  the  wu  STO  symmetry 
orbitals  were  single  optimized.  Only  the  first  optimization,  however,  was  effective. 


namely  that  for  2  .  This  single  optimization  alone  gave  a  lowering  of  AE  =  0.00308 

Hartree  as  the  basis  function  contracted  and  2p  Increased  from  1. 38436  to  1.54195. 

The  total  energy  was  next  optimized  in  sequence,  or  singly,  with  respect  to  the  Cp's 

for  seven  of  the  twelve  STO  symmetry  functions,  Xpxa»  cg  symmetry.  Three  of  these 

optimizations  on  6g  functions  were  significant;  Cg2s,  which  contracted  as  C6  2s  went 

from  1.45349  to  1.62293,  gave  an  AE  -  0.00080  Hartree,  Cg2p  gave  an  AE  *  0.00048 

Hartree  and  al3o  contracted  (?e  2p  went  from  1. 28261  to  1.42818),  and  6g3d  which  gave 

an  improvement  of  only  0.00015  Hartree  as  it's  orbital  exponent  also  Increased.  The 

total  energy  for  N2(A  n  )  after  these  seven  single  optimizations  was  -108.4254 

Hartree 3  (AE  -  0.0015  Hartree  for  the  6  sequence).  The  last  sequence  of  optimisations 

© 

of  orbital  exponents  involved  only  Xp^a  of  0U  symmetry.  Thus  the  Cp's  for  the  6u2s 
and  6u2s'  expansion  functions  were  simultaneously  optimized  and  the  Cp  of  6y2p,  6u2p', 
and  6u3d  STO  symmetry  orbitals  were  each  singly  optimized.  The  double  optimization  of 
6u2s  and  6u2s'  C  values  gave  an  energy  lowering  of  0.00149  Hartree,  which  was  the 
entire  improvement  from  this  sequence  of  optimizations.  The  total  energy,  at  the  con- 
elusion  of  all  three  sequences  of  optimization  of  orbital  exponents  for  Hg(A  nu)  at 
R  -  Re(Exptl.)  -  2.222  Bohr,  was  E  -  -108.4270  Hartrees  (the  total  AE  -  0.0062  Hartree) 


and  this  result  and  wave  function  was  taken  as  the  final  result  (Table  VI).  Several 
further  calculations  were,  however,  made  and  these  are  discussed  subsequently. 

|  p  i 

Two  separate  calculations  were  made  for  the  Nl(X  zZ)  molecular  Ion.  Both 

o 

were  made  with  R  =  Re(Exptl.)  =  2.113  Bohr  and  the  two  efforts  differed  only  In  the 
source  of  the  ?  values  employed  In  the  starting  set,  although  their  composition  was 
otherwise  identical,  that  is  the  usual  12x8x6  basis  set.  The  first  set  of  calculations 
started  with  the  basis  set  composition  of  N2(X  "''2*),  Set  2D  in  Table  IV,  while  the 
second  set,  to  be  discussed  later,  started  anew  with  C  values  obtained  from  an  atomic 
Hartree-Fock-Roothaan  wave  function  for  N+(^P).  Starting  with  the  basis  set  composi¬ 
tion  from  Table  IV,  an  energy  of  -108.3974  Hartrees  was  obtained  for  N*(X  2Zg),  the 
ground  state  of  N^.  It  may  be  noted  already  that  some  thing  is  amiss,  as  the  starting 

i  p 

energy  value  for  the  N2(A  II  )  ion  was  lower.  This  had  also  been  noted  earlier  from 
the  fact  that  lejg  I  >  lel7T  I  for  the  results  of  basis  set  2D  for  and  for  each  set 
in  the  gradual  build  up  scheme. 

Three  sequences  of  reoptimizations  of  orbital  exponents  were  again  perfonned. 

Eight  of  the  twelve  Cp's  of  Gg  STO  symmetry  functions  were  singly  optimized  (omitting 

the  functions  6  Is,  0  Is',  0  3s,  and  60.3d",  all  having  large  C  values)  giving  a  total 
6  6  S  S  P 

energy  improvement  of  &E  =  0.00120  Hartree  (E  =  -IO8.3986  Hartrees).  This  improvement 

came  chiefly  from  only  two  of  the  single  optimizations;  the  optimization  of  the  energy 

with  respect  to  2g  gave  a  gain  of  0.00068  Hartree  as  Cc  2s  increased  from  1.4534-9 

^  s 

to  I.67662,  and  the  optimal  value  of  -  gave  an  energy  lowering  of  0.00038  as  ~ 

'g  p  g  p 

increased  from  I.2826I  to  1.47252.  The  next  sequence  of  reoptimizations  involved  all 

six  STO  symmetry  functions.  Thus  Cp  values  for  the  7ru2p,  ttu2p'  ,  m^p",  and  mu4f 

STO  symmetry  functions  were  adjusted  by  single  optimizations  of  the  energy,  and  the 

fp's  from  the  mu3d  and  'nu3d'  STO  symmetry  functions  were  simultaneously  optimized. 

The  total  energy  was  lowered  to  -108.4023  Hartrees  (AE  =  0.00364  Hartree),  and  0.00362  . 

Hartree  improvement  of  this  came  from  the  contraction  of  the  7ru2p  basis  function 

(C7 2d  increased  from  1.38436  to  1.53784).  Finally,  optimal  values  of  five  to  eight 

STO  symmetry  functions  of  t  symmetry  were  obtained.  Of  these  five  single  optimizations 

only  that  involving  Cu2s'  was  significant.  The -total  energy  was  thus  lowered  to 

-108.4037  Hartree.  The  concluding  wave  function  for  the  ground  state  of  N+,  the 

X  ^Z+  state,  at  R  (Exptl.)  =  2.113  Bohr  is  given  in  Table  V.  Thus  it  appears  that  the 
2  e 

A  dTl^  and  X  ^2+  states  of  lit  are  reversed  in  order.  Several  subsequent  calculations  on 
the  X  “Z+  state  were  also  carried  out  and  are  discussed  below.  The  total  energy  improve 
ment  after  these  three  sequences  of  reoptimizations  is  AE  •>  O.OO63  Hartree. 
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A  few  general  remarks  about  the  Hartree-Fock-Roothaan  wave  functions  displayed 
In  Table  III  through  VII,  about  certain  trends  In  the  optimization  of  the  non-linear 
parameters,  and  about  the  quality  of  the  results  for  the  Ng(X  2Zg,  A  2II u,  B  2S+)  mole¬ 
cular  ions  may  be  useful  at  this  point.  As  a  preliminary,  however.  It  seems  advisable 
to  emphasize  that  caution  should  be  exercised  in  considering  discussion  of  the  Cl7vp 
and  £  values,  and  in  general  no  great  significance  should  be  placed  on  discussions 
which  attempt  to  relate  these  quantities  to  the  physical  properties  of  the  electronic 
system.  The  viewpoint  taken  here  is  conservative  in  this  regard  and  is  primarily  con¬ 
cerned  with  the  C^p  and  £  values  in  a  purely  numerical  approximation  perspective. 

It  is  usually  impossible  to  objectively,  or  uniquely,  untangle  the  relative  merits  of 
the  linear  (C^  )  and  non-linear  (£p)  degrees  of  freedom  in  the  representation  of  a 
given  molecular  orbital.  This  perspective  underlies  the  following  remarks. 

When  the  wave  functions  for  N_(X  ^Z+)  in  Table  III  (Set  IS  from  the  gradual 

°  h 

basis  set  synthesis)  and  Table  IV  (Set  2D  from  using  HFR  wave  functions  for  N  in  S 
state)  are  compared,  one  major  quantitative  difference  may  be  observed.  Although  the 
basis  set  compositions  are  equivalent,  that  is,  each  has  the  same  number  and  kind  of 


XpAa  excePt  for  the  values,  in  each  symmetry,  basis  set  2D  is  always  better  distri¬ 
buted  among  the  important  xp>,a  ^or  eac^  molecular  orbital,  4>^a.  F°r  example,  in  Set 


IS,  C26  >6  2s  =  0.01437  and  C26  2g ,  =  0.72687,  but  for  set  2D,  C2fi  2g  =  0.14106 

and  cj  c  2  ,  =  0.59948.  This  better  balance  among  expansion  functions  for  set  2D 
£>  ^  S 

relative  to  set  IS  Is  observed  again  for  the  26  vector  components  involving  6  2p  and 

£  & 


Cg2p'  STO  symmetry  orbitals  and  In  the  3<5g,  26u,  and  l7tu  vector  components.  This  is 
suggestive  that  the  small  improvement  of  set  2D  over  set  IS  might  be  due  to  making 


better  ust  of  the  several  important  xpxa  and  thus  implies  that  set  2D  is  perhaps  a 
better  representation  of  the  various  molecular  orbitals  on  grounds  other  than  only 


yielding  a  lower  energy  value.  That  set  IS  could  not  spread  the  contributions  from 
the  important  xpxa  nlore  evenlX  ls  due  t0  insufficient  back  reoptimizations  of  the  Cp 
values  a3  suggested  earlier. 


Before  noting  the  changes  in  the  Hartree-Fock-Roothaan  wave  functions  in 

going  from  N2(X  12g)  to  N+(X  2Zg,  A  2ny,  B  2Z+),  the  major  features  of  the  sequences 

of  reoptimizations  of  the  Cp  for  the  N*  ions  is  now  summarized.  The  three  sequences 

of  reoptimizations,  for  6  ,  6  ,  and  7r  symmetry,  gave  identical  total  improvements  of 

g  u  u 

AE  =  0.0063  Hartree  for  each  the  X  2Xg,  A  2IIu,  B  2S*  states.  Thus,  the  reorganization 
effected  by  reoptimization  of  the  ?p  values  was  apparently  insensitive  to  the  3tate 
involved,  although  the  details  differ  somewhat.  The  second  major  feature  was  that  for 
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each  state  the  total  gain  from  reoptimizing  the  orbital  exponents  came  from  the 
Cg2s,  Cg2p,  eu2s'»  and  ST0  symmetry  orbitals  only.  These  basis  functions  are 

among  the  most  important  contributors  to  the  2Cg,  3Cg»  26u,  and  1ttu  molecular  orbitals 
and  they  were  usually  (except  for  fig2p)  the  first  STO  symmetry  function  of  that  sym¬ 
metry  optimized.  Thus,  there  was  apparently  little  connection  between  the  symmetry  of 
the  molecular  orbital  which  lost  the  electron  and  the  symmetry  of  the  Xp^a  which  made 
the  largest  improvement  upon  reoptimization  of  the  values.  In  aB  much  as  Cp  reop¬ 
timizations  are  able  to  reflect  the  reorganization  of  the  9^^*  spatial  readjustment 
is  relatively  symmetry-independent.  These  observations  are  incorporated  in  future 
calculations  on  A*  molecular  ions. 

Consider  now  the  wave  functions  for  the  Ng(X  2Zg,  A  2nu,  B  2Z*)  molecular-ions 
and  recall  the  procedure  employed  to  obtain  these  results,  all  starting  from  basis  set 
2D  for  N„(X  1Z*).  It  is  our  belief  that  results  close  to  Hartree-Fock  have  been 

o 

obtained  for  these  states  of  N*  at  their  respective  Re(Exptl.)  values.  This  argument 
lacks  the  alleged  thoroughness  of  the  argument  for  N„(X  1Z^),  except  indirectly,  and 
suggests  in  particular  two  questions;  1st)  Should  the  calculations  for  these  ions  have 
started  with  HFR  wave  functions  for  N(^S)  and  N+(^P)  atoms  and  paralleled  exactly  the 
N2  calculations  instead  of  starting  with  the  HFR  wave  function  for  Ng?  2nd)  Was  suf¬ 
ficient  and/or  judicious  reoptimization  of  the  Cp  values  performed?  The  problem  of 
the  basis  set  composition,  that  is  the  number  of  Xp^a  and  kind  with  respect  to  np  and 
£p  values,  but  not  £p  values,  is  considered  to  be  analogous  with  that  for  Ng  as  dis¬ 
cussed  In  section  III-C. 

In  regard  to  this  first  question,  it  may  have  been  desirable  to  completely 
parallel  the  N?(X  1Z*)  calculations  for  each  ion,  but  the  computation  time  for  each 
ion  would  have  increased  very  considerably.  By  starting  with  the  Ng(X  Zg)  wave  func¬ 
tion,  the  major  features  are  already  present,  and  presumably  the  loss  of  a  3<5g,  l7ru, 
or  2<5U  electron  from  Ng  is  a  less  drastic  change,  than  that  resulting  from  the  forma¬ 
tion  Hg  from  an  N(^S)  atom  and  an  N+(^P)  ion.  However,  it  was  decided  to  make  a  com¬ 
pletely  alternative  calculation  for  the  X  2Zg  state  using  results  from  N+(?P)  calcula¬ 
tions.  This  was  motivated  by  the  observation  that  the  X  2Xg  and  A  2nu  states  are 
reversed  relative  to  experiment  and  the  desire  to  remove  any  doubts  that  this  result 
is  Indeed  a  Hartree-Fock  result  and  not  a  shortcoming  of  the  Hartree-Fock-Roothaan 
results  themselves.  A  Hartree-Fock-Roothaan  wave  function  for  the  N+(^P)  was  thus 

46 

obtained  of  a  quality  comparable  to  the  results  of  Bagus,  Gilbert,  Roothaan  and  Cohen. 
This  result  for  N+(^P)  gave  an  energy  of  -53.88799  Hartrees  and  had  the  basis  set 
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composition  ls(?  =  5.8503),  Is' (10.3582),  2s (1.8480),  2s'(2.6759),  3s(7.0804)j 
2p(l.6880),  2p'(2.9459),  and  2p"(6.74l6).  Several  single  SCP  runs  were  made  for 
Ng(X  22g)  using  basis  sets  constructed  from  N+(^P)  and  a  12x8x6  basis  set  was  finally 
chosen  which  took  the  £p  values  for  Xp^a  with  fp  =  0,1  as  the  average  of  the  £p's  for 
N(^S)  and  N+(^P)  results.  The  Xp^a  with  4p  =  2,3  were  taken  from  Table  V,  the  pre- 
vious  calculation  for  N2(X  2  ).  Three  sequences  of  single  optimizations  were  then 
carried  out  in  the  manner  described  before.  The  starting  energy  was  -108.4009  Hartrees 
and  at  the  conclusion  of  the  three  sequences  of  single  optimizations  the  energy  had 
been  lowered  to  -108.4031  Hartrees,  that  is,  AE  =  0.0022  Hartree.  Thus,  although  the 
starting  energy  is  lower  than  the  initial  result  using  set  2D,  the  improvement  after 
twenty-two  single  optimizations  did  not  give  an  energy  as  low  as  that  starting  from 
set  2D  (in  Table  V).  The  pattern  of  which  Xp^a  made  the  largest  improvements  as  the 
Cp  were  optimized  was  roughly  the  same,  except  Cg2s  and  Cu2s  or  6u2s'  gave  only  very 
small  contributions.  Thus  the  result,  using  C  values  from  N(^S)  and  N+(^P)  wave  func¬ 
tions,  is  0.0006  Hartree  above  the  previous  result.  This  investigation  was  certainly 
not  equivalent  to  the  more  exhaustive  effort  for  Ng(X  ) ,  but  it  does  indicate  that 
the  procedure  of  using  the  Ng  set  2D  as  the  starting  set  for  the  N*  ions  i3  probably 
satisfactory  when  gauged  only  in  terms  of  the  total  energy. 

In  regard  to  the  question  about  the  sufficiency  of  the  optimization  of  the  Cp 
values,  several  supplementary  double  optimizations  were  carried  out  with  negative 
results.  The  fact  that  only  a  few  of  the  Cp  reoptimizations  were  effective  reinforces 
our  contention  that  the  have  absorbed  the  bulk  of  the  reorganization  of  the  mole¬ 

cular  orbitals. 

The  inspection  of  the  wave  functions  in  Tables  V,.  VI,  and  VII  reveals  the 
single  distrubing  feature,  namely  the  change  in  the  vector  components  of  the  26u  mole¬ 
cular  orbital.  Thus  in  baslB  set  2D  for  N„(X  *1?)  it  is  observed  that  C0,  „  -  - 0.36437 

2  2  8  2W8 

and  C2tf  0  2  ,  ■  0.54702,  but  for  Nt(B  2jT),  the  worse  case,  these  two  vector  components 
are  -0.4008?  and  I.13692,  respectively  (but  of  course  with  newly  optimized  Cp  values 
for  bu2s  and  6u2s'  STO  symmetry  functions).  This  can  be  rationalized  several  ways, 
but  disproportionate  vector  components  sometimes  indicate  unsatisfactory  behavior  in  a 
basis  set  composition  and  arguments  given  earlier  would  indicate  that  the  representa¬ 
tion  of  the  20u  molecular  orbital  is  less  good  with  such  an  unbalanced  distribution 
(see  particularly  the  26u  coefficients  in  Tables  V  and  VI).  No  such  behavior  was  noted 
for  the  2fig,  3Cg,  or  l*u  molecular  orbitals  of  the  Ng  molecular-ions.  This  problem  was 
investigated  since  it  may  indicate  the  Ng  basis  sets  are  deficient  in  6U  symmetry  and 
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hence  further,  substantial  improvement  might  be  possible.  For  all  three  ions  a  number 
of  double  optimizations  involving  6u2s  and  6u2s '  STO  symmetry  functions  wer-e  carried 
out  to  improve  the  distribution  between  these  two  functions.  Every  attempt,  however, 
which  gave  a  better  distribution  did  so  at  the  expense  of  the  total  energy,  and  con¬ 
versely  when  the  double  optimizations  were  followed  step  at  a  time,  it  was  observed 
that  as  the  energy  lowered  the  distribution  between  0u2s  and  6u2s'  became  worse  and 
worse.  The  possibility  of  degeneracy  or  near-degeneracy  was  also  investigated  using 
6u3s'  and  other  functions  with  negative  results.  We  have  been  forced  to  conclude  that 
this  unequal  distribution  is  indicative  of  no  difficulties.  A  similar,  but  less  empha¬ 
tic;,  shift  in  vector  components  was  noted  also  in  going  from  N(^S)  to  N+(^P)  for  atoms. 

Therefore  with  slight  trepidation,  we  repeat  our  conviction  that  these  results 

for  N*  are  very  near  the  Hartree-Fock  values.  This  is  an  important  point  since  the 

results  for  Ng(X  2Sg)  and  Ng(A  2IIu)  are  reversed  relative  to  experiment  at  their 

respective  Rg(Exptl.)  values.  If  this  reversal  persists  as  E(R)  is  obtained  for  these 

ions.  If  one  is  convinced  that  the  error  between  these  results  and  the  true  Hartree- 

Fock  values  is  too  small  to  explain  the  discrepancy,  then  this  reversal  must  be  due  to 

a  differential  shortcoming  of  the  Hartree-Fock  approximation  for  these  two  states, 

2  2  +  + 

A  nu  and  X  Zg,  of  Ng.  This  indeed  is  the  conclusion  of  this  research  as  Is  dis¬ 
cussed  fully  In  a  later  section. 

In  the  course  of  the  calculations  to  obtain  the  final  wave  functions  of 
N+(X  2Zg,  A  2IIU,  B  2Z+)  several  recurrent  features  were  noted  which  are  clearly 
associated  with  the  readjustment  of  the  molecular  orbitals,  or  to  be  more  precise,  are 
associated  with  the  rearrangement  of  the  electronic  charge  distribution.  Since  each 
calculation  was  made  for  Re(Exptl.)  of  the  particular  ion  in  question,  these  observa¬ 
tions  are  superimposed  on  the  relatively  smaller  and  non-specific  changes  in  the 
over  this  small  range  of  R  values.  As  section  III-D  will  show,  these  changes  are 
negligible  in  comparison.  As  expected,  the  major  change,  expressed  In  C^p  and  S  p 
values,  was  that  the  9^a,  and  the  total  wave  function  In  general,  contracted.  Thus 
one  can  notice  that  relative  to  the  Ng  wave  function,  the  C^p  of  the  Ng  ions  in  26g, 
36g,  26u,  and  1ttu  molecular  orbitals  are  shifted  to  favor  the  xp^a  with  larger  Cp 
value  for  the  important  vector  components.  As  noted  also  in  the  discussion  of  the 
optimization  of  the  Cp's  for  each  state  of  Ng,  the  Gp  values  usually  increased  also, 
shrinking  the  orbitals.  This  discussion  in  terms  of  CA^p  and  Cp  values  is  obviously 
awkward  and  in  this  series  of  papers  we  seek  to  examine  these  questions  more  directly. 
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In  a  companion  contribution,  Wahl  and  Cadev^  consider  the  reorganization  of  the  elec¬ 
tronic  charge  distribution  as  Ng  is  ionized  to  form  the  three  Ng(X  22+,  A  2nu,  B  2Z*) 

molecular-ions.  This  study  extensively  employs  charge  density  contours  directly. 

+2  +■?  +4 

Calculations  have  also  been  made  for  several  states  of  Ng  ,  Ng,  and  Ng 
molecular-ions.  These  results  are,  however,  unoptimized  Hartree -Fock-Roothaan  results 
using  set  2D  and  no  attempt  is  made  to  modify  and  Improve  the  basis  set  composition. 

In  Table  VIII  the  energy  values  for  these  calculations  are  presented  with  no  claim 
that  these  results  are  very  close  to  the  Hartree-Fock  values. 

D.  Calculation  of  Potential  CurveB  for  N„(X  ^B*)  and 
ut(X  gZ+.  A  2n_.  B  Molecular-Ions. 

It  is  well  known  that  the  regular  Hartree-Fock  wave  functions  for  molecules 
go  over  into  usually  a  mixture  of  ground  and/or  excited  state  wave  functions  for  the 
separated  constituent  parts  (e.g.  atoms  or  ions  for  diatomic  molecules)  as  the  inter- 
nuclear  distance (s)  become  very  large.  The  exceptions  are  caBes  in  which  the  separated 
constituent  parts  are  themselves  closed  shell  systems  or  one  separated  part  is  a  bare 
nucleus.  This  behavior  is  well  Illustrated  for  HeH+(1Z+)  and  NeH+(12+)  by  the  calcula¬ 
tions  of  Peyerlmhoff .^°  Thus  with  relatively  few  exceptions,  potential  curves  for  dia¬ 
tomic  molecules  are  expected  to  be  rather  poorly  represented  by  the  usual  Hartree-Fock 
results  when  viewed  over  the  whole  range  of  intemuclear  separations.  Especially, 
however,  the  calculated  potential  curve,  Ejjp(R),  depreciates  rapidly  at  intermediate 
to  large  R  values  as  Epjp(R)  rises  very  steeply  and  often  exceeds  even  the  dissociation 
limit  at  intermediate  R  values  (e.g.  two  or  three  times  Re).  For  R  values  less  than 
R  (Exptl.)  and  for  perhaps  a  restricted  range  of  R  values  on  both  sides  of  R  (Exptl. ), 
Ejjp(R)  might  be  expected  to  be  more  successful  in  representing  at  least  the  shape  of 
the  true  potential  curve  (that  is,  a  potential  curve  constructed  from  a  Rydberg -Kleln- 

^A.  C.  Wahl  and  P.  E.  Cade,  "The  Reorganisation  of  the  Electronic  Charge  Distribution 
in  the  (Nitrogen  Molecule-Nitrogen  Molecular-Ion)  System",  to  be  submitted  for 
publication  in  J.  Chem.  Phys. 

^°S.  Peyerimhoff,  "Hartree-Fock -Roothaan  Wave  Functions,  Potential  Curves,  and  Charge 
Density  Contours  for  HeH+(X  1Z+)  and  NeH+(X  12+)  Molecular  Ions",  submitted  for 
publication  in  J.  Chem.  Phys. 
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Rees  analysis^1  of  experimental  results  for  the  molecule  and  state  In  question)  although 
Ejjp(R)  calculated  Is  elevated  substantially  by  virtue  of  the  intrinsic  shortcomings  of 
the  Hartree-Fock  approximation. 

If  consideration  Is  limited  to  R  values  in  a  narrow  range  around  Re(Exptl.), 
the  quality  of  the  representation  of  the  shape  of  the  true  potential  curve  is  measured 
by 

A(R)  ■  Erkr(R)  -  EjjpfR)  =  /  [*  -  Ijjp]  H  [?  -  %,]dV  +  2  /  [T  -  H  *HFdV  ,  III. 10 

where  7  is  the  exact  wave  function  and  the  true  potential  curve  Is  taken  as  that 
*  obtained  from  an  RKR  analysis,  i.e.  obtained  by  employing  the  turning  points,  Rmln 

smd  R^  ,  and  the  height  of  each  vibrational  state  known.  If  A(R)  is  constsmt,  or 
3lowly  varying,  over  the  range  of  R  values  considered,  then  the  Hartree-Fock  potential 
curve,  EjjpCR),  will  be  a  good  approximation  to  the  shape  of  the  RKR  potential  curve, 
ERKR(R).  The  crux  of  the  matter  thus  clearly  depends  on  the  differential  shortcomings 
of  the  Hartree-Fock  results  as  a  function  of  R,  or  more  conventionally  stated,  it 
depends  on  the  variation  of  the  "correlation"  energy  with  R.  It  is,  of  course,  true 
that  for  each  R  value  within  the  narrow  range  around  Re  that  Ejjp(R)  Is  correct  to 
second  order,  but  this  knowledge  offers  no  security  that  A(R)  is  slowly  varying  or 
constsmt,  it  merely  means  that  second  and  higher  order  corrections  are  more  importsmt 
for  some  R  values  than  for  others,  presumably  in  a  systematic  manner.  The  authors 
know  of  no  general  predictions  as  to  the  qusmtitative  behavior  of  A(R)  over  a 
restricted  rsmge  of  R  values.  For  Hg(X  *Z*)  and  He2++(12g),  Kolos  srnd  Roothaan^2  have 
given  curves  for  the  variation  of  the  correlation  energy  over  a  range  of  R  values 
around  Re . 

These  few  preliminary  remarks  are  intended  to  support  the  value  of  calculations 
now  to  be  presented  for  potential  curves  for  Ng(X  )  srnd  Ng(X  2Z*,  A  2IIu,  B  22+) 
molecular-ions.  The  Re(HF)  value  may  be  slightly  displaced  and  the  BHp(R)  curve  may 
be  arcuated  or  flattened  relative  to  brkr(r)»  but  as  mentioned  earlier,  Bgp(R)  may  be 
an  accurate  representation  of  the  shape  of  the  true  potential  curve.  Thus  one  objec¬ 
tive  is  to  obtain  a  quantitative  measure  of  the  accuracy  of  the  shape  of  EjjpiR) 

^See  J.  T.  Vanderslice,  E.  A.  Mason,  W.  0.  Malsch,  and  E.  Lippincott,  J.  Mol.  Spec. 
j5,  17  (1959);  83  (i960).  Also  F.  R.  Gilmore,  unpublished  researches.  Rydberg- 

Klein-Rees  abbreviated  RKR  henceforth,  although  Gilmore’s  results  do  not  include 
Rees’  quadratic  procedure. 

6Sf.  Kolos  and  C.  C.  J.  Roothaan,  Rev.  Modern  Phys.  ^2,  p.  231,  Fig.  6  (i960). 
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over  a  small  range  of  R  values  around  R0(Exptl.).  This  evaluation  of  the  quality  of 
the  shape  of  the  potential  energy  curve  might  Just  as  well  be  considered  In  terms  of 
vibrational  states  (via  the  Rmln  and  Rmax  or  turning  points  from  an  RKR  analysis). 

This  then  exposes  a  second  objective,  namely  to  give  expectation  values  and  molecular 
properties  for  specific  vibrational  states  (for  example  for  v  <  5)  and  therefore 
quantities  more  readily  comparable  to  experimental  results.  Thus  a  careful  considera¬ 
tion  of  the  shape  of  Ejjp(R)  between  Rnln(v)  and  R^  (v)  will  give  some  idea  of  the 
quality  of  the  molecular  property  calculated  for  the  vibrational  state  v.  The  final 
objective  was  to  obtain  spectroscopic  constants  ly  several  independent  means  and  con¬ 
sider  the  relative  merits  of  the  different  methods. 

The  preceding  discussion  is  applicable  only  for  the  Hartree-Fock  potential 
curve,  so  that  before  considering  the  results  obtained  argument  is  necessary  to  explain 
how  the  calculated  potential  curve  was  obtained  and  to  support  our  belief  that  this 
curve  is  a  very  close  approximation  to  Ejjp(R).  A  related  matter  also  considered,  and 
seldom  critically  studied,  is  the  practical  problem  of  discovering  what  extent  of  opti¬ 
mization  of  orbital  exponents  as  a  function  of  intemuclear  distance  is  necessary. 

( 

Tables  IX  through!  XIII  give  the  final  wave  functions  and  energy  quantities 
for  N?(X  at  five  R  values,  that  is,  for  R  =  1.85  B.,  1.95  B.,  2.05  B.,  2.15  B., 
and  2.45  B.  For  these  particular  R  values,  as  well  as  for  R  =  1.65  B.  and  2.90  B., 
which  are  not  presented,  considerable  reoptimization  of  orbital  exponents  was  carried 
out.  Other  results  for  N?(X  1Z+)  were  obtained  using  interpolated  f  values  and  a 
number  of  parallel  calculations  (but  without  optimizing  Cp  values)  were  made  for 
Ng(X  2Z*,  A  2nu,  B  2Z*)  molecular-ions.  In  the  calculations  by  Nesbet51''  on  nitrogen, 
five  R  values  were  chosen  which  are  roots  of  an  appropriately  scaled  fifth-order 
Chebyshev  polynomial . ^  This  permits  rather  excellent  interpolated  values  of  E(R)  and 
is  a  commendable  method  for  getting  flexibility  in  the  range  of  E(R)  values.  We  have, 
alternatively,  obtained  results  for  the  eight  R  values  indicated  above  to  permit  free¬ 
dom  in  selection  of  the  R  values  and  also  to  obtain  Cp(R)  curves  which  afford  full 
flexibility  to  calculate  the  wavefunctlons  and  subsequently  expectation  values  for  any 
R  value.  The  details  of  the  calculations  for  N2(X  ^S*)  will  now  be  briefly  considered. 

63A.  F.  Tidroan,  Theory  of  Approximation  of  Functions  of  a  Real  Variable-  ,  (The 
MacMillan  Company,  New  York,  1963),  Chap.  II. 
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The  development  of  EHJ,(R)  and  the  wave  functions  in  Tables  IX  through  XIII 
for  N2(X  were  the  results  of  a  rather  lengthy  series  of  calculations.^  Two 
R  values  (R  =  1.85  Bohr  and  2.15  Bohr),  one  on  either  side  of  Rg(Exptl.)  and  substanti¬ 
ally  away  from  the  calculated  minimum,  were  chosen  as  starting  points  to  obtain  E^R). 
The  calculations  began  with  basis  set  2D  (Table  IV)  and  all  Cp  values  except  those  for 
6gls ' ,  Culs',  and  2p",  which  have  relatively  large  £p  values,  were  individually 
reoptimized  for  these  two  R  values.  For  R  =  1.85  Bohr,  basis  set  2D  gave  an  energy  of 
-IO8.9629  Hartrees  before  any  optimization,  and  after  the  twenty-three  single  reopti¬ 
mizations,  this  value  was  decreased  only  slightly  to  -108.9635  Hartrees.  Most  of 
these  optimizations  gave  no  substantial  energy  lowering  and  only  the  C  for  tt  2p  and 

r  '* 

0  4f  STO  symmetry  orbitals  give  AE  Increments  greater  than  0.0001  Hartree.  For 

o 

R  ■  2.15  Bohr,  basis  set  2D  gave  a  starting  energy  of  -108.9798  Hartrees  and  after  the 
same  twenty-three  single  £p  optimizations  the  energy  was  -IO8.9799  Hartrees.  Using 
these  results  for  R  =  I.85  Bohr  and  2.15  Bohr,  as  well  a3  the  result  for  R  =  Re(Exptl.) 
*=  2.068  Bohr,  calculations  were  made  for  R  =  1.95  Bohr  and  2.05  Bohr  starting  again 
with  set  2D  (obtained  for  R  =  2.068  Bohr),  and  this  time  singly  optimizing  only  the 
£p  which  may  produce  ary  significant  improvement.  Thus  for  these  two  additional  points, 
at  most  only  eight  Gp  were  singly  optimized.  The  final  wave  functions  for  R  =  I.85, 
1.95,  2.05,  and  2.15  Bohr  are  given  in  Tables  IX,  X,  XI,  and  XII,  respectively,  and 
careful  comparison  of  the  ?p  values  and  vector  components,  C^p,  of  each  with  each 
other  and  the  results  in  Table  IV  for  set  2D,  indicates  which  £p's  were  optimized  and 
how  these  quantities  changed  for  the  various  R  values. 

Finally,  to  obtain  values  for  the  potential  curve  to  the  limits  of  R^j^  and 
Rmax  given  from  the  RKR  analysis  (v  -  21)  and  to  obtain  more  points  to  employ  for 
interpolation  purposes,  calculations  were  also  made  for  R  -  1.65,  2.45,  and  2.90  Bohr' 
again  starting  with  set  2D.  For  each  of  these  intemuclear  separations,  seventeen 
Cp’s  were  reoptimized  (neglecting  those  Xp^a  which  are  significant  only  for  the  inner 
sheila)  and  the  final  wave  function  for  R  «  2.45  Bohr  is  given  in  Table  XIII.  The 
results  now  Included  reoptimized  ?p  values  for  the  same  basis  set  composition  at  eight 
R  values  and  curves  for  interpolation  purposes  were  drawn  for  all  Cp  which  do  show  a 

*Sr.  will  refer  to  the  calculated  Hartree-Fock-Roothaan  potential  curve  as  simply 
EjjptR).  That  Is,  we  believe  our  best  result  Is  sufficiently  close  to  the  true 
Hartree -Fock  potential  curve  to  avoid  introducing  an  Eg^gfR)  curve. 
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significant  variation  with  R  (these  were  curves  for  C  (R)  for  the  6  2s,  6  2a’ ,  6  2p, 

r  o  o  o 

6  2p',  6  3d,  C  3d',  6  4f j  6  2s,  6  2pj  7T  2p,  n  3d,  and  ir  4f  STO  symmetry  functions). 

O  Q  O  O  ^  ^  “  ** 

The  XpXa  functions  which  have  Sp's  which  change  significantly  as  a  function  of  R  are 
either  important  in  the  2 6^,  36g,  2(5^,  or  l7Tu  molecular  orbitals  (that  is,  have  large 
vector  components)  or  involve  high  ^p  values  (ip  =  2  or  3).  The  STO  symmetry  func¬ 
tions  in  this  latter  category  contribute  Improvements  in  the  energy  upon  optimization 
of  Cp's  f°r  various  R  values  to  an  extent  which  belies  the  size  of  their  vector  com¬ 
ponents.  All  of  these  curves  of  £p  versus  R  are  smoothly  varying,  though  more  than 
half  are  not  linear.  It  was  therefore  relatively  easy  to  interpolate  Cp  values  for 
these  STO  symmetry  orbitals  for  intemuclear  separations  between  R  »  1.80  and  2.50 
Bohr  to  three  or  four  significant  figures.  These  results  have  afforded  us  the  flexi¬ 
bility  to  calculate  Ej^R)  at  many  points,  as  further  investigations  required,  with  a 
reasonable  expectation  that  the  results  (wave  function,  energies,  and  so  forth)  are  as 
accurate,  as  possible  and  equivalent  to  optimizing  the  orbital  exponents  again  for  each 
R  value  needed. 

The  preceding  procedure  of  starting  with  the  Hart ree -Pock -Roothaan  wave  func¬ 
tion  for  N2  with  R  =  Re(Exptl.)  =  2.068  Bohr  (Set  2D)  and  carrying  out  a  long  sequence 
of  single  Cp  optimizations,  with  no  double  optimizations  or  reconsideration  of  the 
basis  set  composition,  is  believed  to  be  quite  satisfactory  to  obtain  the  Hartree-Fock 
potential  curve  over  a  small  range  of  R  values  around  Rg.  This  belief  depends  strongly 
on  the  quality  of  the  Hartree-Fock-Roothaan  result  at  Rg(Exptl. ) ,  that  is,  on  the 
quality  of  approximation  to  the  true  Hartree-Fock  result  as  argued  in  Sec.  III.  B. 

This  is  supported  by  noting  the  relatively  small  improvements  in  the  energy  upon 
optimization  of  the  orbital  exponents,  and  is  presumably  due  in  large  part  to  the 
small  change  in  the  Hartree-Fock  field  with  R  over  this  limited  range  of  R  values  and 
the  adequacy  of  the  large  expansion  baBls  set  used  to  absorb  these  changes  via  the 
ClXp  vector  components  which  indicate  only  a  small  readjustment  as  R  goes  from  1.85 
Bohr  to  2. *5  Bohr. 

The  conclusion  suggested  from  these  calculations  is  that  reoptimization  of 

orbital  exponents  for  different  R  values  is  not  very  Important  for  a  large  basis  set 

composition  if  the  R  values  are  near  Re(Exptl.).  (Or  rather,  if  the  R  values  are  near 

the  R  for  which  the  basis  set  was  originally  constructed.)  This  conclusion  is  sup- 

57  58 

ported  from  other  results  for  Lig  and  Cg  molecules.  Little  direct  evidence  is 

available,  but  presumably  for  small  expansion  basis  sets,  and  especially  for  minimal 
or  double -{  basis  sets,  reoptimization  of  the  {p  for  different  R  values  becomes  more 
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important.  These  calculations  show  that  as  |R-Re(Exptl. ) |  becomes  larger,  reoptimiza¬ 
tion  of  the  non-linear  variational  parameters  becomes  more  important  and  especially  so 
for  xp^Q  with  =  2  or  3.  Pig.  6  clearly  illustrates  this  former  point.  The  energy 
Improvement,  AE,  is  the  magnitude  of  the  difference  between  Ejjp(R)  calculated  using  set 
2D  with  reoptimized  values  and  EHp(R)  calculated  using  values  of  set  2D.  The 
open  squares  are  for  R  =  1.85,  1.95,  2.05,  2.15,  and  2.45  Bohr,  as  discussed  above,  and 
the  solid  circles  are  for  R  values  using  interpolated  values.  The  plot  of  AE  versus 
R  thus  clearly  shows  the  sequence  of  reoptimizations  of  performed  here  contribute 
an  additional  lowering  of  less  than  0.001  Hartree  for  R  near  Re(Exptl.).  The  fact  that 
AE  is  not  zero  at  Re(Exptl.)  is  no  doubt  indicative  that  another  sequence  of  single 

reoptimizations  of  C  at  R  (Exptl.)  would  lower  the  energy  by  -0.00005  Hartree  which  is 
P  © 

consistent  with  our  earlier  belief  expressed  in  III-B.  The  scale  in  Pig.  6  is  such 
that  this  improvement  appears  large,  but  a  clearer  perspective  of  this  relatively  small 
effect  is  more  evident  in  Pig.  7- 

The  final  results  for  the  potential  curve  of  N2(X  ^2^)  include  the  original 
result  from  set  2D  at  R  =  2.068  Bohr,  results  for  seven  other  R  values  with  ?  values 
reoptimized,  results  using  Interpolated  Cp  values  for  the  twelve  turning  points,^1 
Rmln(y)  411(31  Rjjax^^ '  with  v  =  0,1, 2,3,4, 5,  and  finally  a  number  of  additional  points 
using  interpolated  orbital  exponents  which  are  chosen  to  fill  gaps  in  the  curve.  A 
summary  of  the  energy  quantities  for  Ng(X  is  given  in  Table  XIV  for  a  selected 

group  of  R  values. 

The  quantitative  comparison  of  the  calculated  potential  curve  E^fR),  with 
the  curve  obtained  by  Gilmore^1  for  Ng(X  will  now  be  considered.  The  E^R), 

the  solid  line  in  Pig.  7,  is  constructed  from  the  calculations  at  the  turning  points, 
Rfflin(v)  and  R^j^v),  given  by  Gilmore.^1  Thus  for  R^^v  =  0,1, 2,3,4, 5)  =  1-994, 

1.941,  1.905,  I.878,  I.858,  and  1.839  Bohr,  respectively,  and  Rmax(v  -  0,1, 2, 3,4, 5) 

«  2.166,  2.239,  2.292,  2.340,  2.383,  and  2.423  Bohr,  respectively,  two  set  of  calcula¬ 
tions  are  shown  on  the  solid  curve  of  Pig.  7*  The  solid  circles  are  results  using 

Interpolated  or  reoptimised  £p  values  and  the  open  squares  are  results  using  the  Cp 

values  directly  from  set  2D.  Several  other  points  not  at  R^^v)  or  ^^(v)  are  also 

shown,  but  this  curve  emphasized  again  how  inconsequential  reoptimization  of  the 

values  was  for  various  R  values.  The  dashed  curve  was  derived  from  Gilmore's  results 
for  the  first  six  vibrational  states,  use  of  Eexpti  =  -109.586  Hartrees,  and  then 
vertically  elevating  the  resulting  "experimental"  curve  so  that  the  minimum  was  para¬ 
llel  with  the  minimum  of  Ejjp(R).  This  maneuver  is  to  facilitate  examination  of  the 
displacement  of  R#  and  assess  the  quality  of  the  shape  of  Bjgp(R)  for  various 
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vibrational  states.  The  experimental  curve  was  therefore  unifomly  elevated  by  the 
amount  |Eexptl*  -  EHp(Re)l  “  I  IO9.586  -  108.9956|  =  0.590  Hartrees,  in  which  both 
E(R)  values  are  taken  at  their  respective  minimum. 

The  shortcomings  of  EHp(R)  when  compared  to  the  Ejy^  curve  are  that:  i)  the 
EHp(R)  curve  is  generally  much  too  high,  ii)  the  Ejjp(R)  curve  is  shifted  as  a  whole 
inward  to  smaller  R  values  relative  to  Ejy^,  and  iii)  the  EHp(R)  curve  is  sharply 
arcuated  in  contrast  to  Ejy^R)  and  this  is  especially  evident  on  the  large  R  side  of 
Ejjp,(R) .  The  effect  of  li)  and  iii)  is  such  that  lines  drawn  between  E{jplRmax( v)  1  and 
EHF^min^v^  f°r  var^ous  v  are  n°t  horizontal,  as  for  the  Ejy^(R)  curve,  but  are 
tilted  with  the  angle  above  horizonal  increasing  sharply  as  v  increases  (see  Fig.  7). 

If  one  now  imagines  that  the  solid  curve  of  Fig.  7  is  moved  to  the  right  such  that  the 
minimum  coincides  with  that  of  the  dashed  curve,  then  one  would  see  that  for  v  =  0  or 
1  the  shape  is  quite  reasonable,  but  for  v  >  2  the  EHp(R)  already  rises  much  too  high 
on  the  large  R  side.  Thus  one  might  expect  that  molecular  properties  computed  for 
v  =  0,  1  using  Ejjp(R)  would  reflect  properly  the  shape  effects  of  the  true  potential 
curve,  but  that  for  v  =  2  or  higher  the  shape  effects  would  progressively  be  less  well 
represented.  There  would  still  be  defects,  however,  since  the  nuclei  would  come  to 
close  together  in  vibration  and  would  vibrate  in  a  potential  well  much  too  shallow. 

We  will  continue  this  discussion  in  terms  of  the  A(R)  function  below.  A  more  signifi¬ 
cant  gauge  of  the  quality  of  EHp(R),  and  the  effects  of  i),  ii),  and  iii)  above,  would 
be  to  solve  the  vibrational -rotational  problem  using  Ejjp(R)  and  compare  the  results 
with  experiment.  This  latter  investigation  is  now  in  progress. 

The  foregoing  discussion  Indicated  that  reoptimization  of  the  orbital  exponents 
contributed  very  little  towards  improving  Ejjp(R)  for  N2(X  ^X*).  It  seems  certain  that 
the  major  features  of  E^p(R)  are  only  slightly  altered  by  such  reoptimizations  for  A2 
molecules  when  a  large  expansion  basis  set  is  employed  and  in  light  of  the  overall 
poor  quality  of  the  potential  curves  given  by  Ejjp(R),  reoptimizations  of  Cp  values  for 
N2(X  2Sg  ,  A  2nu,  B  2Z*)  molecular-ion3  were  abandoned.  The  largest  energy  gain  in 
the  reoptimizations  for  HP(X  1Z*)  was  ~  0.001  Hartree  and  the  only  other  Np  reoptimi- 
zatlon  (that  for  the  X  2Z*  state  at  R  =  2.0152  Bohr)  gave  an  energy  gain  of  0.00006 

C> 

Hartrees  relative  to  the  results  obtained  using  the  Cp's  optimized  at  R  *  Re(Exptl.) 

=  2.115  Bohr  for  N2(X  2X*).  It  is  a  reasonable  estimate  that  reoptimization  of  the 
orbital  exponents  would  produce  no  gains  greater  than  ~  0.002  Hartrees  and  probably 
half  of  this  size.  Therefore  EHp(R)  curves  for  N2(X  2Z*,  A  2IIU,  B  2z£)  were  calculated 
using  the  wave  functions  given  In  Tables  V,  VI,  and  VII,  respectively,  obtained  at  the 
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Re(Exptl.)  values.  The  resulting  points  for  the  potential  curves  are  found  In  Tables 
XV,  XVI,  and  XVII  for  these  three  states  of  Ng. 
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Is  the  orbitals  satisfying  the  physical  self-consistency  requirement  of  this  model,  we 

can  now  examine  how  the  model  behaves  in  this  regard.  Thus,  although  all  Re(HF)  values 

are  shifted  inward  relative  to  the  corresponding  Re(Exptl.)  values  and  in  spite  of  the 

fact  that  the  Ng(X  2S*)  and  Ng(A  2IIu)  states  are  reversed,  there  is  a  strikingly  close 

analogy  between  the  ARg  shifts  of  theory  and  experiment  upon  ionization  of  Ng(X  1Zg) . 

Thus  for  the  loss  of  the  strongly  bonding  electron  in  l7ru  symmetry,  Re(Exptl.)  goes 

from  2.0741  Bohr  (N2,  X  1Z+)  to  2.222  Bohr  (Ng,  A  2IIu) ,  an  increase  of  0.148  Bohr  or 

+  6.13$,  while  Re(HF)  goes  from  2.0132  Bohr  (Ng,  X  1Zg)  to  2.134  Bohr  (Ng,  A  2IIU) ,  a 

parallel  increase  of  0.121  Bohr  or  +  6.0#.  In  an  exactly  analogous  fashion  ARe(Exptl.) 

for  the  loss  of  a  weakly  bonding  J>a  electron  is  +  1.88#  compared  to  the  calculated 

© 

value  of  +  1.26#  and  for  the  loss  of  an  antibonding  2ay  electron,  ARe(Exptl.)  =  -2.05# 
and  ARe(HF)  =  -3.93#.  Thus  in  every  case  the  model  gives  good  agreement  and  predicts 
in  each  case  less  bonding  in  terms  of  ARfi  than  the  experimental  results  give.  To  good 
approximation  then,  the  far  reaching  concept  of  bonding  and  antibonding  orbitals  pre¬ 
dicted  by  the  theory  seems  relatively  immune  to  the  shortcomings  of  the  Hartree-Fock 
approximation.  This  tool  can  thus  be  extensively  exploited  in  further  investigations 
of  this  series.  Although  no  new  Information  is  provided  in  this  paragraph,  we  wish  to 
stress  that  having  obtained  the  results  of  the  Hartree-Fock  model,  it  seems  obligatory 
to  critically  examine  how  close  the  orbital  concept,  so  solidly  entrenched  in  molecular 
spectroscopy,  conforms  with  the  model  it  assumes.  In  a  companion  paper  to  the  present 
effort"^  the  rearrangement  of  the  electronic  charge  distribution  upon  loss  of  either  a 

3o  ,  Itt  ,  or  2o  electron  is  considered  in  terms  of  the  electronic  charge  density  con- 
g  u  u 

tours  for  the  various  orbitals  themselves.  This  latter  study  could  not  be  done  by 
using  only  virtual  orbitals,  but  requires  directly  calculated  wave  functions  for 
Ng(X  2Sg,  A  2nu,  B  2s£)  ions  as  obtained  here. 

Let  us  now  consider  more  quantitative  aspects  of  the  total  energy  values, 

Syj,(R) ,  namely  ionization  potentials,  dissociation  energies,  and  the  energy  quantity 
A(R) ,  defined  in  Eq.  IH.10.  Since  relativistic  effects  are  completely  neglected  in 
these  calculations,  A(R)  is  not  the  variation  of  the  usually  defined  correlation  energy 
with  R  because  E^^R)  implicitly  contains  all  the  physics  of  the  problem  as  communi¬ 
cated  by  the  experimental  data  used  in  the  RKR  analysis.  Therefore,  we  will  refer  to 
A(R)  as  a  quantity  which  measures  the  variation  with  R  of  the  shortcomings  of  a  given 
approximate  wave  function,  or  in  the  present  case,  of  the  Hartree-Pock  wave  function. 
The  A(R)  -  E^fR)  -  E^R)  curves  for  N2(X  XZg)  and  Ng(X  2X+,  A  2nu,  B  2x£)  states  are 
given  in  Pig.  11.  The  numbers  used  to  obtain  these  curves  come  from  the  calculated 
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IV.  DISCUSSION  OP  ENERGY  QUANTITIES 


The  principal  energy  results  are  summarized  in  Tables  XIV,  XV,  XVI,  and  XVII 
for  N2(X  1Zg)  and  n£(X  2S+,  A  2IIU,  B  2S^) ,  respectively.  The  variation  of  EHp(R) , 

Tnp(R)  >  Vjjp(R),  and  e1(R)  with  lnternuclear  separation  for  these  four  molecular  systems 
are  shown  in  Pig.  8a,  9a,  9b,  and  10a,b,c,d  in  that  order.  These  results  are  claimed 
to  Hartree-Pock  accuracy  within  at  least  0.005  Hartree  for  Ejjp(R)  and  less  for  the 
other  quantities. 

The  potential  curves  for  Ng(X  and  N+(X  22+,  A  2KU,  B  2S+)  are  given  in 

Pig.  8a  and  8b.  Figure  8a  is  the  result  of  the  present  calculations  as  already  described 
and  Pig.  8b  is  replotted  from  data  of  P.  R.  Gilmore.®1  The  Rydberg-Klein  curves  of 
Gilmore  and  Pig.  8b  have  been  Juxtaposed  so  that  the  calculated  and  "experimental"  minima 
of  N2(X  1Sg)  are  exactly  parallel.  But  note,  that  although  the  ordinate  scale  is  the 
same  in  Pigs.  8a  and  8b,  and  the  abscissa  scale  and  range  is  identical,  the  ordinate 
ranges  of  Pigs.  8a  and  8b  are  different.  The  objective  is  simply  to  measure  the  inter¬ 
nal  spacings  and  relationships  among  the  four  states  as  calculated  and  compare  these 
with  the  experimental  results.  The  small  numbered  horizontal  struts  in  Pig.  8b  indicate 
the  various  vibrational  states. 

The  first  general  impression  in  comparing  the  calculated  E^R)  curves  with  the 
Ef!KR(R)  curves  is  that  the  Ng  states  are  all  nearly  correctly  spaced  above  the  N2(X  1Sg) 
curve.  One  notes  that  all  Ejjp(R)  curves  are  shifted  inward  relative  to  the  correspond¬ 
ing  Erkr(R)  curves,  all  Ej^R)  curves  rise  much  too  rapidly  at  large  R,  and  that  some 
significant  relative  shifting  has  occured  among  the  Ng  states.  The  most  significant 

«i>  O  •&.  i  o 

feature,  however,  as  noted  earlier,  is  the  reversal  of  the  N2(X  Sg)  and  N2(A  Hu) 
states  over  a  substantial  range  of  R  values.  This  reversal  of  levels  involves  energy 
differences  of  the  order  of  -0.02  Hartree  which  is  considerably  too  large  to  be  ex¬ 
plained  as  due  to  differential  shortcomings  of  our  approximation  to  the  Hartree-Pock 
result  for  these  two  states.  We  are  confident  that  this  reversal  is  a  characteristic 
feature  of  the  Hartree-Pock  approximation  and  hence  must  find  an  explanation  in  the 
differential  shortcomings  of  the  Hartree-Pock  results,  or  differential  correlation 
energy,  for  these  two  states  of  Ng. 

It  may  be  recalled  that  the  concept  of  bonding,  antibonding,  or  non-bonding 
orbitals  first  arose  in  considering  the  change  in  Re(Exptl.)  which  resulted  when  an 
electron  vacated  the  particular  molecular  orbital  in  question.  In  as  much  as  our 
claims  of  having  obtained  to  good  approximation  the  molecular  orbitals  are  valid,  that 
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results  for  E^fR)  at  Rm^n(v)  and  Emax(v)  and  the  results  of  Gilmore  for  ERKR(R)  at  the 

corresponding  R  values.  These  curves  all  show  the  characteristic  degeneration  as  R 

increases  and  are  not  slowly  varying  (the  gradient  varys  from  about  0.11  Hartree/Bohr 

for  Ng,  X  22g  to  about  0.23  Hartree/Bohr  for  a  part  of  the  Ng,  B  22*  curve)  functions 

of  R  around  Re(Exptl.) .  It  is  also  observed  that  the  shortcomings  of  EHp(R)  are  only 

slightly  worse  for  Ng(X  22g)  than  for  Ng(X  ■'‘Xg) ,  but  these  two  A(R)  curves  are  closely 

parallel  over  a  substantial  range  of  R  values.  This  is  also  seen  in  the  potential 

curves  for  Ng(X  and  Ng(X  22+)  states  in  Fig.  8a.  Thus,  except  for  a  constant 

relative  elevation  of  the  Nl(X  2  )  Eu-ZR)  curve,  these  two  curves  behave  very  similarly 

c.  g  nr 

to  their  counterparts  in  Fig.  8b.  The  point  to  be  made  here  is  that  apparently  breaking 
2  p  +  + 

of  the  3°g  pair  in  going  to  the  X  2g  state  of  Ng  is  of  but  minor  consequence  as  far 
as  the  correlation  energy  is  concerned.  Or  another  way  of  putting  it,  these  Hartree- 
Fock  calculations  on  Ng(X  12g)  and  Ng(X  22g)  are  closely  comparable  in  quality.  In 

o  4. 

contrast  to  this,  the  A(R)  curve  for  the  A  state  of  Ng  indicates  that,  relatively 
speaking,  the  Hartree-Fock  result  is  much  better  for  this  state  than  for  Ng,  and  the 

p  1  1 

final  a(R)  curve  shows  that  the  B  2^  state  of  Ng  is,  relatively,  the  worse  treated  by 
Hartree-Fock  approximation.  Thus  the  calculated  EHp(R)  curve  for  the  A  IIu  state  of 
Ng  is  relatively  lower  than  its  experimental  counterpart  in  Fig.  8a, b  because  somehow 
the  Hartree-Fock  result  for  Ng(A  n  )  is  much  better  than  corresponding  results  for 
Ng(X  22g)  and  Ng(X  *2*) .  It  is  certainly  no  coincidence  that  this  behavior  Is  associa- 

1  p  I  1 

ted  with  the  loss  of  a  strongly  bonding  l7ru  electron  in  forming  Ng(A  11^)  from  Ng(X  2g)  . 

In  terms  of  breaking  electron  pairs  the  results  of  A(R)  for  the  Ng(B  2^)  state  result- 

2 

ing  from  breaking  up  the  2 pair  also  is  significant.  Clearly  there  is  substantial 

information  in  considerations  of  this  kind  about  correlation  energy,  but  until  more 

results  are  obtained  for  other  homonuclear  systems,  the  authors  decline  attempts  at 

2  +  2 

any  synthesis.  The  authors  have  no  explanation  of  the  reversal  of  the  X  2g  and  A  Hu 
states  of  Ng  relative  to  experiment  and  know  of  no  explanations  in  the  literature. 

Several  attempts  have  been  made  by  Clementi^  and  others  to  construct  empirical  corre¬ 
lation  energy  corrections  to  be  added  on  to  the  Hartree-Fock  energies  for  molecules  to 
give  accurate  dissociation  energies.  The  view  in  this  paper  is  that  insufficient  data 
is  presently  available  to  attempt  to  construct  such  an  empirical  recipe  and  this  is 
why  the  quantity  A(R)  was  introduced.  It  is,  we  feel,  imperative  to  get  more  results 
for  more  electron  configurations,  for  variable  differences  of  nuclear  charges,  and  to 
obtain  these  results  as  a  function  of  internuclear  separation. 

b^E.  Clement!,  J.  Chem.  Phys.  £8,  2780  (1963);  22*  *87  (1963). 
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In  Sec.  III.D  the  defects  of  calculated  potential  curves  for  N?(X  12+)  were 
considered  to  be  loosely  dlvlsable  Into  an  elevation  factor,  a  3hlft  factor,  and  a 
shape  factor.  We  may  now  ask  what  these  divisions  means.  If  anything,  In  terms  of  the 
A(R)  quantity  and  can  any  useful  quantitative  or  Interpretative  advantage  be  gained  In 
their  employment?  Let  us  first  define  the  quantity 

6R  =  Re(HF)  -  Re(Exptl.)  ,  IV. 1 

that  is.  Just  the  difference  between  the  calculated  equilibrium  value,  R0(HF),  and  the 
experimental  Rg  value.  For  the  N2(X  1Sg)  and  Ng(X  2Xg,  A  2nu,  B  2Z*)  states  the  shift 
In  the  position  of  the  minimum  is  6R  =  0.06l,  0.075,  0.088,  and  0.098  Bohr,  respectively. 
A  constant  elevation  factor  for  each  state  may  also  be  defined  as 

£  =  ERKR[Re(Exptl,)]  “  EHFtRe(HP)]  »  W.2 

which  in  magnitude  Is  just  the  height  the  minimum  of  E^p(R)  Is  above  the  minimum  of 
Erkr(R).  The  quantity  A(R)  can  now  be  written 

A(R)  =  Erkr(R)  -  EHp(R)  =  £  +  E^kr(R)  -  E^p(R) 

=  8+  £ERKr(R>  -  -  6R)1  -  «(R)  >  IV. 3 

in  which  Erkr(r)  and  E^p(R)  refer  to  energies  relative  to  their  respective  minima  and 
thus  are  to  the  same  zero  and  are  always  positive.  By  definition  a(R)  is 

a(R)  -  E£p(R)  -  e£p(R-6R)  .  IV. 4 

The  constant  8  13  thus  the  elevation  factor,  a(R)  is  the  shift  factor,  or  the  correction 
to  be  subtracted  at  each  R  value  to  bring  E^CR)  upon  Erkr(R)  such  that  the  minima  are 
coincident,  and  Ejycp(R)  -  E^p(R-6R)  is  the  shape  factor^  measuring  how  the  two  curves 
with  coincident  minima  differ  In  details  of  their  3hape  with  R. 

The  major  theoretical  shortcomings  of  EHp(R)  relative  to  erkr(r)  are  that: 
i)  EjjpfR)  does  not  go  to  the  correct  atom  states  upon  dissociation,  ii)  Epp(R)  is  a 
result  which  does  not  take  account  of  the  instantaneous  interactions  between  the  elec¬ 
trons,  the  usually  defined  correlation  defect,  and  iii)  Ejjp(R)  is  the  result  of  a  calcu¬ 
lation  In  which  relativistic  effects  are  neglected.  Can  these  theoretical  defects  be 
meaningfully  associated  with  the  elevation,  shift,  and  shape  factors  Just  defined?  Now 
the  constant  8  13  -0.590,  -0.605,  -0.539,  and  -0.627  Hartree  for  N2(X  1Xg)  and  N+(X  2X+, 

A  nu,  B  respectively,  and  it  is  reasonable  to  associate  this  R-independent  eleva¬ 

tion  factor  primarily  to  the  neglect  of  correlation  and  relavlstic  effects  in  the  inner 
shells,  defects  also  present  in  the  corresponding  calculations  for  the  separated  N(1*S) 
atom  and  N  +(3P)  ion.  Not  all  of  £  can,  however,  be  association  with  this  source  since, 
as  we  will  disouas  below,  the  rationalized  dissociation  energy  is 
^A  related  quantity  is  defined  by  A.  D,  McLean  in  J.  Chem.  Phys.  40,  243  (1964). 
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is  still  only  about  50$  of  the  experimental  value  and  therefore  the  remainder  must  be 
due  to  «n  R-independent  part  associated  with  the  correlation  energy  and  relativistic 
effects  for  the  valence  shell  electrons  of  the  atom  as  the  molecule  is  formed.  These 
conjectures  are  consistent  with  the  relative  sizes  of  the  £  values  for  these  four 
electronic  systems  of  Ng  and  Ng,  and,  presumably,  the  difference  in  £  for  these  states 
is  largely  associated  with  their  differences  in  correlation  energy  since  one  might 
expect  that  relativistic  defects  for  the  molecules  is  approximately  the  same  as  for 
the  separated  atoms,  except  if  R  is  very  small. 

The  shape  factor  given  by  Ej^fR)  -  E^p(R),  which  was  already  obliquely  dis¬ 
cussed  in  Sec.  III-D,  seems  to  be  dominated  by  the  fact  that  Ejjp(R)  does  not  approach 
the  energy  of  the  separated  ground  state  atoms  (or  atom  and  ion)  as  R  increases.  The 
shift  factor,  expressed  either  in  terms  of  a(R)  or  6R,  indicates  that,  in  the  Hartree- 
Fock  approximation  for  the  Ng  molecule  and  the  Ng  molecular -ions,  the  nuclei  are  more 
shielded  from  one  another  by  electron  charge  distribution  between  them  than  is  actually 
the  case.^  Thus,  as  might  be  anticipated,  the  neglect  of  the  instantaneous  inter¬ 
actions  between  the  electrons  will  increase  the  electron  density  in  regions  where  it 
is  already  high  (and,  of  course,  the  instantaneous  interactions  are  more  important) 
and  tend  to  decrease  the  electron  density  in  regions  where  it  is  too  low.  The  shift 
factor  is  thus  largely  ascrlbable  to  the  R-dependent  portion  of  the  correlation  energy 
although  it  must  also  be  associated  with  a  sort  of  "stove-pipe"  effect  due  to  the 
rapid  rise  of  Ejjp(R)  for  large  R.^' 

In  summary  then,  the  arbitrary  division  of  the  defects  manifested  in  A(R)  and 
the  association  of  the  elevation,  shift,  and  shape  parts  with  known  theoretical  short¬ 
comings  seems  at  this  point  only  heuristic.  This  discussion  was  intended  to  attempt 
an  assessment  of  the  shortcomings  of  EHp1(R),  staying  as  close  to  experiment  as  possible, 
and  to  emphasize  our  belief  in  considering  the  various  defects  as  a  function  of  inter- 
nuclear  separation.  The  usefulness  of  A(R),£,  a(R),  and  AR  will  be  critically  ex¬ 
amined  for  entire  homologous  and/or  lsoelectronic  series  of  molecules  at  a  latter  data. 
These  concepts  may  offer  an  alternative  or  supplement  to  the  present  few  empirical 
schemes  to  obtain  dissociation  energies  for  diatomic  molecules  by  estimating  correlation 
energies,  and  possesses  the  advantage  of  being  a  quasl-direct  comparison  with  experiment. 
The  proposed  analysis  in  terms  of  this  division  of  defects  of  an  arbitrarily  calculated 
potential  curve,  for  example,  from  results  beyond  the  Hartree-Fock  approximation  by 
configuration  interaction  or  perhaps  by  completely  alternative  methods,  might  also 
serve  as  an  objective  standard  for  Interpretive  comparison  of  merits.  It  must  be 

6?  All  4R  values  calculated  have  been  positive  for  other  unpublished  diatomic  molecules 
and  ions. 
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remembered,  however,  that  such  a  division  is  completely  arbitrary  and  it  is  probable 
that  a  sequence  of  approximate  wave  functions  would/  lead  potential  curves  which 
approach  the  true  curve  along  a  contorted  geodesic.  Some  useful  data  is  expected  to 
emerge,  however,  such  as  studies  of  6R  versus  |ZA—  Zg|  or  other  parameters  representing 
the  molecular  system. 

The  calculated  dissociation  energy,  Dg(R)  is  the  "rationalized"  value,  which  is 
defined  for  a  diatomic  molecule,  AB,  by 

-De(R)  =  E^fR)  “  (*HF  +  >  '  W.5 


where  Dg(R)  includes  the  zero  point  energy  and  is  given  here  as  a  function  of  R.  The 
energy  quantities,  E^^^R),  ,  and  E^  are,  respectively  the  calculated  Hartree- 

Fock  energies  of  the  diatomic  molecule,  AB,  and  the  infinitely  separated  parts,  A  and  B, 
all  in  the  appropriate  electron  configuration  and  state.  Dg(R)  as  defined  can  be  posi¬ 
tive  or  negative,  the  latter  simply  corresponding  to  no  binding  if  true  for  all  R  values 
The  rationalization  is  that,  ideally,  one  expects  the  molecular  Hartree-Fock  result  to 
approach  the  appropriate  atomic  Hartree-Fock  results  as  R  becomes  very  large,  so  that 
D  (R)  at  R  fHF)  would  be  a  good  approximation  to  the  true  dissociation  energy  (D  ) 
except  for  the  difference  between  the  correlation  (and  relativistic)  corrections  for 
the  AB  and  A+B  systems. 

In  calculating  Dg(R)  we  have  used  EHp(N,4S)  =  -54.40093  H.46  and  EHp(N+,-5P) 

=  -53.88799  H.  and  find  that  Dg{ R  =  2.0132  B.)  =  0.1937  H.  (5.27  eV)  for  Ng(x  1Z+), 

Dg(R  =  2.0385  B.)  =  0.1190  H.  (3.24  eV)  for  N*(X  2Zg),  Dg(R  =  2.134  B.)  -  0.1431  H. 

(3.89  eV)  for  N+(A  2nu),  and  De(R  =  1.954  B. )  •  -0.01874  H.  (-0.509  eV),  unbound,  for 
*f*  2  *4* 

n2(b  2u).  These  Dg(R)  values  are  quoted  for  R  =  Re(HF)  and  not  for  R  -  Re(Exptl.). 
These  results  again  reflect  the  shortcomings  already  discussed,  but  compared  to  the 
experimental  results  of  9.90  eV  for  N2(X  and  8.86  eV  for  nJ(X  2Z+),  these  D  values 
are  far  better  than  most  previous  approximate  results,  being  53g  and  37#,  respectively 
of  the  true  value.  In  Fig.  2,  which  shows  the  improvement  in  the  total  energy  as  the 
expansion  basis  set  is  built  up  in  scheme  one,  it  is  evident  that  N„(X  12+)  is  bound 

2'  g' 

relative  to  the  Hartree-Fock  atom  results  (also  indicated  on  Fig.  2)  from  set  IE  onwards 

The  De(R)  curve  can  be  obtained  from  polynomial  curves  for  EKp(R)  and  EHp(N,4S)  and 

Ejjp(N+,^P) .  There  have  been  several  recent  proposals  of  alternative  ways  of  calcula- 

68 

ting  Dg,  such  as  that  given  by  Stanton,  and  the  method  suggested  by  Richardson  and 
Paek.^ 

Stanton,  J.  Chem.  Phys.  %6,  1298  (1962). 

69 

W.  Richardson  and  A.  K.  Pack,  J.  Chem.  Phys.  41,  897  (1964). 
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A  rationalized  ionization  potential,  Ig(R)  can  also  be  defined  and  is  given  by 

-Ig(R)  =  E<^(R)  -  E^^R)  ,  IV. 6 

for  the  ionization  of  AB  to  form  AB+.  This  definition  includes  ionization  potentials 
corresponding  to  excited  states  of  the  molecular  ion  AB+,  in  which  case  the  appropriate 
E^*®  ^ (R)  curves  must  be  employed,  and  double  ionization  potentials  can  be  similarly 
defined.  The  ionization  potential  curve  in  Eq.  IV. 6,  Ig(R),  is  the  "vertical"  ioniza¬ 
tion  potential  for  AB  if  R  =  R.(HF).  except  that  I_(R)  includes  the  zero  point  energy 

©  ©  ” 

of  AB,  and  with  this  correction  is  the  quantity  allegedly  measured  as  electron  impact 
ionization  potentials.  The  related  "adiabatic"  ionization  potential  is  defined  here  by 

-iia)  -  ^fR.)  -4f,+)(V)  '  IV-7 

that  is,  the  difference  between  the  minimal  energy  of  AB  at  Rg  and  AB+  at  Re'  (Rg  and 

R  '  are  the  Hartree-Pock  minimal  values).  The  experimental  "adiabatic"  ionization 

potential  measures  the  difference  between  the  energy  of  AB(v  =0,  J  =  SI)  and 

AB+(v  =0,  J  =  Cl) ,  so  that  I ^  is  slightly  modified  by  the  difference  of  the  zero  point 
energies  of  AB  and  AB+.  It  should  be  recalled  again,  however,  that  the  energy  values, 

^(R),  are  for  direct  calculations  for  the  molecular  ions  in  question  and  are  not 
obtained  from  virtual  orbital  results  for  AB. 

The  "vertical"  ionization  potentials  of  N2(X  ^Z*)  to  form  N2(X  2Z+,  A  2HU, 

B  2^)  molecular-ions,  using  results  for  each  obtained  for  R  =  R0(HF)  =  2.0132  B.,  the 
minimum  for  the  Ejjp(R)  curve  of  Ng(X  1Zg) ,  are  calculated  to  be  Ig(R  =  2.0132  B.)  = 

16.01  eV,  15.67  eV,  and  19-93  eV,  respectively.  The  experimental  values  of  Frost  and 
McDowell7  after  adding  on  the  zero  point  energy  of  Ng(X  ^Zg)  are  15*77  eV,  16.98  eV, 
and  18.90  eV,  again  in  the  same  order  (although  no  state  specification  is  obtained  by 
the  electron  impact  measurements) .  The  directly  calculated  "vertical"  ionization 
potentials  are  thus  1.5#  and  5.4#  too  high  for  formation  of  Ng(X  2Z*)  and  N2(B  2Z*) 
and  7.7#  too  low  for  the  formation  Ng(A  2nu) .  Pig.  10a  indicates  the  variation  of  the 
orbital  energys,  e2o  ,  e^a  ,  and  e1?T  ,  of  N2(X  ^g)  over  a  small  range  of  lntemuclear 
separation  and  for  R  «  2.0132  B.,  the  "vertical"  ionization  potentials  using  Koopmans' 
Theorem  are  17.36  eV  (+10.1#  in  error)  for  the  loss  of  an  3 0  electron,  17.10  eV 

O 

(+0.71#  in  error)  for  the  loss  of  an  liru  electron,  and  20.92  (+10. 7#  in  error)  for  the 
loss  of  an  2au  electron.  These  values  indicate  that,  as  expected,  the  directly  calcu¬ 
lated  values  are  generally  better  and  are  especially  good  (1.5#)  when  the  correlation 
effects  in  the  neutral  and  Ionized  state  are  very  similar.  It  is  also  to  be  noted 
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that  the  "vertical"  ionization  potential  to  form  Ng(A  2nu)  given  by  Koopmans'  Theorem 

is  astonishingly,  and  probably  fortuitously,  good.  The  full  Ie(R)  curves  can  be 

obtained  by  use  of  the  EHp(R)  polynomial  curves. 

One  final  set  of  "vertical"  ionization  potentials  might  also  be  mentioned 

which  involves  the  loss  of  two  electrons  by  N2(X  to  form  Ng2(?).  Certain  double 

ionization  processes  involving  nitrogen  have  recently  been  re-examined  by  Dorman  and 

Morrison,^0  who  find  two  such  potentials,^1  one  at  42.7  eV  and  another  at  43.8  eV,  but 

+2 

no  clear-cut  association  with  particular  states  of  Ng  is  available  from  these  elec- 

+2 

tron  impact  measurements.  It  is  not  unlikely  that  there  is  a  number  of  Ng  states  in 

this  energy  range  above  Ng  and  certain  of  these  states  are  represented  in  Table  VIII. 

+2  + 

These  Ng  calculations  are  crude  compared  to  the  Ng  and  Ng  results  in  that  no  reopti¬ 
mization  of  orbital  exponents  was  attempted,  but  these  are  direct  calculations  again 
for  the  states  in  question.  For  the  double  "vertical"  ionization  potentials  of 
Ng(X  1Zg)  we  calculate  that  Ig(R  =  2.0132  B.)  =  43-77  eV  to  form  Ng2(2<5u236g2l7ru2, 

3Z“),  45.20  eV  to  form  Ng2(20u236g2l7ru2,  1Ag),  and  46.18  eV  to  form  n£2( 26u23t5g0l7ru\ 

1  i  i  p  p  p  p  I  | 

Z  )  respectively.  The  N~  (2<S  3<5_  1  tt  ,  Z  )  state  is  probably  also  close  by  as  are 

8  u.  g  u  g 

2  3  4  2  3 

a  number  of  other  states  involving  2CU  36gliru^,  26u36gl7ru  ,  and  26u36g  ln^  electronic 
configurations.  Explicit  knowledge  as  to  which  of  these  states  are  bound  is  not  avail¬ 
able  from  calculations  performed.  The  Ie(R  ”  2.0132  B. )  given  are  probably  uniformly 

+2 

too  high  by  about  0.2  -  0.5  eV  due  to  relative  crudeness  of  the  Ng  wave  functions 

when  compared  to  the  Ng(X  Z+)  results.  We  are  not  able  to  convincingly  make  any 

+2 

Identification  of  the  states  of  Ng  involved  in  the  measurements  of  Dorman  and  Morrison 
since  it  seems  that  Ng2has  an  abundance  of  closely  grouped  low  lying  states  (about 
ten  states).  Ng^  is  about  90  eV  and  Ng^  is  about  145  eV  above  Ng(X  "4:+). 

The  "adiabatic"  ionization  potentials  of  Ng(X  ^Zp  to  form  Ng(X  Zg,  A  Ru, 

B  2Zp  are  well  known  from  spectroscopic  observations  of  Rydberg  series  of  Ng  and,  in 
general,  ionization  potentials  measured  in  this  way  are  the  most  accurate  obtained. 

For  ionization  of  Ng(X  1Zg)  to  the  X  2Z+,  A  2UU,  and  B  2l£  states  of  Ng,  the  experi¬ 
mental  adiabatic  ionization  potentials  are  1^  =  15*585  eV,  16.74  «V,  and  18.744  eV, 
respectively,  using  the  values  quoted  by  McDowell^2  and  the  relationship 

'°F.  H.  Dorman  and  J.  D.  Morrison,  J.  Chem.  Phys.  1906  (1963). 

"^No  correction  for  the  zero-point  energy  of  Ng(X  12g)  is  made  since  the  measured 
values  may  be  off  by  more  than  the  zero-point  correction  (0.143  eV) . 

72c.  a.  McDowell,  in  Mass  Spectrometry,  edited  by  C.  A.  McDowell,  (McQraw-Hill  Book  Co., 


Inc.,  New  York,  1963),  P.  544 
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IV.  8 


I^a)  =  I £a)  +  i(«oe-  «;)  -  i(coexe-  (Dex;)  +  i(coeye-  0>ey;)  , 

where  the  unprimed  quantities  are  for  Ng(X  ^2*)  and  the  primed  values  are  for  the 

various  states  of  Ng,  and  I^a^  is  the  experimental  "adiabatic"  ionization  potential. 

(a) 

The  zero  point  corrections  which  are  smaller  than  the  uncertainty  in  Iq  are  neglected 
(usually  the  last  two  terms  in  Eq.  IV. 8) .  The  adiabatic  ionization  potentials  calcu¬ 
lated  here  are  l[a^  =  15-99  eV.  (X  22+) ,  15.34  eV.  (A  2nJ ,  and  19.74  eV.  (B  2Z+)  and 
it  should  be  noted  that  the  calculated,  and  not  the  experimental,  Rg  values  are  taken 
as  the  minimal  point  in  the  Ejjp(R)  curves  of  Ng  and  Ng.  The  adiabatic  ionization 
potentials  are  again  in  very  good  agreement  as  might  be  expected  since  the  Re(HF)  values 
are  not  shifted  very  far  in  going  from  Ng  to  Ng  and  the  vertical  ionization  potentials 
were  good. 

From  these  calculations  on  the  ionization  potentials  we  see  that  ionization 
potentials  can  be  calculated  to  within  10$  at  worse  (using  Koopmans'  Theorem),  but  to 
within  about  5$  for  the  directly  calculated  results.  Furthermore,  in  those  few  cases 
where  the  Hartree-Fock  approximation  is  equally  good  for  both  neutral  and  ionized 
system,  then  ionization  potentials  can  be  predicted  to  within  1  or  2$.  Therefore  it 
Is  likely  that  Hartree-Fock  calculations  of  the  type  described  here,  guided  by  more 
experience,  can  help  to  Identify  the  state  of  the  ion  that  a  Rydberg  series  is  con¬ 
vergent  upon.  It  should  also  be  feasible  to  construct  empirical  schemes  based  upon 
Hartree-Fock  results  and  estimates  of  differential  correlation  energies  of  AB  and 
AB+  to  give  I_(R)  or  just  as  schemes  are  now  being  proposed  to  calculate  D  by 

6  6  v 

6b 

Clementi  ^  and  others. 

It  is  traditional  to  calculate  spectroscopic  constants  once  a  potential  curve, 
such  as  EjjyfR) ,  has  been  calculated.  This  is  usually  done  by  performing  the  analysis 
introduced  by  Dunham‘S  in  which  a  polynomial  fit  is  made  to  Ejjp(R) .  We  have  conformed 
to  this  tradition,  but  with  certain  misgivings.  As  is  abundantly  evident  from  the 
potential  curveB  in  Fig.  7,  the  sharp  rise  of  E^^(R)  for  large  R  considerably  perils 
any  conclusions  which  might  be  drawn  about  quantities  calculated  using  Ejjp(R)  at  large 
R  values.  Stanton,^®  Leies,7^  Goodisman,7-*  and  McLean, ®®'7®  among  others,  have 

L.  Dunham,  Phys.  Rev.  41,  713,  721  (1932). 

740.  M.  Leies,  J.  Chem.  Phys.  22>  1137  (1963). 

7-*J.  Ctoodlsman,  J.  Chem.  Phys.  22»  2396  (1963). 

76A.  D.  McLean,  J.  Chem.  Phys.  40,  2774  (1964). 
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recently  expressed  certain  Ideas  about  the  quality  of  potential  curves,  and  especially 
the  quality  of  spectroscopic  constants  calculated  from  Hartree-Fock  results  for  various 
lntemuclear  separations.  In  particular,  Stanton  has  conjectured,  "that  Hartree-Fock 
potential  energy  surfaces  and  exact  potential  energy  surfaces  are  parallel  over  short 
distances".  McLean*^  has  questioned  certain  of  Stanton's  Ideas  based  on  calculations 
for  H2  and  LiF  and  the  results  of  the  present  paper  are  also  in  disagreement  with 
Stanton's  conjecture  quoted  above.  The  spectroscopic  constants  presented  in  Table 
XVIII  are  not  given  with  the  expectation  that  results  of  great  accuracy  are  possible, 
but  rather  to  examine  their  deficiencies. 

A  number  of  different  polynomial  fits  were  made  to  Ejjp(R)  for  Ng(X  ^2*)  in 
which  the  number  of  points  was  varied  from  4  to  10,  and  the  overall  symmetry  of  dis¬ 
tribution  of  points  was  also  independently  studied.  Certain  of  the  less  stable  spectros¬ 
copic  constants  were  observed  to  vary  wildly,  especially  when  a  3mall  left  or  right 
asymmetric  distribution  of  points  on  Epp(R)  was  employed,  and  to  be  worse  when  one  point 
was  very  near  the  minimum  of  the  curve.  For  example.  It  was  observed  in  this  study  for 
N2(X  12g)  that  2681  «  <ne  2773,  2.85  <  ^ e  «  39-75,  -7-072  *  u>eye  <  5-588,  2.119  * 

Bg  «  2.124,  and  0.0091  «  ag  <  O.OI87  for  the  various  extremes  of  these  results.  Clearly 
then  a  reasonable  choice  and  distribution  of  points  Is  obligatory  and  the  use  of  a 
symmetrical  10  point  polynomial  In  R  was  adopted  for  these  states  of  Ng  and  Ng. 

The  resulting  spectroscopic  constants  obtained  from  the  usual  Dunham  analysis 
are  compared  in  Table  XVIII  with  the  experimental  results.  It  Is  thus  concluded  that 
most  spectroscopic  constants  are  quite  unreliable,  but  that  at  least  for  Be,  ag,  and 
o>e  the  calculated  results  are  always  wrong  in  the  same  direction,  l.e.  too  high  or  too 
low.  It  may  be  possible  for  the  theory  to  discount  the  assignment  of  a  certain  observed 
state  if  the  observed  B_  or  to  values  are  outside  the  ranges  implied  above,  but  positive 
predictions  seem  impossible  with  this  accuracy  for  Ag  type  molecules.  The  remarks, 
however,  are  made  from  the  results  on  Ng  and  Ng  molecular-ions  and  for  other  cases,  for 
example,  the  diatomic  hydrides,  AH,  the  situation  may  be  more  favorable. 

It  has  been  suggested  by  Goodisman^  that  spectroscopic  constants  might  be  more 
accurately  calculated  employing  the  force  on  the  nuclei  as  a  function  of  lntemuclear 
separation.  This  is  explored  in  paper  XII. B  where  expectation  values  and  molecular 
properties  are  considered.  Leies,^  who  states  that  "vibrational  properties  derived 
from  the  SCF  function  would  be  valid",  which  contradicts  the  results  cited,  suggests 
the  direct  comparison  of  AG  values  from  the  numerical  solution  of  the  nuclear  vibration- 
rotational  problem  using  E^fR)  and  this  study  Is  in  progress  for  Ng  and  Ng  molecular 
ions.  These  two  alternative  methods  to  the  calculation  of  spectroscopic  constants  are 
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Important  since  the  Dunham  analysis  is,  generally  speaking,  rather  crude.  In  a  Dunham 
analysis  performed  using  the  turning  points  and  energy  values  calculated  as  described 
in  Sec.  III.D  for  Ng(X  ^2g) ,  the  spectroscopic  constants  were  found  to  be  Bg  =  2.00087, 
cu  =  2271.4  cm*1,  a  =  0.0406,  and  tux  =  71.65  cm-1.  This  included  only  the  potential 
curve  for  v  =  0  through  5,  which  is  why  a)gxe  was  so  bad,  but  it  does  indicate  the  best 
quality  of  results  for  Bg  and  a>g  that  can  be  obtained  from  a  Dunham  analysis. 

Embellishments  of  the  Hartree-Fock  potential  curve  to  improve  the  spectroscopic 
constants,  such  as  suggested  by  McLean, ^  seems  to  be  of  neglible  importance  in  view 
of  the  apparent  intrinsic  shortcomings  of  Ejjp(R)  in  this  regard. 

The  variation  of  the  kinetic  and  potential  energy  with  internuclear  separation 
for  N2(X  12g)  and  Ng(X  2Zg,  A  2IIU,  B  2Z*)  is  shown  in  Figs.  9a  and  9b,  respectively. 

The  potential  energy  curves  include  the  nuclear  repulsion  term.  The  major,  and  well- 
known,  feature  is  the  decrease  in  magnitude  of  both  the  kinetic  and  potential  energy 
as  R  increases.  The  rate  of  decrease  is  large  when  R  is  small,  for  example,  less  than 
Re(Exptl.),  and  gradually  becomes  smaller  as  R  -*  ».  It  is  interesting  to  note  that  the 
order  of  the  four  states  are  identical  for  both  T(R)  and  V(R)  and  that  no  curve-crossing 
between  the  A  2IIU  and  X  2Z*  states  of  Ng  is  observed  in  either  T(R)  or  V(R) .  In  fact, 
except  for  the  B  2Z*  state  of  Ng,  the  T(R)  and  V(R)  curves  seem  nearly  completely 
parallel  over  the  entire  range  of  R  values  considered.  That  T(R)  and  V(R)  for  the 

p  p  4.  u. 

A  nu  and  X  2g  states  of  Ng  are  nearly  parallel  is  not  inconsistent  with  the  result 
shown  in  Fig.  8,  in  which  the  Eyp(R)  curves  for  these  two  states  cross  at  approximately 
R  =  1.92  Bohr.  It  Is  also  noted  that  the  loss  of  an  electron  from  Ng(X  ^g),  regardless 
of  the  resulting  Ng  state,  lowers  the  kinetic  energy  curve,  T(R),  much  less  than  it 
raises  the  potential  energy  curve,  V(R) .  These  curves  are  plotted  from  results  given 
in  Tables  XIV  through  XVII. 

A  relatively  narrow  cross-section  through  the  molecular  orbital  correlation 

diagram  for  Ng  and  Ng  are  shown  in  Figs.  lla,b,c,d.  These  plots  of  €ga  (R),  e^a  (R), 

Cp  (R) ,  and  c,  (R)  are  linear  except  for  slight  curvature  over  this  narrow  range  of 

R  values.  The  for  the  Ng  ions  are,  of  course,  substantially  lower  than  those  for 

Ng  although  the  internal  spacings  and  gross  characteristics  is  about  the  same.  The 

only  feature  of  interest  here  is  the  crossing  of  the  e,  (R),  ep  (R),  and  e.  (R) 

^"g  CQu  u 

curves.  The  order  of  the  orbital  energies  at  large  R  is  e2  <  e2  <  e,  <  e.  for 

u 

Ng(X  ^g)  and  Ng(X  2Z*,  A  2IIU,  B  2Z*)  although  their  relative  separations  vary.  The 

2  4*  2  + 

e.  is  seen  to  cut  across  both  e2  and  e,  (except  for  the  X  Si  and  B  2L  states, 

17Tu  u  p  g  6 

in  which  cases  the  second  crossing  seems  to  be  for  R  less  than  the  smallest  R  shown) . 

-62- 
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Similarly  the  e26  curve  rises  and  apparently  crosses  both  e^g  and  el7T  .  The  order 

at  small  R  thus  is  e2c  ^  (  e-6  K  e26  .  Therefore  the  actual  values  seem  to 

u  s  u 

behave  well  in  correlating  with  the  separated  and  united  atom  situations  and  the  only 
new  infoxmation  is  the  precise  behavior  of  the  e^R)  over  a  narrow  range  of  R  and  the 
intersections  of  these  e^R). 
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V.  CONCLUSIONS 


The  extensive  set  of  calculations  which  form  the  substantive  basis  of  the  pre- 

O 

sentation  In  this  paper  and  the  study  by  Huo  for  CO  and  BP  comprise  the  only  thoroughly 
documented  attempts  at  a  critical  study  of  the  convergence  of  a  helrachy  of  Hartree- 
Fock-Roothaan  wave  functions  to  the  true  Hartree-Pock  wave  function  for  molecules, 

go 

except  for  the  study  by  Kolos  and  Roothaan  for  the  hydrogen  molecule.  On  the  basis 
of  these  calculations  and  on  the  strength  of  the  discussions  given,  the  following  con¬ 
clusions  are  submitted. 

(1)  The  solution  of  the  Hartree-Pock-Roothaan  equations  for  a  carefully  selected, 
and  sufficiently  large,  expansion  basis  set  in  terms  of  STO  functions  seems  to  approach 
the  true  Hartree-Pock  solution  as  evidenced  in  terms  of  certain  energy  quantities.  This 
conclusion  is  not  very  surprizing  in  light  of  the  remarkably  successful  Hartree-Pock 
calculations  for  first  row  atoms  by  Bagus,  Gilbert,  Roothaan,  and  Cohen  and  the 
reasonable  extension  of  these  methods  to  another  electronic  system  which  differs  basi¬ 
cally  only  in  having  a  bicentric  character.  Moreover,  the  accurate  representation  of 
the  molecular  orbitals  is  realized  by  a  practicable  procedure,  feasible  for  all  first 
row  homonuclear  diatomic  molecules  once  sufficient  information  Is  available  from  a  few 
exhaustive  pilot  calculations. 

(2)  It  Is  imperative  to  introduce  expansion  basis  functions  in  a  or  a  and 

o  u 

7T  or  ir  symmetry  which  have  £  =  2  and  3  (d-type  and  f-type  STO  functions)  as  is  also 
U  O  .  P 

emphasized  by  Nesbet.  This  is  evident  from  the  discussion  given  in  Sec.  Ill  and 
other  important  manifestations  will  be  considered  in  paper  UI.B  In  regard  to  certain 
molecular  properties  for  Ng  and  Nj£  ions.  The  minimal  basis  set2^'^0  and  the  double- 
zeta  basis  set^  are  seen  to  have  serious  short ?omings  when  viewed  comparatively  in  the 
overall  perspective  of  the  basis  3et  synthesis.  The  conclusion  is  that  there  is  no 
particular  reason  to  obtain  such  intermediate  results  if  the  objective  is  to  obtain 
the  Hartree-Pock  wave  functions  and  the  concomitant  molecular  properties.  These  obser¬ 
vations  should  suggest  the  exercise  of  caution  in  considering  the  merits  of  results  for 
diatomic  molecules  or  polyatomic  molecules  which  employ  minimal  basis  sets.  Ramifica¬ 
tions  of  this  problem  are  also  considered  in  paper  III.B  in  relation  to  certain  molecu¬ 
lar  properties. 

(3)  A  certain  degree  of  flexibility  should  be  exercised  in  employment  of  the 
term  "molecular  orbital".  We  are  referring  here  to  the  molecular  orbital,  that  is  the 
canonical  set  of  functions  9^^  which  satisfy  the  Independent  particle  model,  and  not 
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simply  functions  which  are  of  proper  symmetry  and  are  "delocalized".  The  molecular 
orbitals  Inferred  in  the  study  of  molecular  electronic  spectroscopy  are  clearly  only 
approximately  the  molecular  orbitals  as  given  by  the  independent  particle  model.  This 

x  o 

is  exhibited  in  the  present  study  in  the  reversal  of  the  levels  of  the  Ng(A  nu)  and 
Ng(X  2Sg)  states  and  the  e^a  and  for  Ng(X  relative  to  experiment.  It  is 

claimed  by  Slnanoglu  and  Szasz  that  major  vestiges  of  the  orbital  concept  are  retained 
in  elaborate  theories  beyond  the  Hartree-Fock  model  which  include  the  instantaneous 
interactions  of  the  electrons  of  the  system.  This  or  similar  explanations  must  recon¬ 
cile  the  molecular  orbital  of  theory  and  experiment  in  certain  (and  hopefully  few)  key 
situations. 

(U)  Although  the  calculated  "rationalized"  dissociation  energies  are  still  quite 
bad  and  the  potential  curves  are  all  much  too  high  relative  to  experimental  results, 
both  not  especially  unexpected  results,  the  calculated  Internal  spacings  of  ionized 
states  are  quite  well  predicted.  The  prospects  of  careful  studies  of  the  variation  of 
the  correlation  energy  with  intemuclear  separation  and  upon  selective  ionizations  are 
thus  quite  good.  For  complete  homologous  series  and  certain  isoelectronic  series  such 
raw  data  for  the  possible  success  of  empirical  correlation  energy  is  thus  close  at 

hand. 

0 

(5)  Spectroscopic  constants  from  Hartree-Fock  calculations  obtained  by  the 
Dunham  analysis  of  the  potential  curve  are  quite  unreliable. 

(6)  A  very  encouraging  result  of  these  calculations  is  the  relatively  high 
accuracy  obtained  for  the  directly  calculated  ionization  potentials.  The  accuracy, 
which  should  be  relatively  the  same  for  other  systems,  indicates  that  we  can  calculate 
ionization  potentials  to  within  about  5#.  We  have  also  seen  that  in  some  cases  the 
Koopmans'  Theorem  ionization  potential  may  be  much  more  accurate. 

One  final  note  may  be  made  in  this  section  about  configuration  interaction  cal¬ 
culations.  Caution  should  always  be  exercised  to  distinguish  generic  and  practical 
Improvements  in  wave  functions.  Thus  configuration  interaction  calculations,  such  as 
those  of  Fraga  and  Ransil,^®  are  actually  inferior  in  quality  to  the  Hartree-Fock  results 
given  here.  Configuration  Interaction  itself  does  not  necessarily  imply  a  blanket  and 
automatic  improvement  on  Inferior,  but  more  exhaustively  pursued  approximations. 
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TABU  I.  SYNTHESIS  OF  BASIS  SET  1  AND  2  -  ENERGY  QUANTITIES  -  Ns(Xi2p  ,  R  =  2.068  BOHRS  (Continued) 


This  column  gives  only  the.  np  and  lp  of  the  symmetry  STO  basis  functions  for  each  stage  of  the  build  up  of  basis  set  1.  The  basis  Bet  composition  refers  In 
addition  to  the  orbital  exponents  of  the  basis  functions  which  may  change  from  case  to  case.  The  full  wavefunctlon  Including  the  orbital  exponents  and  the 
vectors  for  each  member  of  the  build  up  la  available  from  the  authors  upon  request. 


TABLE  II.  SYNTHESIS  OP  BASIS  SET  1  AND  a  -  ENERGFY  DIFFERENCES  -  ,  R  -  2.068  Bohrs 


Set  2D 

(12x8x6)  Set  20  +  °Ptlmizatl°n  of  all  C's  -0.0002  -0.004?  +0.0041  +0.0001  +0.0006  +0.0007  +0.0010  +0.0008  +0.0007  +0.0007  +0.0102 
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TABLE  TV 

HER  Wave  Function  2D  for  Mlo  2lo  22a  22o  23o  2lw  \  X^) ,  R  =  2.068  Bohr 
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TABLE  IX 
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o  4f  (2.58964)  O.OOO15  O.O1333  0.01015 


SUMMARY  OP  ENERGY  QUANTITIES  AS  A  FUNCTION  OP  INTERNUCLEAR  DISTANCE 


3  § 


176 


The  Cp  values  for  these  R  values  were  separately  optimized.  Interpolated  5  values  were  used 
for  the  remaining  R  values. 


TABLE  XV 


A 


The  £p  values  for  this  R  value  were  re-optimized.  The  calculations  for  the  other  R  values  employed 
the  same  set  of  orbital  exponents. 


SUMMARY  OP  ENERGY  QUANTITIES  AS  A  FUNCTION  OP  INTEHNUCLEAR  DISTANCE 


% 


G p  values  for  this  R  value  were  re-optlmlzed.  The  calculations  for  the  other  R  values  employed 
same  set  of  orbital  exponents. 


TABLE  XVIII.  COMPARISON  OF  CALCULATED  AND  EXPERIMENTAL  SPECTROSCOPIC  CONSTANTS  FOR 
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Fig.  1.  Models  of  the  Nitrogen  Molecule:  (a)  the  Lewis-Langmulr  "Imbedded  Pair" 
octet  model  (1919),  (b)  the  Bohr-Sommerfeld  dynamic  model  (1921),  and 
(c)  and  (d),  the  Linnett  "Modified  Lewis-Langmulr"  octet  model. 

(c)  With  electron  spins  up  and  (d)  with  electron  spins  down. 


E(H4 


Pig.  2. 


Synthesis  of  expansion  basis  set  -  Improvement  in  total  energy  for  Ng(X 
R  -  2.068  Bohr. 


2 


Solid  lino  Sot  I. 
Doshod  lino  Sol  2. 


Pig.  3 


Progrooo  in  Boois  Sot  Synthooio  — ► 


.  Synthesis  of  expansion  basis  set  -  variation  in  orbital  energies  for  Ng(X  *2*) 
R  -  2.068  Bohr. 


T(H4 


Pig.  4 


.  Synthesis  of  expansion  basis  set  -  variation  in  total  kinetic  energy  for 
Ng(X  XX+),  R  -  2.068  Bohr. 


-217.5 


-217.6 

V(HJ 

-217.7 


Prof 


Pig.  5.  Synthesis  of  expansion  bai 
No(X  R  -  2.068  Bohr 


set  -  variation  in  total  potential  energy  for 


Improvement  of  EjjpCR)  for  N2(X  X^)  by  re -optimization  of  orbital  exponents 
for  various  R  values  ( •  indicates  interpolated  values  and  are  results 
using  re-optimized  £_  values). 


Pig.  7.  Comparison  of  the  shape  of  the  Ej.n:(R)  and  E;tKR(R)  potential  curves  for 

Ng(X  .  (  •  indicates  calculated  results  using  interpolated  Cp  values 

and  indicates  calculated  results  using  re-optimized  Cp  values.  The  o 
points  derive  from  the  RKR  analysis  of  Gilmore) . 
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fig.  8.  Potential  curves,  E(R) ,  for  N2(X  and  N2(X  2Z*,  A  2nu,  B  ^E*),  (a).  Left 

Figure,  is  calculated  Ejjp(R)  results,  (b).  Right  Figure,  is  Ejy^CR)  results 
of  Gilmore. 


Fig.  10.  Variation  of  orbital  energies,  e2e  ,  e ^  ,  €gfi  ,  and  €llf  with  lntemuclear 
.  (a)  Ng(X  h+),  (b)  Mjfx  2Sj&(c)  lt£(A  ^j/and  (d)  »+(B  %+). 
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ABSTRACT 

Single  deteiminantal  Self-Consistent  Field  wave  functions  calculated  by  the 
expansion  method  are  reported  for  the  ground  state  of  CO  and  BP.  These  calculations 
were  performed  at  four  different  intemuclear  distances,  including  the  experimental 
equilibrium  intemuclear  distance.  Exponents  are  optimized  at  all  four  distances. 
Potential  curves  and  dipole  moment  curves  are  obtained.  Prom  the  potential  curve, 
spectroscopic  constants  are  calculated  via  the  Dunham  analysis.  An  SCF  calculation 
was  then  performed  at  the  calculated  Rg.  Exponents  are  alBo  optimized.  Expectation 
values  of  a  number  of  one-electron  operators,  including  the  electric  dipole  moment, 
the  gradient  of  the  electric  field  at  the  nucleus  and  the  Hellmann-Feynman  force,  are 
presented  and  compared  with  experimental  data  available.  Contour  diagrams  for  the 
total  charge  densities  and  orbital  charge  densitites  are  Included. 
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I .  INTRODUCTION 


In  recent  years,  several  single  determinantal  SCF  wave  functions  with  extended 

1  Q 

basis  set  for  first  row  diatomic  molecules  have  been  calculated.  They  are  fairly 
good  approximations  to  the  Hartree-Fock  functions.  Three  useful  points  emerge  from 
past  experiences.  First,  the  orbital  exponents  should  be  optimized.  Second,  in  order 
to  describe  adequately  the  distortion  of  atomic  orbitals  to  form  molecular  orbitals, 
functions  with  suitable  angular  characteristics,  i.e.,  d6,  dir,  etc.,  should  be  added  to 
the  basis  set.^'^0'^  Third,  the  calculated  dipole  moment,  besides  the  total  energy,  is 
reasonable  compared  with  experimental  results. 

It  was  shown  by  Brillouin,  and  also  by  Miller  and  Plesset,  using  a  per¬ 
turbation  treatment  of  an  n-electron  system  in  which  the  Hartree-Fock  solution  is  the 
zero  order  approximation,  that  the  Hartree-Fock  charge  distribution  is  a  representation 
of  the  exact  charge  distribution  correct  to  first  order.  Consequently,  we  expect 
one-electron  atomic  or  molecular  properties,  calculated  from  the  Hartree-Fock  functions, 
to  be  rather  good  approximations  to  experimental  quantities.  A  rather  instructive 

example  of  this  was  given  by  Cohen  and  Dalgamo,1^  who  calculated  the  expectation 

14 

values  of  a  number  of  one-electron  operators  for  helium  with  an  SCF  function  and  with 
an  accurate  wave  function.1^  The  expectation  values  calculated  from  the  two  wave  func¬ 
tions  differ  by  less  than  3  per  cent,  while  the  difference  in  total  energy  is  1.5  per 
cent . 

nrf.  Kolos  and  C.  C.  J.  Roothaan,  Revs.  Modem  Phys.  32.  205  (i960);  ibid.  32,  219  (i960). 
2E.  Clementi,  J,  Chem.  Phys.  %6,  33  (1962). 

5R.  K.  Nesbet,  J.  Chem.  Phys.  ^6,  1518  (1962). 

4S.  L.  Kahalas  and  R.  K.  Nesbet,  J.  Chem.  Phys.  22'  629  (1963). 

"*A.  D.  McLean,  J.  Chem.  Phys.  22'  2653  (1963). 

6R.  K.  Nesbet,  J.  Chem.  Phys.  40,  3619  (1964). 

^K.  Toshimlne,  J.  Chen.  Phys.  40,  2970  (1964). 

8A.  C.  Wahl,  J.  Chea.  Phys.  41,  2600  (1964). 

%.  S.  Mul liken,  J.  Chem.  Phys.  8,  234  (1940). 

10R.  S.  Mulliken,  J.  Chem.  Phys.  £6,  3428  (1962). 

UL.  Brillouin,  Actualltes  sci.  et  ind.  No.  71  (1935)}  Ibid.  No.  159  (1934). 
lsChr.  Miller  and  M.  S.  Plesset,  PhyB.  Rev.  46,  618  (1934). 

13W.  Cohen  and  A.  Dalgamo,  Proc.  Phys.  Soc.  2I»  748  (1961). 

14L.  C.  Oreen,  M.  M.  Mulder,  M.  N.  Lewis  and  J.  W.  Woll,  Phys.  Rev.  22*  757  (1954). 

15C.  L.  Pekerls,  Phys.  Rev.  13£,  1216  (1959). 
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The  determination  of  a  molecular  Hartree-Fock  function  is  tedious  and  expen¬ 
sive.  At  present  we  have  to  work  with  the  expansion  SCF  technique  using  a  limited  basis 
set,  and  we  therefore  obtain  only  an  approximation  to  the  molecular  Hartree-Fock  func¬ 
tions.  It  is  of  interest  to  know  how  well  the  energy  and  other  molecular  properties  can 
be  calculated  from  these.  From  calculations  of  first  row  atoms1^*1^-20  it  has  become 
clear  that  if  the  basis  set  is  sufficiently  large  and  well  chosen,  an  expansion  SCF 
function  is  virtually  the  same  as  the  numerical  Hartree-Fock  function  and  Brillouin’s 
theorem  can  also  be  applied  to  it.  In  the  case  of  the  14-electron  molecular  systems  we 
dealt  with,  the  maximum  possible  basis  set  allowed  by  the  current  program  is  not  large 
enough  to  expect  the  same  degree  of  agreement  as  in  the  atoms.  Convergence  was  observed 
as  the  size  of  the  basis  set  was  allowed  to  expand  and  orbital  exponents  were  reoptimized 
upon  addition  of  new  basis  functions.  However,  the  rate  of  convergence  of  the  SCF  energy 

with  respect  to  the  Hartree-Fock  value  may  not  be  the  same  as  that  of  other  expectation 
21 

values.  Dils  indicates  expectation  values  of  one-electron  operators  should  be  used 
as  criteria,  besides  energy,  to  Judge  how  well  an  expansion  SCF  function  with  limited 
basis  set  approximates  the  Hartree-Fock  functions.  Furthermore,  different  operators 
are  more  sensitive  in  different  regions  of  space,  so  their  expectation  values  are  tests 
on  how  well  the  charge  distribution  in  a  certain  region  is  represented. 

Recently  in  the  Laboratory  of  Molecular  Structure  and  Spectra,  computer  pro¬ 
grams  for  the  IEM  7094  have  been  completed  to  calculate  SCF  wave  functions  for  diatomic 
molecules.  A  systematic  study  is  under  way  to  determine,  with  these  programs,  the  best 
approximate  Hartree-Fock  functions  of  diatomic  molecules  composed  of  first  and  second 
row  atoms.  The  present  paper  is  a  report  on  the  calculations  on  CO  and  BF.  These  two 

OO 

molecules,  together  with  Ng,  form  an  lsoelectronic  system.  Furthennore,  CO  is  an 
lbP.  0.  Lfcfdin,  Fays.  Rev.  90,  120  (1953). 

17C.  C.  J.  Roothaan,  L.  M.  Sachs  and  A.  ¥.  Weiss,  Revs.  Modem  Phys.  22*  *86  (1960)j 
B.  Clamentl,  C.  C,  J.  Roothaan  and  N.  T os  Maine,  Phys.  Rev.  127.  I6l8  (1962);  C.  C.  J. 
Roothaan  and  F.  S.  Kelly,  Phys.  Rev.  131.  1177  (1962). 
l8L.  M.  Sachs,  Phys.  Rev.  124,  1283  (1961). 

19L.  C.  Allen,  J.  Chem.  Phys.  JA,  1156  (1961). 

20P.  S.  Bagua,  T.  L.  Oilbert,  C.  C.  J.  Roothaan  and  H.  D.  Cohen,  (to  be  published). 

21J.  Ooodlsman,  J.  Chem.  Phys.  304  (1963). 

22P.  B.  Cade,  K.  D.  Sales  and  A.  C.  Wahl,  (to  be  published). 
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important  heteronuclear  molecule  because  of  the  abundance  of  experimental  data  on  it. 
These  two  particular  molecules  were  therefore  chosen  for  the  pilot  calculations  with 
the  heteronuclear  diatomic  SCF  program. 

II.  REVIEW  OF  GENERAL  THEORY  AND  APPLICATION  TO  HETERONUCLEAR  DIATOMIC  MOLECULES 

In  the  atomic  unit  system,  ^  the  non-relativlstic  electronic  Hamiltonian  for 
a  heteronuclear  diatomic  molecule  is 

*  -  2  <-»  \  -  V'%  -  W  +  „  ^ „  l/v  >  «« 

where  the  sunsoations  are  over  the  electrons;  and  Zg  are  charges  of  the  nuclei  A 
and  B;  r^  and  r^  are  the  distances  from  electron  p.  to  the  two  nuclei. 

Hie  SCF  wave  function  is  an  antisymmetrized  product  of  one-electron  molecular 
orbitals  91^a,  where  A  refers  to  the  symmetry  species  to  which  the  orbital  belongs,  a 
to  the  subspecies,  and  i  labels  orbitals  not  distinguishable  by  symmetry.  The  orbital 
9iXa  ls  exPanded  In  terms  of  a  set  of  baBis  functions  Xp^a  according  to 

?iAa  ”  E*pXa  CiXp  *  ^ 

The  basis  functions  used  are  normalized  Slater-type  functions 

WN>  “  ^P^N^  Y'eXpnixa^e,,*,,N^  *  ^ 

where  N  represents  the  nucleus  A  or  B,  depending  on  where  the  basis  function  is  cen¬ 
tered.  It  is  the  origin  of  the  spherical  coordinates  r^,  flN,  q^.  Hie  coordinate  system 
on  either  nucleus  is  so  orientated  that  the  positive  Z-axls  points  toward  the  other 
nucleus,  as  shown  in  Fig.  1. 

2\n  the  atomic  unit  system,  unit  energy  is  1  Hartree  (1H)  -  27.20976  ev,  unit  length 
is  1  Bohr  (IB)  -  0.529178  A.  See  B.  R.  Cohen,  K.  M.  Crowe  and  J.  V.  M.  DuNond, 
Fundamental  Constants  of  Physics  (Interscience  Publishers,  Inc.,  New  York,  1957). 
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The  radial  functions  \p(rjj)  are  given  by 

%(rN)  *  [(2^p)!]'i(2CXp)n,ip+irNnxP’1e“CxPrN  ,  (4) 


and  Y^  ffl  ( ©N , flPN )  are  the  spherical  harmonics  In  complex  form  as  defined  by  Rose.2i* 
Xp  X 

The  expansion  coefficients  CiXp  In  Eq.  (2)  are  determined  by  the  Roothaan 
2^-27 

procedure,  J  '  In  which  the  variation  principle  Is  applied  to  minimize  the  total 
energy  of  the  molecule.  The  total  energy  Is  given  by  the  expression 


E  -  HfDT  +  J$)T  -  *D ^-2dq  , 
where  ^ 

DiX  “  NiXCiXCiA  ‘ 


(5) 

(6) 


The  index  pair  IX  represents  a  shell  which  Is  composed  of  all  orbltal3  <P.,_  belonging 

±AM 

to  the  same  1  and  Xj  Nlx  is  the  occupation  number  of  the  shell.  The  closed  shell, 
open  shell  and  total  density  matrices  are  defined  as 


2  ieclosedD 
2 1  copen  D 


CX 
3  OX 


°TX  “  DCX  +  D0X  * 


IX 


IX 


(7) 


For  the  heteronuclear  diatomic  molecule,  the  one-electron  matrix  elements „  and 

_  O  Xpq 

two-electron  supermatrix  element  s.^^^  ^rg  and*£,  Xpq  are  given  by, 

Hxm  '  V1  S/XpXa'-i4  -  ‘Vi'1  +  Vb'1»*,w‘1V  ■  <8> 

0,-KK,* V  -  W'  W*>  <»> 

X  Xpq,|xrs  "  (dxV  ^//Xpxa^1^  *  rlip(2)(l/r1g)  XB^p(l)  Xqxa(2)dvidv2  ^  ^ 

+  //Xpxa< WP(2)(l/r12)  Wl}  XqXa(2)dVldV2  } 

Xpq,urs  !^^xpq,M.rs  "  ^%xpq,ttrs  * 


- - 

M.  E.  Rose,  Elementary  Theory  of  Angular  Momentum  (John  Wiley  and  Sons,  Inc.,  New 
York,  1957)  Appendix  in. 

25C.  c.  J.  Roothaan,  Revs.  Modem  Phys.  2£,  69  (1951). 

2^C.  C.  J.  Roothaan,  Revs.  Modem  Phys.  %2,  179  (i960). 

27c.  C.  J.  Roothaan  and  P.  S.  Bagus,  Methods  In  Computational  Physics  (Academic  Press, 
New  York,  1963),  Vol.  2,  pp.  47-94. 
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i 
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and  for  a  molecule  with  one  open  shell,  we  have 


Xpq,nrs 


Xpq,urs 


-4b  X 


Xpq,urs 


(12) 


The  constants  a  and  b  are  determined  by  the  symmetry  and  configuration  of  the  open 
shell. 

The  heteronuclear  diatomic  SCF  program  makes  use  of  a  very  efficient  and 

accurate  Integration  method  for  two  center  integrals  as  described  by  Wahl,  Cade  and 

28  27 

Roothaan.  The  SCF  procedure  is  described  by  Roothaan  and  Bagus.  1  One  of  its  signi¬ 
ficant  operational  features  Is  that  it  provides  automatic  exponent  optimization.  A 
single  optimization2^  is  to  determine  the  value  of  a  single  exponent  C  so  that  the 
energy  becomes  a  minimum.  This  is  achieved  by  varying  this  exponent  until  five  energy 
values  bracketing  the  energy  minimum  have  been  obtained,  fitting  a  fourth  degree  curve 

through  these  five  points,  so  that  the  minimum  energy  and  corresponding  £ -value  can  be 

27 

determined  by  interpolation.  A  double  optimization  1  is  to  obtain  the  value  of  two 
exponents,  ^  and  ?2,  corresponding  to  the  minimum  of  the  energy  surface  spanned  by 
them.  This  is  achieved  by  a  procedure  analogous  to  the  single  optimization,  and 
requires  at  least  twenty -five  Independent  SCF  calculations.  Double  optimization  is 
used  when  two  exponents  are  strongly  " coupled" ;  i.e.,  the  optimization  of  one  exponent 
greatly  depends  on  the  value  of  the  other. 

Matrices  and  supermatrices  in  the  SCF  program  are  stored  in  triangular  form 
with  maximum  economy;  no  redundant  elements  are  stored  and  neither  are  elements  which 
are  necessarily  zero.  Kie  number  of  matrix  elements  Nmx  is  related  to  the  number  of 
basis  functions  by 

-  2  +  1)  .  (13) 


where  is  the  number  of  basis  functions  of  symmetry  X.  The  number  of  supermatrix 
elements  WWT  is  given  by 

*«.  -  *  1)  •  (i*> 


The  heteronuclear  diatomic  SCF  program  allows  a  maximum  of  172  matrix  elements 
and  therefore  14,878  supennatrix  elements,  which,  for  our  present  case  of  0  and  n  sym¬ 
metries,  limits  the  number  of  basiB  functions  to  the  values  given  in  Table  I.  In 

28A.  C.  Wahl,  P.  B.  Cade  and  C.  C.  J.  Roothaan,  J.  Cham.  Phya.  41,  2578  (1964). 
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addition  to  this  limitation ,  the  efficient  organization  of  the  numerical  integration 

Q 

process  necessitated  an  upper  limit  to  the  number  of  basis  function  in  any  given  sym¬ 
metry;  in  our  program  this  number  was  set  at  16. 

III.  CALCULATION  OP  WAVE  FUNCTIONS  AT  EXPERIMENTAL 

e 

The  ground  state  for  both  CO  and  BP  is  a  state  with  the  electronic  con- 

p  O  O  O  Jl  O 

figuration  16  26^36  46  lx  56  .  The  experimental  equilibrium  intemuclear  distance, 

Rg,  is  2.132  B2^  for  CO  and  2.391  B^°  for  BP.  Hiese  data,  together  with  nuclear 
charges,  specification  of  the  basis  set  and  an  approximate  set  of  expansion  coefficients, 
are  required  as  input^1  to  the  SCF  calculations. 

ftie  size  and  composition  (n,  l,  £)  of  the  basis  set  determine  how  good  an  SCF 
wave  function  we  can  acquire.  Since  the  maximum  size  of  the  basis  set  is  limited  by 
the  program,  it  is  necessary  to  spend  a  great  deal  of  effort  on  the  choice  of  a  suit¬ 
able  basis  set  within  the  allowable  size.  We  also  want  to  find  out  how  to  build  up 
such  a  set  in  the  most  economical  way.  For  CO  and  BF,  two  completely  Independent 
approaches  were  used  to  build  up  the  basis  set  at  the  experimental  Re. 

Gradually  Built  Up  Set 

Ransil^  reported  a  minimal  basis  set  for  both  CO  and  BF  where  the  exponents 
are  obtained  by  Slater's  empirical  rule.  The  basis  functions  used  were  Is,  2s,  2p6 
and  2p7r  functions  on  each  nucleus.  We  used  these  functions  as  a  starting  point,  and 
optimized  all  the  exponents.  This  optimized  set  shall  be  referred  to  as  the  minimal 
set.  To  the  minimal  set  we  gradually  added  basis  functions,  one  or  two  at  a  time, 
until  the  basis  set  reached  the  maximum  allowable  size.  Each  time  when  new  basis 
functions  were  added,  their  exponents  were  optimized  with,  in  general,  a  sequence  of 
single  and  double  optimizations.  If  a  new  basis  function  was  optimized  with  a  double 
optimization,  it  was  coupled  with  one  already  in  the  basis  set  or  another  new  basis 
function.  Sometimes  a  single  optimization  was  carried  out  on  a  basis  function  the 
exponent  of  which  seemed  to  be  affected  by  the  addition  of  new  basis  functions. 

Rank,  A.  H.  Guenther,  G.  D.  Saksena,  J.  N.  Shearer  and  T.  A.  Wiggins,  J.  Opt. 

Soc.  Am.  4£,  686  (1957). 

?0R.  Onaka,  J.  Chem.  Phys.  2£,  374  (1957). 

^1A  detailed  description  of  the  input  convention  for  the  heteronuclear  diatomic  SCF  pro¬ 
gram  is  available  at  the  Laboratory  of  Molecular  Structure  and  Spectra,  U.  of  Chicago. 
32B.  J.  Ransil,  Revs.  Modem  Phys.  2£,  245  (I960). 
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It  is,  of  course,  desirable  to  subject  all  exponents  in  a  basis  set  to  repeated 
optimizations  so  that  a  true  minimum  of  the  energy  as  a  function  of  all  the  non-linear 
parameters  is  assured.  This,  however,  would  be  such  a  time-consuming  process  that, 
even  for  the  fastest  computer  currently  available,  it  would  be  very  impractical  for 
the  size  of  basis  set  necessary  for  this  type  of  calculation.  Instead,  only  a  limited 
number  of  single  and  double  opitraizations  were  used.  Presumably,  if  optimizations 
are  done  in  a  suitable  order  and  the  exponents  are  coupled  correctly,  we  can  obtain  a 
result  close  to  what  would  be  obtained  from  a  complete  exponent  optimization.  However, 
there  is  no  straightforward  guide  to  the  correct  procedure.  Experience  gained  from 
similar  calculations  is  of  course  very  valuable,  but  even  so,  a  new  molecule  often 
requires  experimentation  peculiar  to  it.  In  thiB  research,  exponents  Important  in  the 
inner  orbitals  were  optimized  first,  and  then  those  important  in  the  outer  orbitals. 

The  importance  of  a  basis  function  was  Judged  by  the  magnitude  of  its  coefficients  in 
the  expansion  of  the  one  electron  orbitals.  The  general  rule  used  for  double  optimiza¬ 
tion  was:  when  a  new  basis  function  was  added  to  the  set,  we  looked  for  the  orbital 
to  which  it  made  a  significant  contribution;  the  basis  function  most  important  to  this 
orbital  was  then  coupled  with  this  new  basis  function  and  a  double  optimization  was 
carried  out  on  them. 

If  the  addition  of  a  basis  function,  after  optimization  as  Just  described, 
yielded  a  significant  energy  improvement,  it  was  kept  in  the  set  and  other  trial  basis 
functions  were  added.  If  the  contribution  to  the  total  energy  by  the  addition  of  this 
basis  function  was  small  (usually  less  than  0.0015  H),  it  was  rejected. 

After  the  basis  set  reached  its  maximum  possible  size,  all  exponents  were 
subjected  to  single  optimizations  until  the  energy  improvement  from  further  optimiza¬ 
tion  was  less  than  0.0001H.  The  basis  set  was  then  considered  " completely"  optimized. 

Atomic  Built  Up  Set 

After  the  gradually  built  up  set  was  well  under  way,  it  occurred  to  us  that, 

if  we  used  a  basis  set  from  atomic  calculations  on  the  two  constituents  of  the  molecule 

as  a  starting  point,  we  could,  in  a  much  shorter  time,  obtain  a  molecular  SCF  function 

which  was  as  good  an  approximate  Hartree-Pock  function  as  that  calculated  from  the 

gradually  built  up  set.  We  used  the  atomic  results  calculated  by  Bagus,  Gilbert, 

20 

Roothaan  and  Cohen.  They  made  some  very  careful  studies  on  the  size  and  composition 
of  basis  sets  needed  to  represent  the  atomic  Hartree-Pock  functions  with  a  given  accu¬ 
racy.  For  the  first  row  atoms,  they  obtained  four  basis  sets  for  each  state  they  cal¬ 
culated,  i.e.,  the  accurate,  nominal,  marginal  and  minimal  sets.  We  picked  their 
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nominal  set,  which  is  the  next  to  largest  Bet;  the  differences  in  total  energy  as  cal¬ 
culated  from  the  accurate  and  nominal  sets  are  0.00004  H,  0.00008  H,  0.00025  H  and 
0.00041  H  for  the  ground  state  of  B,  C,  0  and  F  respectively.  We  then  made  modifica¬ 
tions  and  additions  to  this  set,  based  on  the  experience  gained  from  working  on  the 
gradually  built  up  set.  Exponents  were  optimized  until  the  energy  improvement  from 
further  optimizations  was  less  than  0.0001  H. 

Table  II  presents,  in  chronological  order,  the  total  energy  and  dipole  moment 
of  CO  as  the  gradually  built  up  set  was  allowed  to  expand.  Table  III  presents  the  same 
quantities  for  the  atomic  built  up  set  at  different  stages  of  exponent  optimizations. 
The  final  basis  set  compositions  and  eigenvectors  of  coefficients  are  presented  in 
Table  IV  and  V  for  CO  and  BF,  respectively. 

The  total  amount  of  machine  time  used  for  the  gradually  built  up  set  was 
longer  than  for  the  atomic  built  up  set,  even  though  exponent  optimizations  for  the 
former  were  inexpensive  initially  when  the  size  of  basis  set  was  small.  However,  as 
the  basis  set  expanded,  repeated  optimizations  were  necessary,  since  otherwise  basis 
functions  added  first  would  sometimes  take  too  heavy  a  load.  At  worst,  the  exponent 
set  might  be  "trapped"  during  the  process.  The  exponents  are  trapped  when  the  opti¬ 
mized  values  have  settled  in  an  auxiliary  minimum  rather  than  the  absolute  minimum  of 
the  energy  surface.  It  is  to  be  noted  that  if  the  basis  set  iB  large  enough,  auxi¬ 
liary  minima  almost  always  exist.  A  bad  initial  choice  of  exponent  values,  and/or  an 
injudiciously  chosen  order  of  adding  basis  functions,  may  cause  trapping. 

An  actual  case  of  trapped  exponents  occurred  for  the  gradually  built  up  set 
of  CO.  Since  both  the  gradually  and  atomic  built  up  sets  were  large  and  carefully 
optimized,  their  orbital3  could  be  expected  to  be  close  if  they  were  good  approxima¬ 
tions  to  the  Hartree-Fock  function.  Furthermore,  since  the  basis  functions  for  m  sym¬ 
metry  were  of  the  same  type,  in  the  sense  that  exponent  variations  could  bring  about 
the  identity  of  the  two  sets,  their  exponents  and  coefficients  should  be  close.  How¬ 
ever,  they  were  not  so  for  the  2pwQ  functions,  as  seen  in  the  first  two  columns  of 
Table  VI.  If  we  assumed,  then,  that  the  0  orbitals  were  physically  the  same  in  spite 
of  not  strictly  comparable  basis  sets,  we  concluded  that  the  2p7r0  basis  functions  were 
trapped  in  one  case,  most  likely  in  the  gradually  built  up  set.  Hence,  we  replaced 
the  2p7r0  exponents  in  the  gradually  built  up  set  with  the  atomic  built  up  values  and 
reoptimized  the  set.  The  energy  improvement  was  significant,  as  seen  in  the  third 
column  of  Table  VI. 
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The  atomic  built  up  set  was  more  economical  to  attain  because  it  started  out 


with  exponents  that  were  already  carefully  optimized  in  the  atomic  SCP  calculations. 

It  also  had  the  benefit  that  exponents  were  optimized  with  all  constituents  of  the 
final  basis  set  present.  "Trapping"  thus  was  much  less  likely  to  happen  than  with  the 
gradually  built  up  set,  and,  so  far  as  we  know,  did  not  occur.  There  is  no  guarantee, 
however,  that  trapping  cannot  occur  in  the  atomic  built  up  set. 

Even  after  taking  advantage  of  many  economies  possible  within  current  compu¬ 
tational  technology,  our  program  apparently  still  does  not  allow  a  large  enough  basis 
set  to  obtain  the  molecular  Hartree-Fock  functions  for  14  electron  systems  with  suffi¬ 
cient  accuracy.  This  is  evident  from  the  fact  that  calculations  by  the  two  approaches 
of  building  up  basis  sets  do  not  give  identical  results,  as  discussed  in  Section  V. 

Prom  our  experience  with  the  two  approaches,  it  appears  that  if  a  sufficiently  large 

20 

basis  set  is  allowed,  it  is  advisable  to  start  out  from  an  accurate  atomic  basis  set 
and  add  enough  other  basis  functions  for  an  adequate  description  of  the  formation  of 
the  chemical  bond.  Essentially  the  same  conclusion  was  drawn  from  recent  work  on 
LiF,5  P28  and  N2-22 

IV.  CALCULATION  OP  POTENTIAL  CURVES 

It  is  desirable  to  calculate  SCP  functions  at  several  different  intemuclear 
distances  besides  the  experimental  Rg.  From  these  calculations  we  can  then  determine 
a  potential  curve,  and  also  the  dependence  of  molecular  properties  on  the  intemuclear 
separation. 

To  obtain  a  meaningful  potential  curve,  it  is  necessary  that  all  points  on  the 
curve  are  calculated  equally  well.  If  we  insisted  on  full  optimization  for  each  value 
of  R,  this  would  necessitate  a  very  large  amount  of  computer  time.  Instead  we  calcu¬ 
lated  at  three  intemuclear  distances  besides  the  experimental  Rg,  partially  optimized 
SCP  functions,  starting  in  each  case  from  the  unoptimized  atomic  built  up  set,  and 
optimizing  all  the  exponents  once,  singly  (l.e.,  uncoupled),  and  in  the  same  order. 
After  these  were  done,  considerably  more  optimizations  were  carried  out  at  the  experi¬ 
mental  Re  only.  These  further  optimizations  yielded  an  improvement  in  the  total  energy 
of  0.00017  H  for  CO  and  0.00022  H  for  BP,  compared  to  0.0020?  H  for  CO  and  0.00168  H 
for  BP  from  the  first  series  of  optimizations.  Of  course,  the  intermediate  results  for 
Rg,  when  all  exponents  were  optimized  singly,  and  which  are  comparable  to  the  calcula¬ 
tions  for  the  other  R  values,  were  used  for  the  construction  of  the  potential  curve. 
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We  found  it  desirable  to  obtain  more  points  on  the  potential  curve  by  direct 
computation.  Since  the  optimized  exponents  were  found  to  be  smooth  functions  of  R, 
it  was  possible  to  interpolate  for  other  R  values.  Using  the  interpolated  exponents, 
we  made  single  SCP  calculations (with  no  exponent  optimization)  at  three  other  R  values 
for  CO  and  BP.  These  results  were  also  used  for  the  construction  of  the  potential 
curve. 

For  BP  the  exponent  optimizations  were  first  carried  out  at  R  *  2.385  B,  which 

33 

had  one  time  been  reported  as  the  experimental  value  of  Rg .  However,  when  the  com¬ 
putation  was  well  under  way,  it  was  realized  that  more  recently  the  value  2.391  B  had 
been  obtained.^0  We  later  reoptimized  all  exponents  for  Rg  *  2.391  B,  but  used  the 
calculations  for  2.385  B  for  the  potential  curve,  so  that  all  points  on  the  curve  were 
obtained  in  a  consistent  manner. 

The  calculated  points  of  the  potential  curves  for  CO  and  BP  are  given  in 
Tables  VII  and  VIII;  the  curves  themselves  are  shown  in  Pigs.  2  and  3..  From  the  cal¬ 
culated  curves  we  computed  the  spectroscopic  constants  for  c1201^  and  via  the 

Dunham  analysis. ^  The  results  are  compared  with  experimental  data  in  Tables  IX  and  X. 
The  differences  between  the  calculated  and  experimental  values  are  partly  due  to  the 
fact  that  our  calculations  have  not  completely  converged  to  the  Hartree-Fock  functions. 
However,  we  believe  that  most  of  the  discrepancy  is  due  to  the  basic  shortcoming  of 
the  molecular  orbital  theory.  In  most  cases,  including  CO  and  BP,  molecular  orbital 
type  wave  functions  do  not  dissociate  to  the  proper  limit  of  two  ground  state  atoms, 
but  rather  to  a  mixture  of  ionic  and  neutral  states.  Therefore,  the  wave  function  is 
a  better  representation  of  the  molecular  system  at  R  <  Rg  than  R  ^Rg.  Consequently, 
the  computed  potential  curve  is  somewhat  different  from  the  correct  curve. 

In  addition  to  the  two  final  SCP  functions  calculated  at  the  experimental  Re, 
we  present  in  Tables  XV  and  V  for  CO  and  BP,  respectively,  the  SCP  functions  calculated 
at  the  three  additional  intemuclear  distances  where  exponent  optimizations  were  done. 

Since  molecular  properties  evaluated  at  the  SCP  calculated  Re  are  to  be  com¬ 
pared  with  experimental  quantities,  we  computed  SCP  functions  for  both  molecules  at 
the  calculated  Re.  For  this  calculation  we  started  with  interpolated  exponents  as 
mentioned  above,  and  optimized  part  of  the  exponent  set.  An  exponent  was  singly 

^0.  Herzberg,  Spectra  of  Diatomic  Molecules  (D.  Van  Nostrand  Co.,  Inc.,  Princeton, 

New  Jersey,  1950). 

L.  Dunham,  Phys.  Rev.  41,  721  (1932). 
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optimized  If  Its  optimization  at  the  experimental  Rg  yielded  an  energy  change  of  more 
than  0.00004  H,  or  If  Its  optimization  at  the  next  closest  R  on  the  potential  curve 
yielded  more  than  0.00013  H.  These  SCP  functions  are  also  Included  In  Tables  IV  and  V. 

V.  CALCULATION  OF  MOLECULAR  PROPERTIES 

The  expectation  value  of  a  one  electron  operator  which  has  C  symmetry  Is 
given  by  the  expression 

<4>lHk >  =  M+D  ,  (15) 

where  the  elements  of  the  matrix  M is  written  as 

V1  2/*  •  <l6> 

We  can  then  define  shell  properties  as 

<">ix  ="xf  Dix  •  (17) 

Obviously  we  have  the  relation 

</*>=<4>|*i*>  =  Ef<*>lx  •  (18) 

It  should  also  be  pointed  out  that  the  wave  function  Is  normalized  to  the  number  of 
electrons  in  the  system,  Nj 

<4>|4>>=$+D  =  N  ,  (19) 

where  S  is  the  overlap  matrix 

^Xpq  “  dX_1  P  X  *pXa  Xqxa  dV  .  (20) 

The  computed  molecular  properties  for  the  ground  state  of  CO  at  both  the 
experimental  and  calculated  Rg  are  summarized  in  Table  XX.  Table  XII  presents  the  cor¬ 
responding  quantities  for  BF.  For  the  results  at  the  experimental  Re,  we  present  those 
computed  with  the  two  final  Bets,  namely  the  gradually  built  up  set  and  the  atomic 
built  up  set,  as  well  as  those  obtained  from  the  minimal  set.  In  addition,  results 
intermediate  between  our  minimal  and  final  sets  obtained  by  Nesbet^  are  also  Included. 
All  the  exponents  in  his  basis  set,  with  the  exception  of  the  3d  functions,  were  not 
optimized.  We  reproduced  his  functions  with  our  programs  and.  In  order  to  make  the 
comparison  with  our  results  complete,  we  calculated  from  his  functions  a  few  additional 
expectation  values  which  he  did  not  compute. 
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The  properties  at  the  calculated  Rg  are  evaluated  with  the  atomic  built  up 
set  because  this  is  the  only  set  we  used  to  obtain  an  optimized  SCP  function  at  that 
R  value.  In  addition,  we  present  Nesbet's  values^  for  the  dipole  moment,  dipole  deri¬ 
vative  and  molecular  quadrupole  moment  of  the  two  molecules  evaluated  at  the  Rg  deter¬ 
mined  from  his  potential  curve.  These  values,  however,  are  not  directly  computed  with 
an  SCP  function  at  the  calculated  R0j  rather,  they  are  interpolated  from  the  results 
computed  at  other  R's. 

A  number  of  experimental  data  available  for  the  two  molecules  are  also  pre¬ 
sented  in  Tables  XI  and  XII.  It  is  to  be  emphasized  that  our  calculations  use  the 
Bom-Oppenheimer  approximation  and  are  carried  out  at  a  particular  intemuclear  dis¬ 
tance.  Most  experimental  data,  however,  apply  to  the  ground  vibrational  state  as  a 
whole.  To  make  the  experimental  and  calculated  quantities  strictly  comparable,  we 
should  therefore  integrate  the  calculated  molecular  property  over  the  ground  vibrational 
wave  function.  This  is  of  course  desirable,  but  has  as  yet  not  been  carried  out. 
However,  if  the  ground  vibrational  wave  function  is  symmetrical  around  Re,  and  if  the 
calculated  property  has  a  linear  dependence  on  R,  then  the  molecular  property  evaluated 
at  Rg  is  the  same  as  that  integrated  with  the  ground  vibrational  wave  function.  This 
is  certainly  approximately  the  case,  so  that  a  molecular  property  computed  at  the  Rg 
of  the  SCP  potential  curve  (calculated  Rg )  can  be  considered  as  an  SCP  property. 
Therefore,  it  can  be  meaningfully  compared  with  the  corresponding  experimental  value. 

In  order  to  compare  SCF  properties  calculated  with  different  basis  sets,  it 

is  necessary  to  obtain  a  potential  curve  for  each  basis  set  and  make  SCP  calculations 

at  the  Rg  of  each  potential  curve.  Obviously  this  will  require  too  large  an  amount  of 

computer  time.  On  the  other  hand,  if  two  SCP  functions  are  very  close  to  the  Hartree- 

Fock  function,  their  computed  properties  at  the  experimental  R0  should  also  converge. 

Therefore,  even  though  molecular  properties  computed  at  the  experimental  Rg  are  not, 

strictly  speaking,  SCP  molecular  properties,  they  are  very  useful  for  the  comparison 

of  different  basis  sets  when  results  at  the  calculated  R_  are  not  available  for  every 

© 

basis  set. 

We  notice  that,  in  the  molecular  properties  calculated  at  the  experimental 
R0  from  the  gradually  built  up  set  and  the  atomic  built  up  set,  there  are  some  signifi¬ 
cant  differences,  indicating  that  we  have  not  yet  reached  the  Hartree-Pock  function. 

On  the  other  hand>  we  are  rather  confident  that  the  charge  distribution  calculated  with 
either  function  resembles  the  Hartree-Pock  value  to  two  figures,  since  the  expectation 
values  of  one-electron  operators  calculated  from  the  two  Independent  approaches  all 
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agree  with  each  other  to  two  or  three  places. 

For  the  same  size  of  basis  set,  energy  values  calculated  from  the  atomic  built 
up  sets  are  better  than  those  calculated  from  the  gradually  built  up  sets,  although 
much  less  effort  was  spent  on  the  former. 

The  expectation  values  of  several  one-electron  operators  related  to  the  geo¬ 
metry  of  the  charge  distribution,  <rc2>,  <rQ2>,  <zc2>,  <zQ2>,  <x2>,  <rc  +  rQ>  and  the 
corresponding  quantities  for  B  and  F  are  all  larger  for  the  final  sets  than  for  the 
minimal  set,  indicating  that  outer  regions  are  better  described  when  the  basis  set  is 
allowed  to  expand. 

Since  no  comparable  SCF  calculations  have  been  completed  yet  for  the  low  lying 

states  of  the  positive  ions  of  CO  and  BF,  the  ionization  potentials  of  these  two  mole- 

■5c  2S 

cules  are,  instead,  calculated  by  means  of  Koopmans’  theorem, J  which  states  that 
the  vertical  ionization  potentials  are,  to  a  good  approximation,  the  negative  of  the 
orbital  energies.  The  validity  of  the  theorem,  at  least  for  the  two  molecules  we  deal 
with,  is  essentially  confirmed:  the  differences  between  calculated  and  experimental^ 
values,  for  the  first  three  ionization  potentials,  are  all  within  10  per  cent. 

The  difference  between  the  experimental  total  energy^'  and  that  calculated 
from  the  Hartree-Fock  approximation  consists  of  the  sum  of  the  correlation  energy  Ec 
and  the  relativistic  contributions  E^,  i.e.. 


E 


exp 


escf  "  Ec  +  er  • 


(21) 


22 

For  the  isoelectronic  sequence  N2,  CO  and  BF,  their  values  are  quite  uniform,  as 

seen  in  Table  XIII.  The  uncertainty  in  the  value  for  BF  is  due  to  the  experimental 

38 

error  of  its  dissociation  energy.  Since  there  is  no  reliable  estimation  of  the 

^T.  Koopmans,  Physica  104  (1933);  0.  0.  Hall  and  J.  Lennard -Jones,  Proc.  Roy.  Soc. 
(London),  A202.  155  (1950). 

^For  CO  the  first  ionization  potential  is  taken  from  F.  H.  Field  and  J.  L.  Franklin, 
Electron  Impact  Phenomena  and  The  Properties  of  Gaseous  Ions  (Academic  Press,  Mew 
York,  1957),  p.  110.  Second  and  third  ionization  potentials  are  taken  from  Donnees 
Spectroscopiques  Concemant  les  Molecules  Diatorolques  (Hermann  and  Cle,  Paris,  1951), 
p.  69.  For  BF  the  first  ionization  potential  is  estimated  by  D.  W.  Robinson, 

Journal  of  Molecular  Spectroscopy,  11,  275  (1963)* 

^B.  J.  Ransil,  Revs.  Modem  Phys.  239  (i960). 

^®A.  0.  Qaydon,  Dissociation  Energies  and  Spectra  of  Diatomic  Molecules  (Chapman  and 
Hall  Ltd.,  London,  1953),  second  edition  (revised). 
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relativistic  effects,  we  cannot  draw  any  conclusion  about  the  correlation  energies  of 
this  isoelectronic  sequence. 

Another  interesting  quantity  in  the  comparison  of  the  isoelectronic  series 
Ng,  CO  and  BP  is  the  orbital  order  of  these  molecules.  Table  XIV  presents  the  orbital 
energies  of  the  three  highest  occupied  orbitals  of  these  molecules,  and  the  change  in 
orbital  ordering  across  the  series  is  shown  in  Fig.  4. 

The  virial  coefficient^  is  given  by 

<V>/<T>=  -2  -  (R/<T»(dE/dR)  .  (22) 

At  the  minimum  of  the  potential  curve,  the  second  term  on  the  right  hand  side  of 
Eq.  (22)  drops  out.  Therefore,  at  Rg  we  have 

<V>  /  <T>  «  -2  .  (23) 

Also  by  virtue  of  the  shape  of  potential  curve  for  diatomic  molecules,  at.  R  <  Re  we 
have 

|  <V>/<T>  |  <  2  ,  (24) 

and  at  R  >  R&  we  have 

I  <V>/<T>  |  >  2  .  (25) 

Hence  the  virial  coefficient  is  useful  in  testing  whether  a  particular  intemuclear 
distance  is  at  the  minimum  of  the  potential  curve.  The  virial  coefficient  at  the 
calculated  Rg  satisfied  Eq.  (22)  to  five  figures  both  for  CO  and  BP. 

An  important  molecular  quantity  is  the  average  value  of  the  gradient  of  the 
electric  field  at  the  nucleus.  This  quantity,  fox'  the  nucleus  A,  is  given  by  the 
expression 

qA  -  e((2ZB/R3)  -  < (3  cosZeA-l)/rA3^  .  (26) 

Experimental  measurement  of  the  quadrupole  hyper  fine  splitting  of  an  atom  or  a  linear 
molecule  containing  a  nucleus  with  a  quadrupole  moment  Qjj  is  expressible  in  terms  of 
the  combined  parameter  eqQjj.  Therefore,  the  nuclear  quadrupole  moment  ftjj  can  be 

^ J .  C.  Slater,  Quantum  Theory  of  Molecules  and  Solids  (McGraw-Hill  Book  Company, 

Inc.,  1963),  Vol.  I,  pp.  30-33- 
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evaluated  from  the  experimental  value  of  eqft^j  and  the  calculated  q.  The  two  center 

Integrals  <xp(A) I (3cos20A-l)/rA?lxq(B) >  and  < xp(B) I (3cos20A-l)/rA3 lxq(B) >  were  eva- 

k0 

luated  by  the  Coulson -Barnett  method,  in  which  the  Slater-type  functions  on  center 
B  are  expanded  In  terms  of  radial  functions  and  spherical  harmonics  on  center  A,  fol¬ 
lowed  by  an  analytical  Integration  of  the  angular  part,  and  then  a  numerical  Integra¬ 
tion  of  the  radial  part. 

lil  17 

Rosenblum  and  Nethercot  measured  the  hyperflne  splitting  caused  by  the  0  ' 

quadrupole  moment  In  CO ^  and  found  eqQ^j  to  be  4.43  *  0.40  Mc/sec.  Using  this  result 

17 

and  the  calculated  q  at  the  oxygen  nucleus,  of  0  1  is  evaluated  and  shown  in  Table 

42  17 

XV.  The  previously  reported  value  for  Qjj  of  0  ,  evaluated  from  atomic  data.  Is  also 

43 

presented.  The  atomic  result  is  obtained  from  Harvey's  experimental  data  v  and  the 
evaluation  of  < (3cos2S-l)/r3>  by  Bessis,  Lefebvre-Brion  and  Moser,**2  where  t  Is  a 
superposition  of  configurations  based  on  the  ground  state  configuration  calculated  with 
the  expansion  SCP  technique.  The  agreement  between  the  atomic  result  and  our  values 
is  good. 

The  dipole  moment  p  is  given  by  the  expression 

4  -  eUfZg  -  Za)R  -  <z>]  .  (27) 

The  coordinate  system  used  for  the  evaluation  of  <®|z  |<l>>  Is  Buch  that  the  origin  Is 
at  the  midpoint  of  the  two  nuclei,  with  the  positive  Z-axlB  pointing  toward  center  B 
(carbon  or  boron). 

The  values  of  the  dipole  moment  of  CO  as  calculated  for  the  R  values  where 
the  exponents  were  optimized  are  presented  In  Table  XVI.  By  least  square  fitting  to 
a  quadratic  equation,  we  obtained  the  following  expression  for  the  dipole  moment  of  CO 

UC0  -  0.158  +  5.4p  +  1.7p2  ,  (28) 

where  p  -  (R  -  R„)/R  :  the  calculated  R.  Is  used  for  the  expression  of  p.  The  dipole 

moment  p.  Is  in  Debye  units,  and  Is  defined  as  positive  for  C+0_. 

The  solid  curve  in  Pig.  5  shows  the  calculated  dipole  moment  curve  of  CO.  It 

is  seen  that  this  curve  Is  almost  linear,  so  that  it  is  meaningful  to  compare  the 
— - 

C.  A.  Coulson  and  M.  P.  Barnett,  Conference  on  Quantum -Mechanical  Methods  In  Valence 
Theory  (Long  Island,  N.  Y.,  September,  1951)* 

^B.  Rosenblum  and  A.  H.  Nethercot,  Jr.,  J.  Chem.  Phys.  2£,  828  (1957)* 

42N.  Bessis,  H.  Lefebvre-Brion  and  C.  Moser,  Phys.  Rev.  128.  213  (1983)* 

*3S.  Harvey  (to  be  published). 
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dipole  moment  of  CO  calculated  at  Rg  with  the  experimental  value.  In  Pig.  5  are  also 
shown  two  other  curves,  which  are  based  on  the  semi -empirical  equation  given  by 
Mulliken  H 

M.co  =  *  0.118  +  9.1p  +  3.7p2  ,  (29) 

where  the  experimental  Rg  is  used  for  the  expression  of  p.  Eq.  (29)  is  based  on  the 

4c  _  4. 

experimental  data  by  Matheson  J  and  the  resonance  structures  of  CO,  namely  C  *0  , 

+  -  46  44 

C=0,  and  C  -0  ,  as  suggested  by  Pauling  and  Mulliken.  For  Intermediate  ranges  of 

R,  where  Eq.  (29)  holds,  the  triple  bond  structure  C”mO+  is  important  at  smaller  R 
values,  so  the  dipole  moment  is  C”0+j  the  single  bond  structure  C+-0“  becomes  predomin¬ 
ant  as  R  becomes  larger,  so  the  dipole  moment  is  C+0".  Near  Re  the  two  structures 
C+-0"  and  C"*0+  contribute  almost  equally,  thus  producing  a  very  Bmall  dipole  moment. 
This  chemical  behavior  can  also  be  used  to  Interpret  Eq.  (28)  that  we  obtained. 

At  the  time  when  Eq.  (29)  was  obtained,  the  absolute  sign  of  the  dipole  moment 
of  CO  was  not  experimentally  known;  therefore,  there  was  an  uncertainty  in  the  sign  of 

the  first  teroi  in  the  equation.  Subsequently,  the  sign  of  the  dipole  moment  of  CO  was 

47  -  + 

deduced  by  Rosenblum,  Nethercot  and  Townes  to  be  C  0  from  a  measurement  of  the  shift 
of  the  magnetic  moment  in  the  J  *  1  rotational  state  of  varying  isotopic  species  of  CO, 
namely  C1201^,  C1301^,  C1^01^  and  C^O1®.  Our  calculated  results  are  in  disagreement, 
with  their  conclusion  (see  Table  XI).  As  mentioned  earlier,  the  expectation  values  of 
one-electron  operators  are  probably  good  to  two  significant  figures  in  our  wave  func¬ 
tions.  Furthermore,  the  magnitude  of  our  calculated  dipole  moment  is  comparable  to  the 
48 

experimental  value.  If  our  estimation  of  accuracy  is  correct,  a  more  accurate  SCP 
function  is  not  likely  to  give  C”0+.  We  believe  that  a  further  investigation  of  the 
experimental  situation  as  to  the  sign  of  the  dipole  moment  of  CO  is  in  order. 

the  comparison  of  dipole  moment  of  CO  calculated  with  different  basis  sets  is 
a  good  illustration  on  the  convergence  of  computed  molecular  properties.  In  Figs.  6 
and  7,  the  solid  lines  represent,  respectively,  the  dipole  moawnt  and  total  energy  of 

Mulliken,  J.  Chem.  Phys.  2,  400  (1974). 

4-*L.  A.  Matheson,  Phys.  Rev.  40.  8l3  (1972). 

46L.  Pauling,  Wie  Nature  of  the  Chemical  Bond  (Cornell  University  Press,  Ithaca,  New 
York,  1948),  2nd  edition,  p.  135« 

“ ’ 3 .  Rosenblum,  A.  H.  Nethercot,  Jr.  and  C.  H.  Townes,  Phys.  Rev.  109.  400  (1958). 

4®C.  A.  Burras,  J.  Chem.  Phys.  28.  427  (1958). 
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CO,  calculated  at  the  experimental  R0  at  different  stages  of  the  gradually  built  up 
set;  the  dotted  lines  give  the  same  quantities  at  different  stages  of  optimization  of 
the  atomic  built  up  set.  The  comparison  of  these  two  figures  clearly  shows  that  the 
dipole  moment  does  not  converge  at  the  same  rate  as  the  energy,  and  that  if  a  calcula¬ 
tion  with  a  moderate  basis  set  gives  a  dipole  moment  in  close  agreement  with  experiment 
this  must  be  regarded  as  fortuitous. 

Table  XVT  also  presents  the  values  of  the  dipole  moment  of  BF  calculated  at  • 
the  four  values  of  R  with  optimized  exponents.  From  these  four  values  of  u  we 
obtained  the  following  expression  by  least  square  fitting  to  a  quadratic  equation 

UBF  =  -1.05  +  6.9p  +  ^.3p2  ;  (30) 

the  negative  sign  of  uBF  corresponds  to  B"F+.  The  above  equation  is  also  supported 
by  the  resonance  structures  B+F-,  B-F,  B”=F+  and  B--sF++.  For  intermediate  ranges  of 
R  where  Eq.  (50)  holds,  the  double  bond  and  triple  bond  structures  are  predominant  at 
smaller  R  values,  and  the  dipole  moment  is  B"F+;  the  single  bond  structure  is  more 
important  at  larger  R,  so  the  dipole  moment  becomes  B+F_.  Fig.  8  shows  the  dipole 
moment  curve  for  BF.  There  are  no  experimental  data  on  the  dipole  moment  of  BF. 

At  the  midpoint  of  the  two  nuclei,  the  molecular  quadrupole  moment  Q  is  given 
by 

Q  =  (£R)2(Za  +  ZB)  -  £<3z2  -  r2>  .  (31) 

The  molecular  quadrupole  moment  for  a  polar  molecule  is  not  invariant  upon  coordinate 
transformation.  At  present,  no  directly  measured  experimental  values  for  the  Q  of  the 
two  molecules  are  available. 

The  Lannor  term  of  molar  diamagnetic  susceptibility  is  given  by 

XL  "  -1/6  NAv  ro<r2>’  (32) 

where  NAy  is  Avogadro’ s  nuaber,  rQ  -  e2/«c2  is  the  classioal  electron  radius.  No  com¬ 
parable  experimental  data  is  available  for  this  quantity  either. 

The  total  Hellmann-Feynman  force^  on  a  heteronuclear  diatomic  molecule,  cal¬ 
culated  with  the  exact  Hartree-Fock  function  at  the  Rg  as  defined  by  the  Hartree-Fock 


Hellmann,  Einffthrung  in  die  Quantencheroie  (Deuticke,  Leipzig  and  Vienna,  1937)} 
R.  P.  Feynman,  Phys.  Rev.  %6,  3W  (1939). 


(33) 


60 

potential  curve,  can  be  shown^  to  satisfy  the  relation 

3*  A  +^B  =  0  * 

where  of  course^^  is  the  force  on  nucleus  A,  and  is  expressed  by 

=  ZA  e2[<cosSA/rA2>  -  Zg/R2]  .  (34') 

In  Tables  XI  and  XII,  It  is  seen  that  the  total  Hellmann-Feynman  force,  computed  at 
the  calculated  Re,  does  not  satisfy  Eq.  (33)  identically.  This  shows  that  our  wave 
function  has  not  reached  the  Hartree-Fock  function. 

The  molecular  charge  density  at  a  point  r  is  given  by 

P(X)  =  EZpix(£)  =  P(j>)  +  D.  (35) 

X  i 

The  elements  of  the  matrix  P(r)  is  written  as 

^Xpq^  dx  ^  XpXaU))  XqXaCs)  *  ^6) 

The  charge  density  of  a  shell  iX  is  given  as 

Fn<£>  "  PxW'Pix  •  (57) 

and  the  orbital  charge  density  is 

PiXa(£>  “  dX_1  Pix(-£)  • 

It  should  be  pointed  out  that  the  charge  density  of  a  ir  shell  is  the  sum  of  the 
densities  of  tt  and  n  orbital. 

A  contour  line  of  given  charge  density  C  on  the  xz  plane  is  defined  as 

P(xz)  -  C  .  (39) 

Fig.  9  shows  the  total  molecular  charge  density  contours  for  CO,  calculated  with  the 
atonic  built  up  set  at  the  experimental  R  .  Figs.  10-13  show  the  corresponding  orbital 
density  contours  of  the  36.  4e,  56  and  lw  orbitals  of  CO.  The  total  and  partial  con¬ 
tours  for  BF  shown  in  Figs.  14-18  are  also  calculated  with  the  atomic  built  up  set  at 
the  experimental  R_ . 

*>C.  W.  Kern  and  M.  Karplus,  J.  Chem.  Phys.  40,  1374  (1964). 
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In  the  comparison  of  the  contour  diagrams  of  the  two  molecules,  we  notice 

the  strong  resemblance  in  the  general  shape  of  their  orbital  contours.  For  both  mole- 

the 

cules,  the  30  orbital  has  I  largest  amount  of  charge  between  the  two  nuclei.  The  orbital 
contours  of  both  molecules  have  molecular  type  nodal  planes  besides  the  atomic  type. 

For  example,  the  30  orbital  of  CO  as  a  2SQ  nodal  plane,  but  there  is  another  nodal 
plane  near  carbon  which  is  not  of  atomic  origin.  Furthermore,  the  number  of  nodal 
planes  is  not  directly  related  to  the  orbital  ordering,  as  in  the  atomic  case. 

The  average  position  along  z-axis  of  an  electron  in  an  iXa  orbital  is 
K,  1/NU  X  z  This  corresponds  to  the  position  of  maximum  charge  density  in  the 

orbital  contour.  Their  values  for  CO  and  BF,  are  given  in  Table  XVII. 

The  difference  between  the  total  charge  densities  of  two  wave  functions 
<t]>  and  $2  is 

A12^J  =  Pl^£^  "  P2^  ”  PiX^  _  PiX(£>  • 

The  total  charge  density  difference  contours  between  the  atomic  built  up  set 
and  gradually  built  up  set  at  the  experimental  R0  are  shown  in  Fig.  19  for  CO  and 
Fig.  20  for  BF. 

VI.  DISCUSSION 

In  the  comparison  of  various  molecular  properties  with  experimental  data  or 
their  theoretical  limits,  we  can  conclude  that  the  calculated  wave  functions  for  CO 
and  BF  are  good  approximations  to  the  Hartree-Fock  functions.  After  a  study  of  this 
kind  on  a  series  of  molecules,  we  will  have  better  knowledge  on  the  reliability  of 
this  type  of  wave  functions.  They  can  then  be  employed  as  useful  tools  In  the  under¬ 
standing  of  molecular  structure  and  as  building  blocks  for  more  elaborate  calculations 
in  the  future. 
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TABLE  I.  MAXIMUM  NUMBERS  OF  BASIS  FUNCTION.1  FOR  d  AND  m  SYMMETRY 


Basis 

Basis 

Total 

functions  of  6  symmetry  16 
functions  of  rr  symmetry  8 
number  of  matrix  elements  172 

15 

9 

165 

14 

11 

171 

13 

12 

169 

TABLE 

I  II.  TOTAL  ENERGY  AND  DIPOLE  MOMENT  OF  CO  CALCULATED 

EXPANSION  IN  THE  GRADUAL  BUILT 

FROM  DIFFERENT  STAGES  OF 

UP  SETa»b 

Run 

Total 

Dipole 

No. 

Basis  Set  Description 

Energy  (H) 

Moment  (D) 

1 

ls0,  2s0,  2pdQ,  2p7rQ 
lsc,  2sc,  2pdc,  2p nc 

-112.39103 

0.464 

(c"o+) 

2 

Above  set  +  ls^,  ls^. 

-112.43784 

0.450 

(c“0+) 

5 

Above  set  +  2s^,  2s^, 

-112.52244 

0.4l6 

(c"0+) 

4 

Above  set  +  2p-rr^,  2p tt£ 

-112.66252 

0.623 

(cV) 

5 

Above  set  +  2pd(!)J  2pa£ 

-112.70152 

0.393 

(cV) 

6 

Above  set  +  3ddQ,  3ddc 

-112.72942 

0.368 

(cV) 

7 

Above  set  +  3d7r0,  3d ttc 

-112.77394 

0.107 

(C+0-) 

8 

Above  set  +  2ptTq 

-112.77653 

0.143 

(c+o') 

9 

Above  set  +  4fmc 

-112.77810 

0.147 

(c+o“) 

10 

Above  set  +  3sQ 

-112.78023 

0.147 

(cV) 

11 

Above  set  +  3sc 

-112.78164 

0.137 

(oV) 

12 

Single  optimization  on  all  exponents 
in  above  set  except  the  13  type 

-112.78283 

0.208 

(c+o-) 

15° 

Single  optimization  on  2s,,,  2sl,  2pG„, 
2P6£,  3sc 

-112.78335 

0.189 

(c+o-) 

14 

Use  atonic  built  up  oxygen  n  functions, 
and  single  optimization  on  all  n  func¬ 
tions 

-112.78437 

0.188 

(oV) 

15d 

Single  optimization  on  2sr,  2sl,  2pd_, 
3sc,  2pm0,  5d7r0 

-112.78452 

0.183 

(c+o-) 

16® 

Single  optimization  on  2sc,  2s£ 

-112.78459 

0.181 

(cV) 

a 

The  results  presented  here  are  from  additions  of  basis  functions  kept  In  the  final 
set.  The  results  from  other  trial  functions  which  are  not  kept  in  the  final  set  are 
bomitted. 

Each  run  was  carried  out  with  exponent  optimizations. 

cWiis  run  reoptimized  all  the  exponents  whose  optimizations  in  run  12  lowered  the  total 
energy  by  more  than  0.00010  H. 

dThis  run  optimized  all  the  exponents  whose  optimizations  in  run  15  and  14  lowered  the 
total  energy  by  more  than  0.00004  H. 

eThis  run  reoptimized  all  the  exponents  whose  optimizations  in  run  15  lowered  the  total 
energy  by  more  than  0.00002  H. 
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TABLE  III. 


TOTAL  ENERGY  AND  DIPOLE  MOMENT 
OPTIMIZATION  IN  THE 


OF  CO  CALCULATED  FROM  DIFFERENT  STAGES  OF 
ATOMIC  BUILT  UP  SET 


Run 

No. 

Basis  Set  Description 

Total 

Energy  (H) 

Dipole 

Moment  (D) 

1 

ISqj  2sq,  ?b0'  ^®o*  ^®o* 

3d<30,  2p7rQ,  2p7Tq.  2p7r",  3d7TQ,  lsc,  1s£, 
2sc,  3sc,  2p6c,  2p0£,  2pfi£,  3dCc,  2p7rc, 
2p7r£,  3dirc,  4f7Tc  unoptimized  exponents 

-U2.78380 

0.326 

1 

+° 

0 

2 

Single  optimizations  on  ls0,  ls^,  lsc, 

l8C*  2s0*  3s0*  2sC*  3sC 

-112.78516 

-=J- 

00 

OJ 

• 

0 

(c+o-) 

3 

Single  optimizations  on  2p6Q,  2p0^, 

2p6c,  2p6p,  2p7r0,  2pm*,,  2p7rc,  2p7r£ 

-112.78526 

0.290 

1 

•f5 

O 

4 

Single  optimizations  on  2p6g,  2p6£, 

2p7Tq# 

-112.78583 

0.289 

1 

O 

5 

Double  optimization  on  2sQ,  3sQ 

-112.78589 

0.296 

(c+o-) 

6 

Double  optimization  on  2sc,  3sc 

-112.78600 

CM 

d 

(cV) 

7 

Double  optimization  on  3d6Q,  3dfic 

-112.78600 

0.274 

(c+o-) 

TABLE  IV.  BASIS  FUNCTIONS  AND  EIGENVECTORS  OF  COEFFICIENTS  FOR  THE  GROUND  STATE  OF  CO 
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TABLE  17.  BASIS  FUNCTIONS  AND  EIGENVECTORS  OF  COEFFICIENTS  FOR  THE  GROUND  STATE  OF  CO  (Continued) 


r 


& 


] 


I 


•Experimental  R#.  “Atomic  built  up  set 

“Gradually  built  up  set.  Calculated  R.. 


TABU  V.  BASIS  FUNCTIONS  AND  EIGENVECTORS  OF  COEFFICIENTS  FOR  THE  GROUND  STATE  OF  BF 
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TABLE  V.  BASIS  FUNCTIONS  AND  EIGENVECTORS  OF  COEFFICIENTS  FOR  THE  GROUND  STATE  OF  BF  (Continued) 


•Experimental  Rg.  'Atomic  built  up  set 

Gradually  built  up  set.  Calculated  R  . 


TABLE  VI.  EXPONENTS  AND  EXPANSION  COEFFICIENTS  OF  2p7rQ  FUNCTIONS 
FROM  DIFFERENT  BASIS  SETS  OF  CO. 


Set  A* 

Set  Bf 

Set  C* 

2p*0 

0.98035 

1.47530 

1.45228 

Exponents 

2p*'0 

1.91497 

2.84829 

2.82360 

_  n 
SpTfQ 

4.07397 

5.78456 

5.86534 

2P*« 

0.11122 

0. 44163 

0.42529 

Expansion  . 

2pnrt 

0.56952 

0.37505 

0.39023 

Coefficients 

2P7T0 

0.18908 

0.04463 

0.04340 

Total  Energy 

(H) 

-112.78335 

-112.78600 

-112.78437 

Gradually  built  up  set. 

* Atomic  Built  up  Set. 

* Gradually  Built  up  Set  with  Atomic  Built  up  Oxygen  7r  Functions. 
(Exponents  were  reoptimized.) 

TABLE  VII.  POINTS  USED  FOR  THE  CONSTRUCTION  OF  THE  POTENTIAL 

CURVE  OF  CO. 


R(B) 

E(H) 

1.898® 

-112.7554 

2.015b 

-112.7841 

2.132® 

-112.7858 

2.249b 

-112.7700 

2.366® 

-112.7428 

2.483b 

-112.7088 

2.600® 

-112.6710 

aCalculated  with  optimized  exponents. 
^Calculated  with  Interpolated  exponents. 
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TABLE  VIII.  POINTS  USED  FOR  THE  CONSTRUCTION  OF  THE  POTENTIAL 

CURVE  OF  BF. 


R(B) 

E(H) 

2 . 000a 

-124.1077 

2.1925b 

-124.1567 

2.385a 

-124.1658 

2.5775h 

-124.1547 

2 . 770a 

-124.1343 

2.9625b 

-124.1103 

3-155a 

-124.0857 

aCalculated  with  optimized 

exponents . 

bCalculated  with  interpolated  exponents. 

TABLE  IX.  SPECTROSCOPIC 

CONSTANTS  FOR  THE 

GROUND 

STATE  OF  C12016 

Calculated 

Experimental3 

«'e  (cm-1; 

2431 

2169.829 

“exe  (cm-1) 

11.69 

15.295 

Be  (cm’1; 

2.027 

1.931285 

c»e  (cm-1) 

0.01525 

0.017535 

Re  (B) 

2.081 

2.132 

k  (10-*  dyne  cm-1) 

23.86 

19.02 

aSee  reference  29. 

TABLE  X.  SPECTROSCOPIC 

CONSTANTS  FOR  THE 

GROUND 

STATE  OF  BnF19 

Calculated 

Experimental* 

“e  (cm-1) 

1496 

1402.1 

\xe  (cm-1) 

12.07 

11.8 

Be  (cm  1) 

1.559 

1.510 

ae  (cm-1) 

0.01851 

0.016 

Re  (B/ 

2.354 

2.391 

k  (10^  dyne  cm*1) 

9.189 

8.071 

aSee  Reference  30. 


219 


TABLE  XI.  SUMMARY  OF  RESULTS®  FOR  THE  GROUND  STATE  OP  CO 
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All  the  quantities  in  this  table,  unless  explicitly  specified,  are  in  atomic  units  of  Hartree;  see  reference  25. 
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TABUS  XII.  CONTINUED 
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TABLE  XIII.  DIFFERENCES  BETWEEN  EXPERIMENTAL  AND  SCF  TOTAL  ENERGY  (H)  FOR  Ng,  CO  AND  BF 


CO 

CM 

CO 

BFb 

0.5904 

0.5891 

0.5926  -  0.6286 

aSee  reference  22. 

bThe  uncertainty  Is  originated  from  the  error  in  the  experimental  measurement 
of  the  dissociation  energy  of  BF.  See  reference  38. 


TABLE  XIV.  ORBITAL  ENERGIES  (H)  OF  THE  THREE  HIGHEST  OCCUPIED  ORBITAL  OF  N2,  CO  AND  BF 

N2a  CO  BF 

4cj  (2au)  -O.7687O  -0.80595  -0.86190 

5 a  (3ag)  -0.63789  -0.55048  -0.40162 

Itt  (1ttu)  -0.62845  -0.65073  -0.75210 


aSee  reference  22. 


TABLE  XV.  NUCLEAR  QUADRUPOLE  MOMENT  OF  O17  (BARN) 


Molecular  Result8' b  -0.0236  *  0.0021 

Atomic  Result0  -0.024 


aThe  field  gradient  used  in  the  calculation  is  evaluated  with  the  atomic 
built  up  set  at  calculated  Re< 

bThe  error  associated  with  the  molecular  results  is  due  to  the  error  in  the 
experimental  Measurement  of  eqQ^.  See  reference  41. 

cSee  reference  42. 
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TABLE  XVI.  DIPOLE  MOMENT  OP  CO  AND  BP  AT  DIFFERENT  VALUES  OF  R. 


CO 

BF 

R(B) 

4(D) 

R(B) 

4(D) 

1.898 

0.302  (C_0+) 

2.000 

1.99  (B'F+) 

2.132 

0.289  (c+o-) 

2.385 

0.967  (B”F+) 

2.366 

0.930  (cV) 

2.770 

0.315  (B+F_) 

2.600 

1.61  (C+0‘) 

3.155 

1.80  (B+F-) 

TABLE  XVII.  AVERAGE  POSITION  OF  AN  ELECTRON 

ALONG  Z-AXIS 

coa,c 

BFb'C 

la 

0.0004 

0.0002 

2a 

2.1313 

2.3898 

3o 

0.5819 

0.2279 

4a 

0.0250 

0.0424 

5a 

2.6360 

3.1965 

ltr 

0.5138 

0.1533 

aOrlgln  at  oxygen  nucleus. 
bOrlgin  at  fluorine  nucleus. 

Calculated  in  Bohr  unit  with  the  atomic  built  up  set  at  experimental  Re< 


227 


(0)“rf 


230 


ot  Different  Stages  of  the  Gradually 
and  Atomic  Built  Up  Sets. 


TOTAL  MOLECULAR  CHARGE  DENSITY  CONTOURS  FOR  CO 


MOLECULAR  ORM1AL  CHARGE  DENSITY  CONTOURS 
46  ORBITAL  OF  CO 


s 

FIGURE  11. 

MOLECULAR  ORBITAL  CHARGE  DENSITY  CONTOURS 
96  ORBITAL  OF  CO 


FIGURE  12. 


2)4 


MOLECULAR  ORBITAL  CHARGE  DENSITY  CONTOURS 

in  SHELL  OF  CO 


•3.0  -20  -1.0  0  1.0  20  30  40 


Z 

FIGURE  13. 


TOTAL  MOLECULAR  CHARGE  DENSITY  CONTOURS  FOR  BF 


MOLECULAR  ORBITAL  CHARGE  DENSITY  CONTOURS 

46  ORBITAL  OF  BF 
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MOLECULAR  ORBITAL  CHARGE  DENSITY  CONTOURS 

in  SHELL  OF  BF 


z 

FIGURE  18. 
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TOTAL  CHARGE  DENSITY  DIFFERENCE  CONTOURS  FOR  BF: 
ATOftiC  BUILT  UP  SET-GRADUALLY  BUILT  UP  SET 


z 

FIGURE  20. 
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HARTREE-FOCK-ROOTHAAN  WAVE  FUNCTIONS,  POTENTIAL  CURVES,  AND  CHARGE  DENSITY 
CONTOURS  FOR  THE  HeH+(X1L+)  AND  NeH+(X12+)  MOLECULE  IONS.+ 

Sigrid  Peyerimhoff* 

Laboratory  of  Molecular  Structure  and  Spectra 
Department  of  Physics,  University  of  Chicago 
Chicago,  Illinois  60637 

ABSTRACT 

Hartree-Fock-Roothaan  wave  functions  for  the  ground  state  of  the  HeH+  ion  and 
the  NeH+  ion  are  reported.  The  potential  curves  for  HeH+  and  NeH+  are  calculated  using 
wavefunctions,  which  are  optimized  at  the  equilibrium  distance  and  also  at  each  inter- 
nuclear  distance,  and  their  relative  behavior  is  discussed.  The  Hellmann-Feynman 
forces  on  the  nuclei  are  studied  as  a  function  of  the  internuclear  distance  with  regard 
to  the  size  of  the  basis  set  and  optimization  of  the  wave  function.  Spectroscopic  data 
are  calculated  in  different  ways,  a  dissociation  energy  of  1.74  eV  for  HeH+  and  2.03 
eV  for  NeH+  is  computed,  and  calculations  made  to  find  the  center  of  negative  charge 
for  every  internuclear  separation.  Electron  density  maps  are  plotted  for  several 
internuclear  distances  in  HeH+  and  for  the  total  wave  function  and  the  individual 
molecular  orbitals  of  NeH+  at  the  equilibrium  distance. 

I.  INTRODUCTION 

Rare  gas  hydride  ions  (HeH+,  NeH+,  AH+)  were  first  observed  in  mass  spectro¬ 
meters  around  1933, 1  and  in  recent  years  a  number  of  experiments  have  been  carried  out 

^Computations  reported  in  this  paper  were  supported  by  Advanced  Research  Projects 
Agency  thru  the  U.S.  Army  Research  Office  (Durham) ,  under  Contract  DA-11-022-0RD-3119. 

* 

Present  address:  Department  of  Chemistry,  Princeton  University,  Princeton,  New  Jersey. 
On  leave  from  Department  of  Theoretical  Physics,  Justus  Liebig  University,  Giessen, 

Germany. 

1H.  Lukanow,  W.  Schuetze,  Z.  Physik  82,  6l0  (1933) ;  K.  T.  Bainbridge,  Phys.  Rev. 

103  (1933);  J.  W.  Hi by,  Ann.  Phys.  Lpz.  £4,  473  (1939). 
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to  study  their  properties,  especially  their  formation  and  reactions.  These  ions  have 
only  a  short  lifetime  and  are  formed  in  low  concentrations  which  makes  the  experimental 
measurement  of  their  properties  by  conventional  means  difficult.  It  is  therefore, 
highly  desirable  to  obtain  accurate  wave  functions  for  these  molecules  which  enable  us 
to  calculate  the  spectroscopic  constants  for  the  ground  state  and  other  molecular 
expectation  values  and  properties. 

The  (HeH)+  rare  gas  hydride  ion  is  of  particular  theoretical  Interest  because 

it  is  the  simplest  two  electron  system  among  the  heteronuclear  diatomic  molecules  and 

therefore  plays  a  prototype  role,  similar  to  the  role  the  hydrogen  molecule  plays 

among  the  homonuclear  diatomic  molecules.  Besides  this,  there  has  been  considerable 

interest  in  this  ion  -  or  more  exactly  in  the  (He^H)+  ion,  since  it  is  the  resulting 

ion  when  tritium  of  the  TH  molecules  undergoes  p-decay. 

The  two  recent  calculations  on  (HeH)+  which  also  present  spectroscopic  data 

are  the  calculation  by  Evett,^  who  employs  a  James -Coolidge  type  wave  function,  and 

the  configuration  interaction  calculation  using  one-electron  basis  functions  in  Gen¬ 
ii 

focal  elliptical  coordinates  by  Anex.  Unfortunately,  these  methods  can  be  applied  to 
systems  with  more  electrons  only  with  great  difficulty  at  the  present.  On  the  other 
hand,  it  has  recently  become  possible  to  obtain  SCF-LCAO-MO  wave  functions  to  the 
Hartree-Fock  accuracy  for  systems  with  several  electrons  using  high  speed  digital  com¬ 
puters  and  programs  constructed  in  this  laboratory.  Furthermore,  it  is  well  known 
that  the  expectation  value  for  any  one-electron  operator  computed  in  the  Hartree-Fock 
approximation  should  coincide  with  the  exact  values  to  second  order  terms  in  a  pertur¬ 
bation  expansion  of  the  exact  wave  function,  in  which  the  zeroth  order  term  is  the 
Hartree-Fock  function  for  the  system.  Therefore,  one  purpose  of  this  work  was  to 

D.  P.  Stevenson,  D.  0.  Schissler,  J.  Chem.  Phys.  24,  926  (1956);  H.  Gutbier, 

Z.  Naturforsch.  12a,  499  (1957);  T.  F.  Moran,  L.  F.  Friedmann,  J.  Chem.  Phys.  39. 

2491  (1963)  and  references  therein. 

■^A.  A.  Evett,  J.  Chem.  Phys.  24,  150  (1956). 

^B.  G.  Anex,  J.  Chem.  Phys.  38,  1651  (1963). 

^After  this  work  was  completed,  a  calculation  on  HeH+  using  a  one-center  wavefunction 
was  published  by  J.  D.  Stuart  and  F.  A.  Matsen,  J.  Chem.  Phys.  4l,  1646  (1964) . 
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obtain  Hartree-Fock-Roothaan  wave  functions  for  the  ground  state  of  the  first  two 
molecules,  (HeH)+  and  (NeH)+,  in  the  series  of  the  rare  gas  hydride  ions  and  then 
calculate  expectation  values,  which  should  predict  the  experimental  values  with  reason¬ 
able  accuracy. 

There  are  reasons  to  believe  that  the  correlation  energy  in  the  rare  gas 
hydride  ions  is  approximately  the  same  for  the  whole  range  of  the  internuclear  dis¬ 
tances,  from  the  united  atom  to  the  separated  atoms  (rare  gas  atom  and  proton) ;  this 
assumption  will  be  discussed  further  in  a  later  section  of  this  paper.  It  implies 
that  the  Hartree-Fock  and  the  exact  potential  energy  curve  are  of  the  same  shape  and 
therefore,  the  potential  curve  for  both  molecules  were  calculated.  Thus,  in  this 
special  case  the  depth  of  the  potential  curve  should  also  give  a  good  value  for  the 
dissociation  energy  which  cannot  usually  be  obtained  in  such  a  direct  way  from  a 
Hartree-Fock  calculation  for  molecules  other  than  the  rare  gas  hydride  ions.  Such  a 
potential  curve  will  also  be  useful  in  proton-helium  and  proton-neon  scattering 
calculations. 

Charge  density  contours  have  also  been  calculated  to  give  some  insight  into 
the  electronic  structure  of  these  systems. 

Since  calculations  for  both  molecules  are  treated  to  a  comparable  level  of 
sophistication,  I  assume  that  conclusions  based  on  the  comparison  of  the  present 
results  for  (HeH)+  with  those  of  Evett^  and  Anex^  (which  are  assumed  to  be  close  to 
the  exact  solution  of  the  Schr&dlnger  equation)  should  apply  in  a  similar  manner  to 
a  comparison  of  the  (NeH)+  results  to  the  exact  solution. 

II.  GENERAL  METHODS  OF  CALCULATION 

The  well  known  theoretical  basis  for  this  type  of  calculation  Is  given  by 
Roothaan,®  the  computational  details  are  described  in  two  recent  articles  by  Wahl 
and  Huo."^  Hie  calculations  were  carried  out  on  a  IBM  7094  using  the  HETEROPOLAR 
DIATOMIC  SCF  PROGRAM  of  this  laboratory,  chiefly  written  by  Dr.  W.  Huo. 

^C.  C.  J.  Roothaan,  Rev.”  Modem  Phys.  2£,  69  (1951). 

^A.  C.  Wahl,  "Analytic  Self-Consistent  Field  Wave  Functions  and  Computed  Properties  of 
Hotnonuclear  Diatomic  Molecules",  J.  Chera.  Phys.  41,  2600  (1964). 

W.  Huo,  "The  Electronic  Structures  of  CO  and  BF",  (to  be  submitted  for  publication 
to  J.  Chem.  Phys.). 
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A.  The  Construction  of  the  Wave  Function 


The  molecular  wave  function  Is  an  antisymmetrized  product  of  molecular  orbi¬ 
tals  (MO's)  which  are  expanded  in  terms  of  Slater-Type-Orbitals  (STO's)  centered  on 
the  nuclei.  The  set  of  STO's  which  is  used  in  constructing  the  MO’s  is  referred  to  as 
basis  set  composition  for  the  total  molecular  wave  function. 

There  exist  no  unique  general  rules  concerning  the  number  and  the  type  of 
atomic  orbitals  which  are  necessary  to  represent  a  molecular  orbital  set  with  respect 
to  accuracy  and  economy  in  computer  time.  However,  considerable  experience  has  been 
obtained  in  this  laboratory  in  constructing  Hartree-Pock-Roothaan  wave  functions  with 
extended  basis  sets  for  different  diatomic  molecules,  and  the  main  features  of  this 

Q 

problem  are  discussed  at  length  by  Cade,  Sales  and  Wahl.  Apparently  the  best  way  is 
to  start  with  the  Hartree-Pock  basis  set(s)  for  the  substituent  atoms  and  augment  this 
basis  set  by  additional  functions  which  take  polarization  effects  into  account,  and 
then  to  optimize  all  the  orbital  exponents  of  the  basis  set. 

p  1 

The  Hartree-Pock  energy  for  He(ls  ,  S)  is  obtained  from  a  basis  set  of  three 

functions  (ls(£  =  1.45),  2s(C  »  1.732),  2s’(C  =  2.641)).  Three  additional  functions 

were  added  to  this  basis  set  and  then  the  energy  was  calculated  for  the  12+  state  of 

(HeH)+  at  an  intemuclear  distance  of  R  =  1.44  B,  which  is,  according  to  earlier 
•3  4 

publications, close  to  the  equilibrium  intemuclear  distance.  The  exponents  of  the 
three  additional  functions  were  singly  optimized  first,  and  then  the  exponents  of  all 
six  functions  were  singly  reoptimized  proceeding  from  the  most  important  to  least 
important  STO  in  the  expansion  of  the  16  molecular  orbital.  Among  all  basis  sets  with 
a  total  number  of  six  functions  which  were  tried,  the  basis  set  with  a  supplementary 
polarizing  63d  STO  centered  at  the  He-nucleus  and  a  61s  and  a  62p  STO  at  the  H-nucleus 
3eemed  best.  For  this  4x2  set,  as  we  shall  subsequently  refer  to  it,  various  double 
optimizations  (dls^  and  62sHe,  62sHe  and  62s£e,  and  61sH  and  C2pjj)  i.e.,  optimizations 
of  two  exponents  simultaneously,  were  carried  out  in  addition  to  the  single  optimiza¬ 
tions  mentioned  previously.  Part  of  the  potential  curve  was  calculated  using  this 
function  and  then  at  the  value  of  the  intemuclear  distance  which  corresponds  to  the 
minimum  of  this  curve  (R  =  1.455  B.,  slightly  larger  than  the  first  assumed  value  of 
1.44  B.)  all  of  the  orbital  exponents  were  again  singly  optimized. 

^P.  E.  Cade,  K.  0.  Sales  and  A.  C.  Wahl,  "The  Electronic  Structure  of  Diatomic  Molecules 
IZX.  Ng  and  Ng+  Ions",  (to  be  submitted  to  3.  Chem.  Phys.  for  publication). 


245 


Further  extension  of  the  basis  set  composition  gave  only  a  small  improvement 
in  the  total  energy,  and  with  eleven  functions  in  the  MO-expansion  the  energy  was 
almost  independent  of  the  basis  set  composition.  (Calculations  were  made  with  several 
7x4,  6  x  5  and  one  5x5  set.)  Finally,  we  chose  a  7  x  5  3et  that  gave  a  value  for 
the  energy  which  changed  by  less  than  5  x  10"^  H.  when  another  STO  was  added.  All 
orbital  exponents  of  this  set  were  then  optimized  using  both  single  and  certain  double 
optimizations.  Thus  two  different  final  wave  functions  were  obtained  for  HeH+,  a 

4x2  set  and  a  7  x  5  set,  both  at  Rg  (calculated). 

+  9 

For  NeH  we  started  with  a  basi3  set  of  10  functions  for  Ne,  and  made  a  few 

preliminary  calculations  with  a  molecular  basis  set  of  14  functions,  in  which  only  the 

exponents  of  the  4  additional  functions  have  been  optimized,  to  find  the  approximate 

value  for  the  equilibrium  intemuclear  distance.  At  R  =  1.9  a.u.,  which  seemed  to  be 

close  to  R  ,  various  calculations  were  carried  out  in  order  to  find  the  best  basis  set. 
e 

Most  of  these  calculations  were  done  with  a  basis  set  of  24  functions.  For  NeH+  a 
basis  set  of  this  size  seems  necessary  to  get  a  wave  function  with  Hartree-Fock 
accuracy,  and  it  is  the  upper  limit  which  can  be  handled  by  the  present  program.  It 
was  not  feasible  to  optimize  exhaustively  each  of  the  different  basis  sets  (an  optimi¬ 
zation  of  all  exponents  in  the  4x2  set  took  approximately  20  min.,  in  the  7x5  set 
2%  hours  and  for  a  set  of  24  functions  about  30  hours  computation  time  on  a  IBM  7094) 
and  therefore  It  was  sometimes  very  difficult  or  even  impossible  to  decide  which  of 
two  basis  sets,  giving  almost  the  same  energy,  would  give  better  results  after  the 
optimization.  The  comparison  could  be  made  only  with  respect  to  the  energy  as  no 
other  properties  of  NeH+  are  known.  The  final  choice  of  the  11 x  5  x  6  x  2  basis  set 
with  eleven  6-functions  and  six  m-functions  at  the  Ne-nucleus  and  five  d-functlons 
and  two  n-functions  at  the  H-nucleus  might  thus  be  arbitrary  to  some  extent.  The 
exponents  of  this  set  were  then  optimized  at  R  *  1.9  B,  but  without  any  double  optimi¬ 
zations.  After  part  of  the  potential  curve  had  been  calculated  with  this  function, 

R  «  1.83  B.  seemed  to  be  a  better  approximation  to  Re,  and  therefore  we  reoptimized 
all  exponents  at  R  =  I.83  B. 

B.  The  Calculation  of  the  Potential  Curves 

The  potential  curve  for  (HeH)+  was  first  calculated  using  the  4x2  and  7x5 
functions  with  orbital  exponents  optimized  at  R  =  1.455  B.,  and  the  potential  curve  of 

°P.  S.  Bagus,  T.  L.  Gilbert,  C.  C.  J.  Roothaan  and  H.  D.  Cohen,  "Analytic  Self- 
Consistent  Field  Wave  Functions  for  First-Row  Atoms",  (to  be  submitted  to  Phys.  Rev.) 
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(NeH)+  using  the  11  x  5  x  6  x  2  basis  set  with  orbital  exponents  optimized  at  R  =  1.83 
B..  These  curves  progressively  lose  accuracy  at  R  values  gradually  decreasing  or 
Increasing  from  Re(HF)  since  the  orbital  exponents  In  the  wave  functions  have  their 
optimal  values  only  at  the  minimum  of  the  curve.  Therefore,  one  can  expect  to  obtain 
a  reliable  Hartree-Fock  potential  curve  only  If  the  orbital  exponents  are  optimized  In 
some  manner  at  several  intemuclear  separations.  In  both  the  4x2  and  7x5  basis 
sets  for  (HeH)+  all  orbital  exponents  were  singly  reoptimized  at  each  R  value  con¬ 
sidered.  For  the  11  x  5  x  6  x  2  basis  set  of  (NeH)+,  fifteen  of  the  twenty-four 
orbital  exponents,  mainly  those  which  seemed  to  be  the  most  Important  and  sensitive 
to  a  change  in  the  internuclear  distance,  were  singly  reoptimized  at  most  R  values 
employed . 


C.  The  Calculation  of  the  Charge  Density  Contours 

The  total  electronic  charge  density,  p(?),  for  a  single  determinant  wave 

function,  constructed  from  N  doubly  occupied  MO's  can  be  obtained  as; 

N 

p(r)  =  ^2  I'M"?)  I2  >  (!) 

1=1  1 

where  are  the  MO's,  or  In  terms  of  STO's,  x^  a8> 

N 

P (?)  *  Y/2  lE°llc  Xkll2  *  ^ 

where  cilc  are  the  linear  expansion  coefficients  of  the  molecular  orbital,  p^(r) .  The 
corresponding  partial  charge  density  for  a  single  MO,  p(r),  can  be  calculated  from: 

Pi(r)  =  2  l2°lk  Xkil2  •  (3) 

These  calculations  for  (HeH)+  and  (NeH)+  for  several  R  values  were  carried  out  using 
a  charge  density  program  constructed  by  Dr.  Sinai  and  Mr.  Olive  of  this  laboratory. 

III.  RESULTS  AND  DISCUSSION 
A.  The  (HeN)*  Molecule  Ion 

Tables  1  and  2  present  the  4x2  and  7x5  Hartree-Fock-Roothaan  wave  func¬ 
tions  for  (HeH)+  at  Re(HFR),  respectively  and  also  the  energy  quantities  for  the 
ground  state.  Inspection  of  the  results  in  these  two  tables  shows  that  the  Improve¬ 
ment  of  the  larger  basis  set  (7x5  basis  set)  Is  small  with  regard  to  the  total  energy. 
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The  contribution  of  all  six  atomic  orbitals  in  the  4x2  set  is  considerable,  whereas 
the  C3dHe,  the  second  62sH,  the  63dH  and  especially  the  <54fHe  orbital  in  the  7x5 
set  seem  to  be  of  little  importance.  However,  this  64fjje  function  gave  an  energy 
improvement  of  approximately  1.5  x  10  J  H.  which  could  not  be  obtained  from  the  set 
without  this  orbital  Just  by  changing  the  exponents  of  the  other  remaining  functions. 
Several  calculations  have  also  been  performed  with  additional  Cls,  C2s,  62p  or  3d  AO's 
for  He,  and  62p  and  e4f  orbitals  for  H,  using  two  or  three  different  values  for  their 
exponents,  but  we  did  not  include  these  functions  in  the  final  basis  set  because  their 
effect  seemed  negligible.  The  largest  energy  variation  (adding  the  C2pjj  or  C4fjj 
orbital)  was  approximately  3  x  10“^  H..  A  second  optimization  of  the  exponents  of 
the  original  basis  set  (without  additional  functions)  gave  about  the  same  value. 

In  Fig.  1,  we  plotted  the  potential  energy  curves  for  HeH+,  which  we  obtained 
by  using  the  different  basis  sets.  Curves  A  and  B  result  from  the  4x2  and  7x5  sets 
respectively,  with  the  exponents  optimized  only  at  the  equilibrium  intemuclear  dis¬ 
tance.  The  7x5  basis  set  yields  the  curve  B',  if  the  optimization  is  done  at  each 
intemuclear  separation.  Table  3  lists  the  corresponding  values  and  also  the  results 
for  the  4x2  basis  set  optimized  at  each  intemuclear  distance  (column  A').  In  the 
scale  of  Fig.  1  thi3  curve  could  hardly  be  distinguished  from  curve  B’  and  for  this 
reason  has  not  been  included  there.  The  few  energy  values  which  are  in  brackets  have 
not  been  calculated  by  carrying  out  the  optimization  for  the  exponents  but  by  using 
?- values  that  have  been  interpolated  for  that  particular  R-value  from  the  neighboring 
calculated  exponents.  For  two  R-values  the  energy  has  been  determined  in  both  ways 
and  the  agreement  found  to  be  better  than  10-^B..  Thus,  we  expect  these  values  in 
brackets  to  have  the  same  accuracy  as  the  other  values  given  in  this  table. 

The  wave  functions  for  the  different  points  on  the  potential  curve  have  also 
been  obtained  but  are  not  listed  here.  These  results  are  available  upon  request. 

An  interesting  feature  of  Fig.  1  is  the  fact  that  the  general  behavior  of  the  poten¬ 
tial  energy  curves  is  correct  for  large  intemuclear  separations;  the  curve  approaches 
the  Hartree-Fock  energy  of  the  separated  atoms  He  and  H+  (the  horizontal  dashed  line 
in  Fig.  l).  This  behavior  cannot  usually  be  obtained  by  a  single  determinant  wave 
function,  but  rather  requires  at  least  mixing  of  several  configurations.  However,  in 
this  special  case  of  the  rare  gas  hydride  ions  we  expected  it.  Assuming  that  the  cor¬ 
relation  energy  in  the  separated  atoms  and  in  the  molecule  at  every  intemuclear 
separation  is  approximately  the  same,  one  should  be  able  to  calculate  a  potential 
curve  which  ia  shifted  in  comparison  to  the  exact  one  by  the  correlation  energy  of  He, 
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but  shifted  as  a  whole  without  /distortions .  This  assumption  seems  reasonable  because 
both  in  the  separated  atoms  and  in  the  molecule  we  have  a  2-electron  system  with  one 
doubly  occupied  shell;  in  terms  of  configuration  mixing  He  -  H+  is  the  most  important 
configuration,  and  a  configuration  with  significantly  different  correlation  energy 
(He+  -  H)  should  be  of  little  importance  (perhaps  very  small  R  values  excluded)  since 
the  ionization  energy  of  He  is  much  higher  than  that  of  H. 

The  7x5  set  has  more  flexibility  than  the  4x2  set  and  therefore  at  larger 
R  values  gives  much  better  values  for  the  energy  than  the  4x2  set,  so  that  the  dif¬ 
ference  between  the  two  curves  A  and  B,  which  is  relatively  small  at  the  equilibrium 
separation,  increases  considerably  when  moving  further  apart  from  Rg.  The  behavior 
of  the  curve  B'  compared  to  B  is  to  be  expected.  The  corresponding  values  from  the 
4x2  set  also  behave  as  expected  as  can  be  seen  from  column  A  and  A’  in  Table  3. 
Remarkable  is  the  fact  that  for  R  =  2.8  B.  and  all  larger  R  values  the  numbers  in 
column  A'  are  lower  than  those  in  column  B  ,  which  means  that  the  larger  and  more 
flexible  basis  set  with  non-optimized  exponents  is  not  able  to  give  the  same  improve¬ 
ment  in  the  energy  as  a  poorer  function  with  properly  chosen  exponents. 

One  further  comment  may  be  of  some  interest:  the  energy  values  at  larger 

-4 

internuclear  distances  are  approximately  proportional  to  R  ,  as  one  would  have  ex- 

K 

pected  for  the  potential  between  a  charge  and  an  Induced  dipole.  Stuart  and  Matsen^ 

-4 

noticed  also  this  E  vs.  R  behavior  in  their  calculation  and  discussed  it  in  detail. 

Prom  the  description  of  the  whole  calculation  it  has  probably  become  clear 
that  great  effort  has  been  made  to  get  an  energy  as  low  as  possible.  There  exist  no 
exact  experimental  data  with  which  to  compare  our  results;  therefore,  it  is  difficult 
to  ascertain  how  closely  convergence  has  been  obtained  in  the  procedure  of  adding 
basis  functions  to  a  small  set.  In  comparison  to  extended  calculations  which  have 
been  performed  in  a  similar  way  for  several  other  molecules  where  such  comparisons  are 
possible,^-®  our  calculated  energy  should  certainly  be  within  Hartree-Fock  accuracy. 

The  same  conclusion  can  be  drawn  from  Table  4  which  compares  the  energy  values  of  the 
optimized  7x5  function  with  the  most  accurate  values  for  HeH+  that  are  so  far  avail¬ 
able.  The  difference  between  these  values  is  fairly  constant  over  the  whole  range  of 
R  values  from  1  B.  to  2.2  B.  but  is  slightly  smaller  than  the  correlation  energy  of 
He  (0.042044  H.),  probably  due  to  the  fact  that  the  values  in  the  first  row  are  still 
not  exact,  especially  at  larger  R  values  where  the  difference  should  certainly  approach 

^Private  communications  from  W.  Huo  for  00  and  BF,  P.  Cade  for  Ng  and  Lig,  and  P.  Cade 
and  Vf.  Huo  for  first  row  hydrides.  Also  see  Refs.  7  and  8. 
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the  correlation  energy  of  He.  Furthermore,  the  last  row  of  this  table  supports  our 
assumption  concerning  the  shape  of  the  potential  energy  curve. 

Very  recently  the  Hellmann-Feynman  forces  acting  on  the  nuclei  in  a  molecule 
have  been  investigated  and  they  turned  out  to  be  very  sensitive  with  respect  to  a 
small  deviation  in  the  wave  function  from  the  exact  Hartree-Fock  solution.  Kern  and 
Karplus^1  have  shown  that  even  wave  functions  yielding  the  same  total  energy  may  give 
results  for  these  forces  which  differ  considerably,  especially  for  the  force  acting 
on  the  heavier  nucleus.  The  Hellmann-Feynman  force  FN,  acting  on  the  nucleus  N  is 
defined  by  the  relation: 


K|*>- 


V2! 


Z/a» 


a  *  N  R, 


LaN 


(4) 


where  k  refers  to  the  electrons  and  a  to  the  nuclei  of  the  system. 

It  is  a  necessary  condition  that  the  exact  Hartree-Fock  wave  function  for 
HeH+  must  satisfy  the  relation  FHg  =  =  0  for  the  equilibrium  intemuelear  distance 

and  F^e  =  at  each  intemuelear  distance.  Any  difference  between  these  two  quanti¬ 
ties  indicates  that  one  still  does  not  have  the  exact  Hartree-Fock  function  and  more¬ 
over,  that  not  only  the  force  but  also  the  other  calculated  properties  might  differ 
from  their  corresponding  exact  values  by  the  same  order  of  magnitude. 

For  a  linear  molecule  such  as  HeH+  only  the  force  component  along  the  inter- 
nuclear  axis  is  of  importance  since  all  the  other  components  are  zero  by  symmetry. 

Fig.  2  represents  these  forces  on  the  He  and  H  nucleus  obtained  from  the  4x2  set  and 
7x5  set  where  the  optimization  is  carried  out  at  each  R  value,  and  the  curve  for  the 
7x5  Bet  where  the  exponents  have  been  optimized  only  at  R  *  1.455  B..  The  force  FN 
is  chosen  to  be  positive  if  the  force  points  from  the  nucleus  N  toward  the  other 
nucleus . 

For  the  force  on  the  proton  only  the  curve  for  the  7x5  set  optimized  at 
each  intemuelear  distance  was  plotted:  the  two  other  curves  would  lie  (in  the  medium 
range  of  R  values)  within  about  .002  a.u.  on  either  side  of  the  plotted  curve,  the 
7x5  curve  (exponents  optimized  at  Rg)  above  and  the  4x2  curve  below,  and  would 
intersect  with  the  0-line  at  R  -  1.465  B..  But  there  are  fairly  sizeable  differences 
between  the  three  plotted  curves  for  the  force  on  the  He-nucleus,  although  the  poten¬ 
tial  energy  curve  obtained  from  the  corresponding  wave  functions  almost  coincide. 

11C.  W.  Kern  and  M.  Karplua,  J.  Chem.  Phys.  40,  1374  (1964). 
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These  facts  are  consistent  with  the  results  Kern  and  Karplus11  found  in  com¬ 
paring  several  wave  functions  for  the  HF  molecule.  At  the  equilibrium  distance  where 

the  forces  should  be  zero,  the  proton  force  differed  in  the  five  wave  functions  under 

12 

consideration  from  +.084  a.u.  to  -.017  a.u.,  but  only  by  .005  a.u.  for  the  two 
wave  functions  yielding  almost  the  same  energy;  whereas  the  difference  in  the  fluorine 
force  for  these  two  wave  functions  was  .676  a.u.,  and  Including  the  other  three  wave 
functions  the  values  for  the  F-force  varied  from  .105  to  3.10  a.u.. 

Since  the  general  appearance  of  curve  A'  and  B'  of  Fig.  2  13  the  3ame,  the 
difference  between  the  4x2  and  7x5  basis  set  seems  to  be  reflected  mainly  in  the 
He-force  which  is  too  high  for  the  smaller  set.  From  this  we  may  conclude  that  the 
4x2  set  is  a  good  representation  for  the  He-  core,  which  is  necessary  to  give  a  good 
value  for  the  total  energy,  but  it  does  not  account  satisfactorily  for  polarization 
effects:  that  is,  too  much  charge  is  concentrated  around  the  He-nucleus  and  there  is 
a  deficiency  of  charge  in  the  bonding  region  between  the  two  nuclei.  The  greater 
flexibility  of  the  larger  basis  set  is  able  to  build  up  a  higher  density  between  the 
two  nuclei  and  thus  reduces  the  force  on  the  He-nucleus;  this  shift  of  charge  into  the 
bonding  region  is,  as  we  shall  learn  later  from  the  charge  density  calculations,  the 
main  difference  between  the  two  basis  sets. 

The  shortcoming  of  a  calculation  in  which  a  wave  function  with  the  orbital 
exponents  optimized  only  at  the  equilibrium  distance  is  used  to  calculate  the  whole 
potential  curve  can  clearly  be  seen  from  the  curve  B.  This  curve  even  predicts  values 
for  the  He-force  at  large  intemuclear  distances  where  all  curves  should  approach  zero. 
This  behavior  can  be  explained  by  recalling  the  fact  that  the  exponents  are  related  to 
a  special  electron  distribution  at  Rg,  but  that  the  distribution  changes  at  larger  R. 

In  fact  the  charge  cloud  is  concentrating  towards  the  He-nucleus  and  the  flexibility 
in  the  wave  function  due  to  the  linear  coefficients  in  the  MO  expansion  alone  is  not 
sufficient  to  give  a  proper  description  of  this  readjustment.  Thus,  if  the  exponents 
are  held  fixed,  charge  is  shifted  too  far  from  the  He-nucleus  and  the  second  tens  in 
the  above  formula  (4)  becomes  too  small  and  eventually  the  first  term  outweighs  the 
second . 

The  condition  FHe  =  F^  is  satisfied  to  high  accuracy,  only  by  the  large  basis 
set,  and  only  if  the  exponents  are  optimized  at  each  intemuclear  distance.  In  Fig.  2 
the  force  on  the  He-nucleus  appears  to  be  reflected  image  of  the  force  on  the  proton. 

^21  a.u.  of  force  -  8.2378  x  10"^  dyn. 
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However,  a  more  careful  consideration  shows  that  the  forces  are  not  exactly  of  equal 

magnitude;  the  difference  between  the  He-force  and  the  H-force  Is  approximately  .003 

a.u..  This  difference  Is  approximately  constant  over  the  whole  range  of  the  Inter- 

nuclear  distances,  which  Is  certainly  of  Importance.  The  fact  that  It  Is  not  exactly 

zero  might  be  somewhat  disappointing  at  first,  although  this  result  is  superior  to  the 

results  found  for  the  HP  functions.'*''*'  On  the  other  hand,  for  a  point  of  the  potential 

curve  which  we  had  obtained  both  by  carrying  out  the  optimization  procedure  for  the 

exponents  and  by  using  the  interpolated  exponents  we  found  the  energy  differed  by  only 

a  few  units  in  the  7th  decimal  place,  yet  the  difference  between  the  PHe  -  PH  values 

was  about  .0005.  Therefore,  we  feel  the  difference  of  .003  to  be  very  close  to  the 

lower  limit  that  we  can  hope  to  get  with  a  function  such  as  we  are  using,  at  least 

over  a  whole  range  of  intemuclear  distances.**"^ 

spectroscopic 

Table  5  lists  the/data  obtained  from  the  several  calculations.  The  first 

3  4 

and  second  row  contains  for  comparison  the  data  given  in  the  earlier  calculations.  ’ 
The  values  in  the  3rd  and  4th  row  and  in  the  6th  and  7th  row  have  been  calculated  as 

14 

described  in  Herzberg  from  a  polynomial  fitted  through  the  different  points  of  the 
potential  energy  curve.  In  each  case  we  averaged  over  six  calculations  using  poly¬ 
nomials  of  8th,  9th  and  10th  degree  through  different  combinations  of  points.  The 
difference  between  values  obtained  in  this  way  from  the  different  basis  sets  is  small, 
as  we  had  already  expected,  since  the  shape  of  the  corresponding  potential  energy 
curve  near  the  minimum,  which  is  the  important  part  for  the  calculation  of  the  spec¬ 
troscopic  constants,  is  almost  the  same.  Optimizing  the  exponents  at  each  R  value 
decreases  the  curvature  and  is  reflected  in  the  slightly  larger  Rg-  and  a>exe~  values. 
The  values  for  the  equilibrium  intemuclear  distance  given  in  the  5th  and  8th  row  is 
obtained  from  the  virial  theorem,  which  requires  the  ratio  of  kinetic  energy  T  and 
potential  energy  V  to  be  -2  at  Re»  These  R0  values  are  interpolated  from  the  E/V 
values  at  R  =  1.4,  1.455  and  1.5  B..  The  9th  and  10th  row  contain  the  equilibrium 

■'■^Por  some  R  values  F,.  =  F„  might  be  exactly  satisfied.  This  is  true  for  the  7x5 

.tie  xl 

set  (opt.  at  1.455  B.)  between  R  =  1.0  B.  and  1.2  B.  and  between  1.3  B.  and  1.4  B. 
where  the  difference  FHe  -  F^  changes  sign,  but  we  assume  this  exact  equality  to  be 
coincidental.  See  also  the  corresponding  discussion  for  NeH+. 

^G.  Herzberg,  Spectra  of  Diatomic  Molecules  (D.  Van  Nostrand  Co.,  Inc.,  Princeton 
New  Jersey,  1950),  2nd  ed.  pp.  90  ff. 
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distance  and  the  force  constant  derived  from  the  force  curve  of  Fig.  2.  The  F^e  and 
curve  have  been  approximated  by  a  parabola  through  the  points  R  =  1.4,  1.455  and 
1.5  B.j  the  first  value  is  derived  from  the  F^  curve,  the  second  from  the  intersection 
of  both  curves. 

From  all  these  calculations  of  the  equilibrium  distance  we  may  draw  the  con¬ 
clusion  that  this  value  is  certainly  larger  than  the  values  given  in  the  two  earlier 
calculations  although  we  are  not  able  to  give  the  exact  figure  for  the  third  decimal 
place,  which  is  consistent  with  the  fact  that  FHe  -  FH  is  zero  only  to  approximately 
3  figures.  The  dissociation  energy  listed  in  the  last  column  of  the  above  table  13  in 

good  agreement  with  the  calculated  value  of  Anex  and  also  with  the  experimental  value 

IS 

listed  in  the  last  row,  the  accuracy  of  which  is  not  exactly  known. 

One  remark  might  be  necessary  here:  the  binding  energy  has  been  calculated 
as  the  difference  between  the  calculated  total  molecular  energy,  which  is  believed 
to  be  within  Hartree-Fock  accuracy,  and  the  Hartree-Fock  energy  of  the  separated  atoms. 
Therefore,  the  deviation  of  the  number  given  in  the  above  table  from  the  exact  value 
depends  only  on  the  correlation  energy  in  both  systems.  A  difference  of  0.001  H.  in 
the  correlation  energy,  which  might  occur,  would  change  the  calculated  binding  energy 
by  about  .03  eV. 

One  of  the  Important  properties  of  a  diatomic  molecule  that  can  be  calculated, 
is  its  dipole  moment.  Since  this  depends  for  an  ion  on  the  location  of  the  origin  of 
the  coordinate  system,  we  calculated  a  related  quantity,  the  center  of  negative  charge. 
Table  6  gives  the  distance  of  the  center  of  negative  charge  from  the  He-nucleus.  We 
also  include  the  results  of  the  4x2  basis  set  to  show  the  difference  which  arises 
when  3uch  an  expectation  value  is  calculated  from  both  basis  sets  directly  and  not 
determined  from  energy  values.  We  will  come  back  to  this  difference  in  the  discussion 

j.  |i 

of  the  NeH  results.  All  our  values  differ  from  those  calculated  by  Anex  by  approxi¬ 
mately  the  same  amount  as  did  the  values  for  the  equilibrium  distance.  It  can  be  seen 
from  this  table  that  the  values  have  a  maximum  near  the  equilibrium  distance  and 
decrease  at  larger  R  values.  This  means  that  if  the  proton  is  within  a  distance  from 
the  He-nucleus  smaller  than  Rg  the  charge  cloud  tends  to  follow  it,  but  as  the  distance 
between  proton  and  He-nucleus  increases  from  Rg  the  charge  cloud  moves  steadily  back 
towards  the  unperturbed  position  which  it  would  have  in  the  He  atom. 

Kaul,  U.  Lauterbach,  R.  Taubert,  Z.  Naturforsch.  16a,  624  (196l). 


This  behavior  of  the  charge  cloud  is  also  reflected  in  some  other  expectation 

2 

values  which  have  also  been  calculated;  for  instance  in  the  expectation  value  of  z  , 

-1  2 

and  to  some  extent  in  those  of  r^  and  rHe  ,  where  the  expectation  value  of  rHg  is 
the  mean  distance  of  the  charge  cloud  from  the  He-nucleus.  The  expectation  value  of 
x  (x-axis  perpendicular  to  the  molecular  axis  through  the  He-nucleus)  which  is  a  measure 
for  the  size  of  the  charge  cloud  in  a  plane  including  the  He-nucleus  perpendicular  to 
the  molecular  axis,  increases  monotonically  with  R  toward  a  certain  limit.  The  charge 
cloud  behavior  can  also  be  illustrated  by  the  charge  density  contours,  which  we  plotted 
for  several  internuclear  distances  in  Pig.  3,  a-d.  We  chose  values  for  the  internuclear 
separation  which  correspond  to  points  on  the  replusive  and  the  attractive  part  of  the 
potential  energy  curve,  to  the  equilibrium  distance,  and  to  a  point  close  to  the  dis¬ 
sociation  limit.  The  solid  lines  in  all  4  figures  refer  to  the  same  density  contours 
respectively;  additional  dashed  lines  have  been  included  at  times  to  give  more  detailed 
information  about  the  contour  in  a  particular  region. 

A  look  at  this  whole  series  of  figures  might  give  us  a  very  instructive  pic¬ 
ture  of  the  way  in  which  the  dissociation  in  such  a  rare  gas  hydride  ion  might  occur. 
Pig.  4  shows  the  charge  density  along  the  internuclear  axis  for  several  R  values. 

On  the  whole,  we  would  have  expected  this  shape  of  the  density  contours:  in 
the  immediate  neighborhood  of  the  He-nucleus  they  resemble  spherical  ellipsoids, 
slightly  polarized  and  the  degree  of  this  polarization  depending  on  the  position  of 
the  proton;  in  the  outer  region  of  the  molecule  they  approach  ellipses  whose  eccen¬ 
tricity  is  smaller  at  small  R  values  where  the  dissociation  almost  occurs;  in  the 
Intermediate  region  a  pear  shape  is  evident. 

The  general  appearance  is  the  same  regardless  which  function  we  use  to  calcu¬ 
late  the  electron  density.  Only  a  careful  study  shows  that  there  are  differences: 
the  4x2  set  with  only  two  orbitals  at  the  H-nucleus  tends  to  pile  up  charge  around 
the  proton,  consequently  there  appears  in  Pig.  4  a  small  but  rather  distinct  peak  at 
the  position  of  the  proton,  whereas  the  7  x  5  set  distributes  the  charge  more  equally 
in  the  bonding  region,  so  that  rather  a  shoulder  than  a  peak  appears.  This  increase 
of  electron  density  in  the  bonding  region  is  partly  due  to  a  shift  of  charge  from  the 
H-nucleus  into  that  region,  but  mainly  to  such  a  shift  from  the  He-nucleus  towards  the 
proton,  which  is  also  the  reason  for  the  decrease  of  the  He-force  mentioned  previously. 

A  consideration  of  Pig.  3  would  suggest  that  a  one-center  expansion  might 
give  reasonable  results  for  the  total  energy;  but  a  basis  set  of  10  partly  optimized 
functions  gave  an  energy  of  only  -2.910  H.  which  was  not  very  encouraging;  and  since 
computational  difficulties  (degeneracies)  arose  when  going  to  larger  basis  sets,  this 
study  has  not  been  carried  further.1® 

1®The  extenaive  calculation  by  Stuart  and  Matsen  (see  Ref.  5)  shows  indeed,  that  a 
one-center  expansion  is  able  to  give  excellent  results  for  Heir. 


B.  The  (NeH)+  Molecule  Ion 
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The  calculations  for  NeH+  were  analogous  to  the  calculations  for  HeH+  and  the 
results  are  listed  in  the  sane  order. 

Table  7  presents  details  about  the  11  x  5  x  6  x  2  basis  set  which  we  have 
used  for  the  NeH+  calculations  and  shows  the  energy  for  the  ground  state  of  NeH+ 

obtained  with  this  function.  From  the  coefficients  in  this  table  it  may  be  seen 
that  the  several  orbitals  which  we  have  added  to  the  atomic  set  (d  and  f  functions  on 
the  Ne-nucleus  and  all  hydrogen  orbitals)  are  negligible  in  the  16  MO,  but  they  con¬ 
tribute  to  all  of  the  other  three  molecular  orbitals.' 

Pig.  5  shows  the  potential  energy  curve  for  NeH+.  The  dashed  curve  is  the 
result  if  the  orbital  exponents  are  optimized  only  at  R  «=  I.83  B..  The  solid  curve 
results  if  those  exponents  which  seem  to  be  most  sensitive  with  respect  to  a  variation 
in  the  intemuclear  distance  are  optimized  at  each  R  value.  The  optimized  C,  value  for 
the  61sNe  exponent  remains  the  same  when  varying  the  intemuclear  distance.  This  was 
to  be  expected  considering  the  fact  that  its  value  in  the  free  atom  and  in  the  mole¬ 
cule  is  practically  the  same.  Most  sensitive  are  of  course  the  values  of  the  outer 
orbitals,  especially  of  those  which  have  been  added  to  the  atomic  set.  Furthermore, 
it  is  worthwhile  to  note  that  among  these  the  orbital  exponents  in  the  n  symmetry  are 
more  sensitive  with  respect  to  a  change  in  the  intemuclear  separation  than  the  cor¬ 
responding  orbital  exponents  in  the  6  symmetry.  A  reoptimization  at  each  R  value  was 
also  important  for  some  of  the  2pNg  exponents;  they  do  not  change  as  much  as  the 
3djje  or  2aH,  2pjj  or  >3^  exponents,  but  the  magnitude  of  the  2p  orbital  contribution  to 
the  total  energy  is  quite  large.  A  reoptimization  of  the  2s  exponent  was  found  to  have 
little  influence. 

The  wave  functions  for  the  different  points  at  the  potential  curve  have  been 
tabulated  but  are  not  included  here  for  the  same  reason  as  before. 

Table  8  lists  the  numerical  data  for  the  potential  curves.  The  values  in 
brackets  have  been  obtained  (as  in  Table  ?)  from  calculations  in  which  we  used  inter¬ 
polated  values  for  the  exponents. 

The  general  appearance  for  the  potential  energy  curve  for  NeH+  is  the  same  as 
for  HeH+.  Por  large  intemuclear  distances  the  curve  approaches  the  Hartree-Fock 
energy  of  the  separated  atoms  (the  dashed  line  in  Pig.  5).  The  effect  of  lowering  the 
energy  at  larger  distances  due  to  the  optimization  of  the  exponents  at  each  R  value  is 
greater  than  it  was  for  the  7  x  5  set  of  HeH+  but  smaller  than  for  the  4x2  set.  This 
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might  lead  to  the  conclusion  that  the  flexibility  of  the  NeH+  basis  is  better  than  of 
the  4x2  set  but  inferior  to  that  of  the  7><5  set  as  we  would  expect,  since  the 
flexibility  is  primarily  due  to  the  number  of  basis  functions  of  each  symmetry  which 
were  added  to  the  Hartree-Fock  atomic  set.  However,  we  should  be  very  careful  at  this 
point  since  we  did  not  optimize  all  the  exponents  at  each  internuclear  distance. 

The  behavior  of  the  force  curve  in  the  neighborhood  of  the  equilibrium  dis¬ 
tance  is  similar  to  the  behavior  of  the  corresponding  curve  of  the  4x2  set  in  Fig. 

2.  The  force  on  the  Ne-nucleus  is  too  large,  and  therefore  the  difference  between  the 
force  on  the  neon  and  on  the  hydrogen  nucleus  is  not  zero;  at  R  =  1.8?  B.  this  value 
is  .028  a.u.,  only  slightly  smaller  than  the  corresponding  difference  for  the  4x2 
basis  set  of  HeH+  which  might  suggest  that  the  accuracy  of  this  neon  function  at  Rg 
is  only  slightly  better  than  that  of  the  smaller  HeH+  basis  3et  but  much  inferior  to 
the  accuracy  of  the  large  basis  set  of  HeH+.  However,  this  difference  does  not  remain 
constant  over  the  range  of  the  Internuclear  separations;  it  decreases  with  increasing 
R  values  and  at  R  =  2.7  B.  it  is  only  .0004  a.u..  This  behavior  seems  to  be  due  to 
the  combination  of  two  effects  which  can  be  seen  from  Fig.  2  from  the  dashed  and  dotted 
curve:  the  general  shortcoming  representing  the  electron  density  accurately  in  the 
bond  region  and  the  consequent  high  force  on  the  He-nucleus  (this  corresponds  to  the 
dashed  line)  is  partly  overcome  by  the  fact  that  the  orbital  exponents  are  not  fully 
optimized  (this  is  indicated  by  the  dotted  curve).  The  result  is  an  exact  equality  of 

the  forces  near  R  =  2.7  B..  This  might  happen  for  any  wave  function  at  a  particular 

17 

R  value,  even  if  the  energy  is  far  off  from  the  correct  value.  Therefore,  we  have 
to  be  very  careful  in  judging  a  wavefunction  only  with  respect  to  the  equality  condi¬ 
tion  for  the  forces  at  one  particular  point  of  the  potential  curve  and  must  remember 
that  this  equality  condition  is  only  a  necessary  condition  for  a  Hartree-Fock  solution. 

At  large  values  the  FNe  curve  approaches  zero  but  does  not  take  negative 
values.  From  this  we  may  estimate  the  error  arising  from  the  fact  that  the  optimiza¬ 
tion  ha3  not  been  carried  out  for  all  24  orbital  exponents  (see  Fig.  2).  In  summariz¬ 
ing  all  our  considerations  concerning  the  accuracy  of  our  NeH+  function  we  may  con¬ 
clude  that  this  function  is  slightly  better  at  the  equilibrium  distance  and  slightly 

T7 - 

'The  well  known  situation,  where  a  poor  function  gives  good  values  for  some  properties 
and  gives  poorer  values  when  the  function  is  improved  by  an  optimization  of  the 
orbital  exponents  or  an  expansion  o  the  basis  set,  might  be  explained  in  a  similar 
way. 


256 


worse  for  R  values  farther  away,  than  the  4x2  set  Is  for  HeH+  (optimized  at  each  R). 
The  same  Is  consequently  also  true  for'  the  expectation  values  for  a  one  electron  opera¬ 
tor.  How  much  such  a  value  differs  from  an  expectation  value  calculated  with  a  func¬ 
tion  of  much  higher  accuracy  might  be  seen  from  Table  6.  With  respect  to  the  energy 
this  means  that  we  can  expect  the  NeH+  potential  energy  curve  to  lie  compared  to  the 
HeH+  curves  approximately  at  the  same  point  or  slightly  below  the  dashed  line  of 
Pig.  1  at  the  equilibrium  distance  and  at  larger  R  values  between  the  solid  and  the 
dotted  curve  close  to  the  latter. 

Table  9  presents  the  spectroscopic  data  for  NeH+.  The  first  row  contains  the 

1  R 

data  which  Moran  and  Friedmann"1  obtained  by  using  Platt's  electrostatic  model.  The 
next  few  rows  present  the  results  of  our  calculations.  The  main  difference  between 
the  next  two  rows  is  again  the  larger  ccexe  value  which  results  from  the  optimization 
at  each  lnternuelear  distance.  The  Rg  value  in  the  4th  row  has  been  calculated  by 
interpolating  between  the  E/V  values  at  R  =  1.8,  1.83  and  1.9  B..  The  Rg  value  in 
the  next  to  the  last  row  has  been  determined  from  a  plotted  force  curve;  a  correct 
interpolation  could  not  be  carried  out  since  the  available  calculated  values  were  not 
grouped  close  enough  to  the  minimum.  For  the  same  reason  the  kg  value  is  missing  in 
that  row.  The  calculated  dissociation  energy  is  in  good  agreement  with  the  experi¬ 
mental  value. 15>19 

It  can  be  seen  from  Table  10  that  the  general  behavior  of  the  charge  cloud 

+  +  2-12 
for  NeH  is  the  same  as  for  HeH  ,  and  the  expectation  values  of  z  ,  r^e  and  rNg 

again  indicate  this  behavior.  The  absolute  values  for  the  distance  of  the  center  of 

negative  charge  from  the  Ne-nucleus  are  smaller. 

The  general  appearance  of  the  total  electron  distribution  in  Fig.  6  resembles 
that  of  HeH+.  At  the  equilibrium  distance  the  proton  has  penetrated  the  3ame  distance 
into  the  charge  cloud  in  both  molecules,  and  a  preliminary  study  of  AH+  showed  that 
the  proton  at  the  equilibrium  distance  is  also  just  within  the  .2  contour.  This  fact 
Is  not  surprising  if  one  remembers  the  success  of  the  Platt  model  which  has  recently 
been  applied  to  hydride  ions  and  which  assumes  that  the  total  charge  beyond  a  sphere 
of  radius  Rg  is  the  same  for  all  three  molecules.  Fig.  7.  a-d,  shows  the  charge 
density  maps  of  the  different  molecular  orbitals,  and  Fig.  8  the  corresponding  charge 
along  the  intemuclear  axis. 

1HT.  F.  Moran,  L.  Friedmann,  J.  Chem.  Phys.  40,  860  (1964). 

F.  Moran,  L.  Friedmann,  J.  Chem.  Phys.  22*  2491  (1963). 
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Prom  Pig.  7a  and  Fig.  8,  it  is  clear  that  the  10  MO  is  almost  unaffected  by 
the  presence  of  the  proton.  We  came  to  the  same  conclusion  in  considering  the  expan¬ 
sion  coefficients  of  Table  7.  The  r  electron  density  also  is  not  very  perturbed,  as 
may  be  seen  from  Pig.  7d;  the  contours  are  slightly  asymmetrical  with  respect  to  the 
x  axis  (perpendicular  to  the  molecular  axis  through  the  Ne-nucleus).  Most  affected 
are  the  26  and  36  MO's.  The  30  orbital  is  strongly  polarized  towards  the  proton  and 
almost  resembles  a  02p  function.  However,  the  charge  distribution  in  the  immediate 
neighborhood  of  the  Ne-nucleus  and  in  the  region  opposite  the  hydrogen  seems  to  be 
little  affected,  although  there  is  a  small  shift  of  the  nodal  plane  (Fig.  8).  On  the 
other  hand,  the  polarization  of  the  26  orbital  is  quite  large  in  the  region  relatively 
close  to  the  Ne-nucleus  and  in  the  region  opposite  the  proton.  Charge  is  piled  up  in 
the  bond  region  and  decreased  on  the  other  side  of  the  Ne-nucleus,  which  gives  rise  to 
the  asymmetric  shape  of  the  contour  close  to  the  Ne-nucleus.  This  asymmetry  increases 
at  smaller  intemuclear  separations  which  means  that  in  Pig.  7b  more  of  these  "moon 
shape"  contours  will  appear. 

From  these  considerations  it  appears  that  both  the  26  and  36  MO's  play  a  role 
in  the  formation  of  the  bond.  The  magnitude  of  their  contribution  varies  in  the  dif¬ 
ferent  areas  of  the  bonding  region,  the  26  being  more  important  near  the  Neon  and  the 
36  becoming  more  important  near  the  Hydrogen  nucleus. 
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TABLE  1.  THE  4  X  2  HARTREE-FOCK-ROOTHAAN  WAVEFUNCTION  FOR  THE  GROUND  STATE 
OF  HeH+  (lo2J1S+)  AND  ENERGY  QUANTITIES  AT  R  =  1.455  B.a 


Basis  Functions 
*k 

cla,k 

alsHe 

(C  =  1.85692) 

. 91271 

a2sHe 

(5-18075) 

-.04743 

a2sHe 

(1.60271) 

-.05009 

a2pHe 

(2.26480) 

.03513 

olsH 

(1.51451) 

.23680 

c2pH 

(1.91503) 

.04154 

ela 

.  -1.63751 

E 

-2.932325 

a°lo  k  are  coe^icien4s  of  normalized  AO's  X^,  C  orbital  exponents;  total 
energy  E  and  orbital  energy  In  Hartree,  1  H  =  27.2097  eV,  lnternuclear 

Q 

distance  R  In  Bohr,  1  B  =  0.52917  x  10”  cm. 


TABLE  2.  THE  7x5  HARTREE-FOCK-ROOTHAAN  WAVEFUNCTIONS  FOR  THE  GROUND  STATE 
OF  HeH+  (lo2,^)  AND  ENERGY  QUANTITIES  AT  R  -  1.455  B.0 


Basis  Functions 

Xk 

°la,k 

alsHe 

(C  =  1.37643) 

1.19873 

«*£ 

(3.87107) 

.04545 

*4 

(1.54335) 

-.46058 

a2pHe 

(2.64576) 

.06404 

a2pHe 

(3.24082) 

-.03015 

a5dHe 

(2.54147) 

.00593 

aWHe 

(3.73586) 

.00119 

alsH 

(1.00949) 

.40973 

c2sh 

(1.18036) 

-.21100 

a2sH 

(2.56229) 

.00692 

a2pH 

(1.79089) 

.04454 

o5dH 

(2.41228) 

.00642 

«lc 

-1.63748 

5 

-2.933126 

^Notation  as  In  Table  1. 
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TABLE  3.  THE  TOTAL  ENERGY  OF  HeH+( ld2,12+)  AS  A  FUNCTION 
OF  INTERNUCLEAR  SEPARATION 


R  (b.) 

Energy 

(H.) 

4x2  Basis 

Seta 

7x5 

Basis 

Set8 

A 

A' 

B 

B' 

1.0 

-2.857919 

-2.860478 

-2.860566 

-2.861036 

1.2 

-2.916006 

-2.916651 

-2.917221 

-2.917390 

1.3 

-2.927219 

-2.927431 

-2. 928148 

-2.928206 

1.4 

-2.931777 

-2.931800 

-2.932588 

-2.932594 

1.455 

-2.932525 

-2.932325 

-2.933126 

-2.933126 

1.5 

-2.932010 

-2.932026 

-2.932825 

-2.932830 

1.6 

-2.929500 

-2.929644 

-2.930403 

-2.930450 

1.7 

-2.925336 

-2.925693 

-2.92637 6 

-2.926500 

1.8 

-2.920236 

-2.920883 

-2.921462 

-2.921683 

2.0 

-2.909106 

-2.910421 

-2.910760 

-2.911205 

2.2 

-2.898462 

-2.900422 

-2.900535 

-2.901201 

2.5 

-2.885294 

-2.887848 

-(2.888782) 

2.8 

-2.875905 

-2.879129 

-2.87868 0 

-2.879782 

3.15 

-2.868938 

-2.871666 

-(2.872847) 

3-5 

-2.864957 

-2.868262 

-2.867442 

-2.868619 

4.0 

-2.8622J6 

-2.864273 

-(2.865341) 

4.5 

-2.861094 

-2.863593 

-2.862837 

-2.863752 

aColurnns  A  and  B,  for  the  4x2  and  7  X  5  set  respectively,  were  obtained 
using  the  orbital  exponents  optimized  only  at  R  =  1.455  Bohr.  Columns  A 
and  B',  for  the  4x2  and  7X5  set  respectively,  were  obtained  using 
optimal  orbital  exponents  at  each  R  value  cited  or  interpolated  values 
(in  parenthesis)  . 


TABLE  4.  COMPARISON  OF  THE  TOTAL  ENERGY  FOR  HeH+  FROM  THE  CALCULATION 

OF  ANEX^  AND  THIS  CALCULATION.3 


R 

1.0 

1.4 

1.8 

E  (Anexj 

E  (This  calculation; 

Difference 

-2.90160 
-2.86104 
.0405 6 

-2.97424 

-2.93259 

.04165 

-2.96471 

-2.92168 

.04103 

.2.94035 

-2.90120 

.03915 

8 Energy  values  In  H.,  values  of  the  internuclear  separation  in  B. 
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TABLE  5.  SPECTROSCOPIC  DATA  FOR  HeH  OBTAINED  FROM  THE  DIFFERENT  CALCULATIONS 


TABLE  6.  DISTANCE  z  OP  THE  CENTER  OP  NEGATIVE  CHARGE  PROM  THE 
He -NUCLEUS  FOR  DIFFERENT  INTERNUCLEAR  DISTANCES  R. 


R(Bohr) 

z(Bohr) 

4x2  Set 

7X5  Set 

Anex8 

1.0 

.2214 

.2202 

.2255^ 

1.2 

.2326 

.2315 

1.3 

.2348 

.2337 

1.4 

.2348 

.2338 

.24624 

1.455 

.2340 

.2331 

1-5 

•  2329 

.2320 

1.6 

.2293 

.2286 

1.7 

.2242 

.2236 

1.8 

2179 

.2174 

.23427 

2.0 

.2022 

.2019 

2.2 

.1838 

.1837 

.20027 

2.8 

.1254 

•  1259 

3-5 

.0730 

.0743 

4.5 

.0368 

.0377 

aSee  Ref.  3.  Also  note  that  the  values  of  Anex  are  corrected  values, 

not  the  values  given  originally  In  this  paper.  (B.  G.  Anex,  private 
communication.)  Exponents  optimized  at  each  R-value. 
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TABLE  7.  THE  11  x  5  X  6  X  2  HARTREE-FOCK-ROOTHAAN  WAVE  FUNCTIONS  FOR  THE 
GROUND  STATE  OF  NeH+(la22a2?o2l7r\  1S+)  AND  ENERGY  QUANTITIES  AT 

R  =  1.83  B.a 


Basis  Functions 
*k 

Clcr,k 

Cl7T,k 

alsNe 

U  =  8.91020) 

. 94299 

- . 28499 

. 04349 

alsNe 

15.25118 

. 08902 

. 00826 

-.00139 

a2sNe 

2.35322 

-.00081 

.48004 

-.08490 

a2sNe 

3.67914 

.00394 

. 58099 

-.10651 

a3sNe 

11.15634 

-.03390 

-.02502 

.00424 

a2pNe 

1.64063 

- . 00002 

.01418 

. 16696 

ff2pNe 

2.51232 

-.00046 

. 04777 

.54621 

a2pNe 

4. 88404 

. OOO72 

.01214 

.25216 

o2pito 

11.15553 

. 00030 

. 00096 

. 00743 

c3dNe 

2.48734 

-.00016 

.01169 

.03695 

3.14362 

-.00003 

.00320 

.00824 

alSH 

1.73096 

.00036 

-.10150 

.13756 

alSH 

2.12470 

-.00017 

.12141 

.02273 

a2sH 

2.17392 

.00019 

.04441 

.04288 

a2pH 

2.32609 

.00018 

.01563 

.02087 

a3dH 

3.10413 

. 00003 

.00341 

.00269 

712  pNe 

1.81230 

.34210 

772  pNe 

2.77094 

.46612 

772 pNe 

4.92893 

.25683 

-2pn; 

10.61784 

.00939 

w5dHe 

2.39912 

.02098 

^Ne 

3.22623 

.00492 

^PH 

1.79232 

.01929 

w3<*H 

2.54963 

.00482 

-33-3^881 

-2.49750 

-1.45857 

-1.38468 

wmm. 

II  - : 

-128.62836 

3°1  k  are  ooefflolents  normalized  AO'a  X^,  £  orbital  exponents,  orbital 
energies  and  E  the  total  energy. 
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TABLE  8.  THE  TOTAL  ENERGY  OF  NeH+(lo22o23o2liv\  1S+) 
AS  A  FUNCTION  OF  INTERNUCLEAR  SEPARATION . 3 


R  (B.) 

Energy 

(H.) 

A 

A’ 

1.35 

-128.53871 

-128.53942 

1.5 

-128.59536 

(-128.59568) 

1.6 

-128.61454 

-128.61469 

1.7 

-128.42663 

(-128.62448) 

1.8 

-128.62812 

-128.62812 

1.83 

-128.62836 

-128.62836 

1.9 

-128.62773 

-128.62773 

2.0 

-128.62472 

(-128.62479) 

2.1 

-128.62010 

(-128.62026) 

2.2 

-128.61457 

-128.61492 

2. 4 

-128.60260 

-128.60330 

2-7 

-128.58579 

-128.58728 

3.0 

-128.57248 

(-128.57470) 

3-5 

-128.55826 

-128.5612 8 

4.0 

-128.55110 

-128.55418 

4.5 

-128.54776 

-128.55089 

Calculation  A  employs  orbital  exponents  optimized  only 
at  R  =  1.83  Bohr.  Calculation  A'  employs  orbital  ex¬ 
ponents  optimized  at  each  R  value  except  those  in 


parenthesis  which  interpolated  orbital  exponents  were 
used. 
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TABLE  9.  SPECTROSCOPIC  DATA  FOR  NeH 


ENERGY  laid 


MTEHNUCLEAR  DISTANCE  (o.uj 


Pig.  1.  Potential  curve  for  HeH+(X1Z+)  and  Hartree-Pock  energy  of  the  separated 
atoms  (He  +  H+„> . 

—————  A,  if  x  2  basis  set,  optimized  at  R  «  1.455  Bohr. 

-  B,  7x5  basis  set,  optimized  at  R  =  1.455  Bohr. 

-  B’,  7x5  basis  set,  optimized  at  each  R. 
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ID  15  20  25  30  35  40 

NTERNUCLEAR  DISTANCE  (o.u.) 


Pig.  2 


Force  on  the  He-nucleus  (Fj^j  and  on  the  H-nucleua  (FjjJ  at  different 
intemuclear  distances. 

— — — — —  A’,  4x2  basis  set,  optimized  at  each  R. 

-  B,  7x5  basis  set,  optimized  at  R  -  1.455  Bohr. 

-  B',  7  x  5  basis  set,  optimized  at  each  R. 
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Fig.  3a.  Charge  density  contours  for  HeH  for  R  =  1.0  Bohr.  Calculated  using 
the  7x5  basis  set  with  exponents  optimized  at  R  =  1.0  Bohr. 


Pig.  3b.  Charge  density  contours  for  HeH+  for  R  .  1.455  Bohr.  Calculated 

using  the  7x5  basis  set  with  exponents  optimized  at  R  -  1.455  Bohr, 


Pig.  Jo.  Charge  density  contours  for  HeH+  for  R  =  2.0  Bohr.  Calculated  using 
the  7x5  basis  set  with  exponents  optimized  at  R  =  2.0  Bohr. 


Pig.  Jd.  Charge  density  contours  for  HeH+  for  R  *  J.5  Bohr.  Calculated  using 
the  7x5  basis  set  with  exponents  optimized  at  R  *■  J.5  Bohr. 


< 
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INTERNUCLEAR  DISTANCE 


Figure  5:  Potential  curve  for  NeH+(X1Z+)  and  Hartree-Pock 
energy  of  the  separated  atoms  (Ne  +  H+). 


A,  basis  set  optimized  at  R  «  1.8}  Bohr. 


-  A',  basis  set  optimised  at  each  R. 

£ 

f 
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Figure  6:  Charge  density  contours  for  NeH+,  R  =  1.85  Bohr. 


Ne 


H 


Figure  7a:  Charge  density  contours  for  the  16  MO  of  NeH+ 


(R  -  1.83  Bohr). 


(R  >  1.83  Bohr). 
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Ne  H 

_ i _ i _ 

Figure  7c !  Charge  density  contours  for  the  36  MO  of  NeH+ 
(R  =  1.83  Bohr). 


Figure  7d;  Charge  density  contours  for  the  Is  MO  of  NeH+ 
(R  -  1.83  Bohr). 
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-2D  -UO  0  ID  2D  3D 


Pig.  8.  Charge  density  for  NeH+  along  the  internuclear  axis. 

- -  Charge  density  of  the  total  wavefunction. 

Charge  density  of  the  la  -  MO 

-  Charge  density  of  the  2a  -  MO 

-  Charge  density  of  the  Ja  -  MO 
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Rare-Gas  and  Hydrogen  Molecule  Electronic  States,  Noncrossing  Rule, 
and  Recombination  of  Electrons  with  Rare-Gas  and  Hydrogen  Ions* 

Robert  S.  Mulliken 
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Recent  experimental  work  on  helium  jets  has  indicated  that  excited  atoms  result  usually  from  collisionai- 
radiative  electron  capture  by  atom  ions  (A++2e— *.4*+e;  etc.)  rather  than  by  dissociative  recombination 
by  molecule  ions  (As++e  —>  A'+A),  while  for  the  heavier  rare  gases,  the  latter  process  is  apparently  rela¬ 
tively  important.  It  is  shown  in  the  present  paper  that  the  theoretically  expected  forms  of  the  potential  curves 
of  excited  He,  and  other  rare-gas  molecules  make  dissociative  recombination  improbable  for  He»+  but  more 
probable  for  the  other  rare-gas  diatomic  ions.  Available  spectroscopic  data  and  theoretical  considerations 
make  it  fairly  sure  that  many  of  the  familiar  excited  states  of  He,  have  high  maxima  in  their  potential  curves, 
but  that  no  pure  repulsion  curves,  except  the  one  for  two  normal  He  atoms,  exist  below  the  energy  of  He+ 
+He.  Besides  the  stable  states  with  stable  He,+  core  (lofhru,  *2„+)  plus  a  Rydberg  electron,  there  must  be 
others  with  a  core  (l<rJl<ru',,2,+)  which  per  se  is  unstable  but  which  on  addition  of  an  electron  in  a  sufficiently 
strongly  bound  Rydberg  orbital  is  stable ;  consideration  of  these  states  makes  possible  a  reasonable  explana¬ 
tion  of  the  Hornbeck-Molnar  effect  in  helium.  Statements  analogous  to  those  about  potential  curves  and 
electron  recombination  in  helium  are  applicable  also  to  a  large  extent  for  hydrogen . 


TTOLLOWING  Bates,1"  it  was  rather  generally  ac- 
-t1  cepted*  that  the  relatively  rapid  recombination 
rate  of  electrons  into  excited  states  of  atomic  rare-gas 
ions  in  discharge  afterglows  can  be  explained  only  by 
assuming  that  the  major  responsible  process  is  “dis¬ 
sociative  recombination”: 

At++e->A*+A.  (1) 

Recently,  however,  the  general  usefulness  of  this  ex¬ 
planation  has  been  seriously  questioned,  and  a  “col- 
lisional-radiative”  mechanism,4 

A++2e->A**+e;  A*+-*A*+hv,  etc.  (2) 

has  been  found  to  explain  many  results  previously  in¬ 
terpreted  by  Eq.  (1).  Experimental  work  on  helium 
jets5  indicates  that  mechanism  (2)  and  not  (1)  is  domi¬ 
nant  in  these  for  the  recombination  of  electrons  with 
helium  ions.6  For  neon,*  however,  there  seems  to  be 
good  evidence  for  the  importance  of  Eq.  (1).  As  will 
now  be  shown,  theoretical  considerations  on  the  forms 
of  the  potential  curves  of  the  excited  states  of  He.  and 
of  other  rare-gas  diatomic  molecules  indicate  that  these 


*  This  work  was  assisted  by  the  U.  S.  Office  of  Naval  Research, 
Physics  Branch  under  Contract  Nonr-2121  (01). 

1  D.  R.  Bates,  Phvs.  Rev.  77,  718  (1950). 

*  D.  R.  Bates,  Phys.  Rev.  78,  492  (1950). 

*  For  example,  W.  A.  Rogers  and  M.  A.  Biondi,  Phys.  Rev. 
154,  A1215  (1964),  on  helium  jT.  R.  Connor  and  M.  Biondi,  Bull. 
Am.  Phys.  Soc.  9,  184  (1964),  on  neon. 

4  D.  R.  Bates,  A.  E.  Kingston,  and  R.  W.  P.  McWhirter,  i’roc. 
Rov.  Soc.  (London)  A267,  297  (1962):  A27H,  155  (1962);  N. 
D’Angelo,  Phys.  Rev.  121,  505  (1961):  S.  Byron,  R.  C.  Stabler, 
and  P.  1.  Bortx,  Phys.  Rev.  Letters  8,  j76  (1962). 

*  C.  B.  Coffins  and  W.  W.  Robertson,  J.  Chem.  Phys.  40,  2202, 
2208  (1964);  F.  E.  Niles  und  W.  W.  Robertson,  ibid.  40,  2909 
(1964). 

'  Further,  experimental  results  obtained  by  E.  E.  Ferguson,  F.  C. 
Fehsenfeld,  and  A.  L.  Schmeltekopf  at  the  National  Bureau  of 
Standards  in  Boulder  show  that  the  molecular  and  atomic  emis¬ 
sions  in  helium  afterglows  have  the  same  dependence  on  electron 
temperature  in  the  millimeter  pressure  range,  which  has  led  them 
to  believe  that  dissociative  recombination  is  not  a  significant  proc¬ 
ess  under  the  conditions  where  it  has  generally  been  thought  to 
occur  (private  communication  from  Dr.  Ferguson). 


curves  are  such  as  to  make  dissociative  recombination  of 
electrons  [Eq.  (1)]  improbable  for  Hes+  except  for 
higher  vibrational  states  but,  tentatively,  entirely  likely 
[though  not  to  the  exclusion  of  Eq.  (2)]  for  the  other 
rare-gas  diatomic  ions. 

In  1932, 1  published  a  potential-curve  diagram7  for 
He.  which  included  many  repulsive  states  such  that 
electron  capture  into  them  by  Hes+  would  have  resulted 
in  dissociative  electron  recombination.  However,  the 
existence  of  such  states  contradicted  the  “noncrossing 
rule”  for  potential  curves  of  any  one  electronic  species. 
In  1932  confidence  in  the  noncrossing  rule  was  much 
less  secure  than  now,  and  there  was  evidence  which 
seemed  to  indicate  its  violation  for  certain  states  of 
Hea.  Namely,  near  their  minima  the  potential  curves  of 
the  electronic  states  A  Mo,  *£+„,  Aidr,  *II«  and  A  3dS, 
*AU,  where  the  He>+  core  A  has  the  normal-state  con¬ 
figuration  l<r„7  l<r„  and  the  excited  electron  is  in  a 
Rydberg  MO  (molecular  orbital),  all  lie  close  together 
with  energies  which  for  t'  =  0  are  above  that  of  two 
normal  He  atoms  by  amounts  I—D+—X  eV,  where 
.Y  =  1.574,  1.550,  and  1.491  for  Mo,  3dr,  and  Mb,  re¬ 
spectively.  (/  =  ionization  energy  of  He  atom,  v= vi¬ 
brational  quantum  number,  Z)+=  dissociation  energy 
of  He*+  into  He++He.)  Now  if  the  3 do,  J2Z+«  and 
3dr,  *n,  states  dissociate  in  the  manner  expected  from 
simple  linear<ombination-of-atomic-orbitals  (LCAO) 
MO  theory  and  the  noncrossing  rule,  they  would  both 
dissociate  to  He(lj*)+He(ls2/,  *P),  with  energy  I— 
3.623  eV,»  but  the  A3dS,  ’A,  state  necessarily  goes  to 

7  R.  S.  Mulliken,  Rev.  Mod.  Phys.  4,  1  (1932),  Fig.  49,  p.  61.  In 
this  figure,  Z>+= 2.6  eV  was  assumed  for  Hej+. 

•  This  ignores  a  ounor  complication  which  does  not  alter  the 
essential  conclusions  reached  here.  Namely,  the  potential  curve  of 
the  A3s,  *  2+„  state,  in  order  to  dissociate  to  1j*4-1j3j,  *5  as  it 
tends  to  do,  would  have  to  cross  that  of  the  Aida,  *  S+„  state  (see 
Fig.  1).  But  the  interaction  matrix  element  is  probably  large 
enough  near  the  prospective  crossing  point  so  that  the  A3r,  *Z+. 
shortcuts  and  actually  dissociates  into  ls*+ls2p<r,  *P,  leaving  the 
A3d<r,  «2+„  to  dissociate  into  1j*-1-1j3j,  *5.  Analogous  statements 
hold  for  4 po,  »2+,  and  4 fo,  »2+„  whose  curves  are  shown  in  Fig.  1. 
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He(lf*)+He(lj3i,  lD),  at  an  energy  /— 1.513  eV.  Now 
if,  for  example,  D*=  2.1  eV,*  the  energies  of  the  r=0 
level  of  the  Aide,  *£+«  and  A3dr,  *II«  states  would  be 
almost  equal  to  that  of  the  separate  atoms  He  (Is2) 
+He(ls2p,  *P) :  see  Fig.  1.  This  expectation  seemed  in 
1932  (Ref.  7,  footnote  147)  to  be  inconsistent  with  the 
close  similarity  of  the  potential  curves  of  the  two 
Rydberg  states  mentioned  to  that  of  the  A3d&,  ’A,, 
state,  which  pointed  to  the  conclusion  that  all  three 
states  dissociate  alike  to  He(liJ)+He(lr3d,  XD).  The 
*£+«  and  mu  curves  would  then  have  to  violate  the 
noncrossing  rule  and  cross  other  repulsion  curves  of  the 
same  species  (see  Fig.  49  of  Ref.  7).  Electron  capture 
into  such  repulsion  curves  could  give  rise  to  dissociative 
recombination. 

Careful  reconsideration  has  convinced  me  that  the 
reason  for  the  close  proximity  and  similarity  of  the 
potential  curves  of  the  three  Rydberg  states  mentioned 
is  that  at  the  equilibrium  distance  R ,  the  Rydberg  MO 
is  still  nearly  a  united-atom  3d  atomic  orbital  (AO). 
This  conviction  has  been  in  fact  a  key  clue  to  a  better 
understanding  of  diatomic  Rydberg  states  in  general.10 

The  anomaly  discussed  above  is  resolved  if  the  3dir, 
*II„  and  3d<r,  curves  at  first  nearly  follow  the  3d5, 
’A.  curve  (which  is  very  similar  to  the  A  curve  of  Hea+), 
but  as  R  increases,  fall  below  the  latter,  reach  a  maxi¬ 
mum  or  hump  of  as  much  as  0.5  eV  or  possibly  even 
1  eV  height,  and  from  there*  go  down  to  their  dissoci¬ 
ation  asymptotes  as  R  increases.  As  a  matter  of  fact, 
there  are  indications  pointing  toward  such  behavior. 
Namely,  R.  increases  slightly  and  the  vibration  fre¬ 
quency  oj,  and  the  energy  fall  slightly  as  one  proceeds 
from  3dS  to  3dr  to  3d<r.  These  deviations  are  just  in  the 
direction  expected  if  there  is  already  a  small  tendency 
away  from  the  united-atom  AO  toward  the  respective 
LCAO  forms  3,3d,  rg2p,  and  at2p  (that  is,  3d6«+3<f8», 
2pvm—2pTh,  and  2p<ra-\-2p<rb)  which  the  MO’s  should 
tend  to  assume  as  R  increases,  on  the  way  toward 
respective  dissociation*  to  li*+  1j3</3,  *D  or  ls2pr,  *P 
or  \s2pa,  *P. 

In  general,  any  Rydberg  state  which  at  R,  is  well 
described  as  Iff,2  Iff,  x  must  undergo  two  kinds  of 
changes  as  R  — *  <» ;  (1)  the  x  MO  goes  over  to  an  LCAO 
form  y-fy  or  y— y;  (2)  the  wave  function  goes  over 
toward  lff,2l<r«(y±y)+Xlv,lff.2(y:Fy),  with  X  — >  1  as 
R— *  oo.  'Die  lvf  and  Iff.  MO’s  have  the  respective 
forms  <r,li  and  that  is,  lj+lr  and  lr-lr.  For 
X=  1  we  attain  the  covalent  Heitler-London  state 
He+He*(lr  y),  while  for  X=  —  1  we  have  the  ion-pair 
state  He++He~(lj*y)  or,  since  He~(lr5y)  is  unstable, 
just  He++He-f  e.  All  states  except  those  with  unpro- 


•  A  thoroughly  reliable  value  of  D*  is  not  yet  available  (Kef.  12) ; 
however,  experimental  data  of  E.  A.  Mason  and  J.  T.  Vanderslice, 
J.  Chem.  Phys.  29,  361  (1958),  are  in  good  agreement  with  D* 
•  2.16  eV,  while  the  best  available  theoretical  calculation,  by 
P.  C.  Reagan,  J.  C.  Browne,  and  F.  A.  Matsen,  J.  Am.  Chem.  Soc. 
84,  2650  (1962),  after  subtracting  0.1  eV  for  zero-point  energy, 
gives  D+J  2.04  eV. 

“See  R.  S.  Mulliken,  J.  Am.  Chem.  Soc.  86,  3183  (1964)  for 
parts  X-V;  parts  VI  and  VII  to  be  published  later. 
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R(X) 

Fig.  1.  Potential  curves  of  He,+  and  of  some  triplet  states  of 
Hei.  For  the  ten  lower  states  shown,  which  have  A  core,  the  curve 
shapes  near  their  minima  and  their  depths  relative  to  the  A  curve 
of  Het+  are  based  on  experimental  data,  except  for  4 pa  and  4/<r. 
The  absolute  depths  of  all  these  curves  are  based  on  an  assumed 
value  (Ref.  9)  of  2.1  eV  for  the  dissociation  energy  D*  of  the  r-=0 
level  of  Het+.  The  forms  of  the  B-core  curves,  and  of  the  /4-core 
curves  at  larger  R  values,  have  no  more  than  qualitative  justifi¬ 
cation.  Circles,  for  example  where  A3s  intersects  A3da,  and  where 
/44j  intersects  B  3po  (twice),  indicate  crossings  which,  although 
not  so  shown,  should  be  avoided  according  to  the  noncrossing 
rule  (see  Ref.  8,  and  text).  For  every  triplet  state  of  He»  a  corre¬ 
sponding  singlet  state  exists,  but  to  avoid  confusion  these  are 
omitted  in  Fig.  1. 


moted  x  MO’s  (that  is,  y=x  and  x—*x+x)  probably 
have  obligatory  humps,11  unless  it  turns  out  that  D+  is 
much  larger  than  2.1  eV.*,12’u  All  the  foregoing  state- 


11  Meaning  a  hump  which  is  necessary  if  a  potential  curve  which 
is  Hej+-like  near  R,  because  the  Rydberg  Mo  is  united-atom-like 
is  to  connect  smoothly  with  the  proper  dissociation  products  indi¬ 
cated  by  LCAO  theory  and  the  noncrossing  rule.  The  occurrence  of 
small  ftewobUgatory  humps  is  also  possible,  as  is  suggested  by 
theoretical  calculations  on  the  A2s,  *  S*.  and 1 2%  states  by  R.  A. 
Buckingham  and  A.  Dalgarno  (Proc  Roy.  Soc  (London)  A213, 
327  (1952)1  and  by  G.  H.  Brigman,  S.  J.  Brient,  and  F.  A  Matsen 
(Phys.  Rev.  132,  307  (1963)]  for  the  *2+,  state,  and  supported 
by  some  experimental  indications  for  the  *2+.  state,  and  by 
apparently  conclusive  spectroscopic  evidence  (J.  L.  Nickerson, 
Phys.  Rev.  47,  707  (1935) ;  Y.  Tanaka  and  K.  Yoshino,  J.  Chem. 
Phys.  39,  3081  (1963)]  for  the  1 2+„  state. 

“  Intensive  new  studies  of  the  Het  spectrum  by  M.  L.  Ginter 
in  this  laboratory  may  throw  light  on  this  auestion;  papers  on 
the  A2s  and  A 3 pa  singlet  and  triplet  states  will  be  published  soon. 

u  An  inspection  of  the  data  on  the  Rydberg  states  of  Hi,  where 
D+- 2.648  eV,  makes  it  fairly  certain  that  the  3de  and  3 dr  states 
of  Hi  have  obligatory  humps  (perhaps  1  eV  in  height) ;  but  the 
3per, 1 2,+  state  probably  has  no  hump.  Further.  Ht  should  have 
Rydberg  states  with  B  core  (le.,  lrM  *2+.  core)  with  character- 


276 


ROBERT  S.  MULLIKEN 


ments  apply  equally  well  to  excited  singlet  as  to  corre¬ 
sponding  triplet  states. 

Thus  if  the  Rydberg  MO  is  unpromoted  (for  example, 
2s,  which  tends  to  take  on  the  LCAO  form  at2s  as  R 
increases,  so  that  dissociation  is  to  If3  plus  lx2x;  or 
2pr,  which  tends  toward  x„2 p  and  dissociates  to 
lx2+lx2 p\  or  3dS,  as  discussed  above),  a  potential  curve 
with  no  obligatory  hump  is  expected.  But  if  it  is  pro¬ 
moted  (e.g.,  3pc,  which  tends  to  ou2s,  so  that  a  A3  pa, 
*X)+c  and  1£+„  should  dissociate  to  lx*-|-lx2s,  ‘S'  and 
lS,  respectively;  or  3do  or  3dr,  as  discussed  above),  a 
hump  is  expected  if  D+  is  near  2.1  eV.  However,  for 
Rydberg  MO’s  with  «>3  in  united-atom  description, 
except  4/<r,  atomic  dissociation  products  with  « ^  3  for 
the  excited  atoms  are  required,  and  no  more  than  small 
obligatory  humps  are  expected.  (For  A4f<r,  *£+«  and 
larger  obligatory  humps  may  beexpected.*)  Figure 
1  shows  schematically  how  some  of  the  lower  triplet- 
state  potential  curves  might  look,  with  humps  drawn 
in  a  plausible  way  including  a  small  nonobligatory 
hump11  in  the  A  2s,  state.  [Note  added  in  proof. 
Recent  theoretical  calculations  by  Browne11*  confirm 
the  conclusions  reached  here  on  the  existence  of  obliga¬ 
tory  humps  in  the  A3dr,  ,1TJ  and  1U#  states  of  Hes,  and 
also  on  those  predicted11  for  the  analogous  lo-^r,  *11  „ 
and  'lX*  states  of  Hj.  Browne  has  made  variational 
calculations  using  mixed  \s2pr  and  \s3dx,  plus  lx2, 
Heitler-London  states  for  Hei,  and  mixed  2 px  and  3dx, 
plus  lx,  for  Hi,  and  obtains  humps  of  heights  from  0.4 
to  0.6  eV.  Calculations11*  by  Browne,  on  the  2s,  l£+« 
and  3da,  1£+,  and T+,  states  of  Hei  also  agree  with  the 
conclusions  reached  here.] 

On  the  basis  of  the  preceding  considerations,  there 
seems  to  be  no  reasonable  doubt  that,  on  the  one  hand, 
all  excited  states  of  He2  of  the  type  A  x,  *X  or  lX,  where 
x  is  an  excited  (here  Rydberg)  MO,  have  potential 
curves  with  stable  minima  supporting  at  least  several 
vibrational  levels,  and  that,  on  the  other  hand,  if  we 
consider  the  potential  curves  for  the  approach  of  a 
normal  atom  lx1  and  an  excited  atom  lx  y,  *Y  or  lY, 
all  of  these  correlate,  probably  very  often  over  a  hump, 
with  stable  excited  molecular  states  of  the  type  A  x, 
'X  or  lX. 

One  should  now  consider  Rydberg  states  of  the  type 
B  x,  *X  and  lX,  where  the  B  core  is  l<r,  l<r,2, 2£+„  cor¬ 
responding  to  tiie  repulsive  potential  curve  of  Hes+  (see 
Fig.  1).  Assuming  the  term  values  for  any  Rydberg 
MO  x  in  a  B  x  state  to  be  roughly  the  same  at  small  R 
values  as  for  a  corresponding  A  x  state,  one  concludes 
unavoidably  that  the  potential  curves  of  the  lowest 
B  x  states,  at  least  for  2x,  2 px,  and  3 po,  must  have 
stable  minima  which  lie  well  below  the  energy  of  normal 
He'*'  plus  He  in  spite  of  the  repulsive  character  of  the 


istks  similar  to  those  of  Hei.  Also,  the  formation  of  excited  atoms 
by  collisional-radiative  electron  capture  by  H+  should  predominate 
over  dissociative  recombination  by  Hi*  in  much  the  same  way 
as  for  helium. 

'*  J.  C.  Browne  (private  communication). 


core.  Further,  the  B  x  states  should  all  tend  to  dissociate 
to  (virtual)  excited  He-  plus  He+,  hence  actually,  since 
excited  He-  is  unstable,  to  He  plus  electron  plus  He+. 
Plausible  guesses  for  the  forms  of  two  such  curves  (for 
the  triplet  states  with  x=2s  and  3p<?)  are  shown  in 
Fig.  1. 

It  is  seen  from  Fig.  1  that  a  curve  like  that  of  A4x, 
*L+«  (as  well  as  higher  and  perhaps  also  some  lower 
sE+»  curves14)  tends  to  intersect  the  B3po  curve  at  two 
points.  Validity  of  the  noncrossing  rule  would  require 
that  these  intersections  should  be  avoided,  and  new 
curves  should  result.  However,  if  two  atoms  are  moving 
fast  enough  toward  each  other  on  a  potential  curve 
which  crosses  another  curve  of  the  same  electronic 
species,  the  atoms  may  with  high  probability  remain 
on  the  first  curve  if  the  electronic  interaction  matrix 
element  is  small  enough.  The  required  conditions  may 
well  be  fulfilled  at  the  outer  of  the  two  intersections  of 
the  A  4s  with  the  B3pa  curve  in  Fig.  1,  but  then  at  the 
inner  intersection,  the  much  larger  matrix  element  may 
suffice  to  produce  an  avoided  crossing,  hence  for  the 
approaching  atoms  a  change-over  from  the  A  4s  to  the 
B3po,  *£+«  curve.  Then  when  the  latter  crosses  curve 
A  of  the  normal  state  of  the  ion  (see  Fig.  1),  a  radiation¬ 
less  transition  B3po,  *)r+«— i >  A*+e  is  not  unlikely. 
Here  A  *  means  a  vibrating  state  of  the  He2+  ion. 

The  foregoing  discussion,  although  speculative  as  to 
quantitative  aspects,  should  be  qualitatively  correct. 
It  furnishes  a  reasonable  explanation  of  the  Hombeck- 
Molnar  (HM)  effect,11-1*  whereby  He2+  ions  are  formed 
by  reactions  of  the  type 

He(lxl)+He*(lx  y)  — » He*++e.  (3) 

The  HM  effect  occurs  only  for  He*  states  within  l  or 
2  eV  of  ionization ;  that  is,  it  does  not  occur  except  when 
y  is  a  Rydberg  AO  with  3  or  perhaps  (there  is  con¬ 
siderable  experimental  uncertainty11  as  to  the  exact 
limit)  with  n£4.  The  experimental  evidence  suggests 
that  the  effect  becomes  increasingly  strong  for  higher 
n.  That  it  should  not  begin  before  »=3  or  4  is  in  har¬ 
mony  with  the  discussion  of  B  x  potential  curves  given 
above.11*  Although  the  HM  mechanism  for  the  forma¬ 
tion  of  He>f  is  important  at  low  pressures  (perhaps 
under  0.1  mm  Hg),  three-body  mechanisms  become 
dominant  at  higher  press’-  -es.11 

In  view  of  the  existence  of  the  HM  effect,  its  inverse, 
which  would  be  a  dissociative  recombination,  should 
also  occur.  However,  according  to  the  preceding  dis¬ 
cussion  the  HM  effect  should  lead  only  to  vibrating  Hej+ 
molecules,  with  more  vibration  the  higher  n  is  for  the 


M  Depending  on  the  actual  form  of  the  B  3 px  curvet,  which  can 
be  estimated  only  roughly,  and  depending  also  on  what  is  the 
true  value  of  D*. 

11  J.  A.  Hornbeck  and  I.  P.  Molnar,  Phys.  Rev.  84, 621  (1951). 

14  J.  S.  Dahier,  J.  L.  Franklin,  M.  S.  B.  Munson,  and  F.  H. 
Field,  I.  Chem.  Phys.  36,  3332  (1962). 

“*  Note  added  in  proof.  R.  K.  Curran,  J.  Chem.  Phys.  38,  2974 
(1963),  has  shown  that  the  effect  occurs  very  weakly  at  *— 3  with 
f£l,  much  more  strongly  at  a -4,  and  still  more  strongly  at  a -5. 
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y  AO  in  Eq.  (3).  Hence,  only  vibrating  Hei+  molecules 
should  be  capable  of  dissociative  recombination  by  in¬ 
verse  HM  processes.  It  is  not  evident  whether  or  not 
these  would  occur  at  a  rate  which  (for  vibrating  Hea+) 
would  compete  seriously  with  collisional-radiative  elec¬ 
tron  capture.  There  exists  also  another  possibility  of 
dissociative  recombination,  but  again  only  for  vibrating 
He»+  ions.  Namely,  for  ions  with  high  vibrational  ampli¬ 
tude,  electron  capture  into  the  vibrational  continuum 
at  or  above  the  top  of  the  hump  of  an  A  x  state  having 
an  obligatory  hump  in  its  potential  curve  could  occur 
with  considerable  probability. 

Thus  it  appears  that  dissociative  recombination  to 
give  He*  may  be  able  to  compete  seriously  with  colli¬ 
sional-radiative  He2*  formation  under  conditions  where 
Hea+  ions  in  high  vibrational  levels  are  abundant,  but 
that  for  He2+  ions  which  are  in  their  low  or  lowest  states 
of  vibration,  electron  recombination  should  be  almost 
entirely  nondissociative.  In  this  connection  it  is  of 
interest  that  the  observed  band  spectra  of  He2  hitherto 
reported  in  the  literature,  obtained  usually  in  a  mildly 
condensed  discharge  at  20  mm  pressure,  more  or  less, 
involve  mainly  »=0.  Bands  with  t=  1  are  in  general 
much  weaker,  and  in  only  one  case  was  a  v  =  2  level  seen. 
However,  Ginter  by  a  very  thorough  search  for  weaker 
bands  has  recently  found  states  with  v  as  high  as  5. 11 
Since  the  main  process  by  which  band-emitting  He2* 
molecules  are  formed  is  probably5  from  He2+  ions  in  a 
manner  analogous  to  Eq.  (2),  and  since  in  view  of  the 
Franck-Condon  principle  (taken  in  connection  with  the 
fact  that  all  the  A*  potential  curves  have  R.  values  very 
similar  to  that  of  He2+)  v  should  in  most  cases  remain 
unchanged  during  electron  capture,  the  strong  pre¬ 
dominance  of  *=0  states  in  the  observed  spectra  sug¬ 
gests  that  most  He2+  ions  under  the  usual  conditions 
where  Hea  bands  are  observed  are  also  in  the  level  ®= 0.17 

[ Note  added  in  proof.  A  new  paper  by  Collins  and 
Robertson17*  reports  that  in  a  helium  afterglow  at  suffi¬ 
ciently  high  pressures  collisional-radiative  formation  of 
1j2^,  *P  helium  atoms  from  He+  ions  is  increasingly 
supplemented  by  a  process  which  they  conclude  is  one 
of  “collisional-radiative  recombination  of  He2+  into  one 
or  more  molecular  states  dissociating  into  one  of  the  2 p 
atomic  states,”  yet  is  not  direct  dissociative  recombina¬ 
tion  in  the  usual  sense.  The  authors  suggest  that  the 

17  But  possibly  dissociative  recombination  could  be  wholly  re¬ 
sponsible  for  the  observed  scarcity  of  molecules  with  v>0  in  the 
band  spectra.  In  my  opinion,  this  seems  unlikely. 

l*  C.  B.  Collins  ana  M.  M.  Robertson,  J.  Chem.  Phys.  (to  be 
published). 


observed  phenomena  may  be  explained  by  some  sort 
of  dissociation  of  the  4 pa,  *£+,  state  into  He(lr*) 
+He*(lj, 2^, */').*  This  may  be  energetically  possible  for 
4 p<r,  *£+„  still  more  so  for  4/<r,  *£+,  and  other  states 
(see  Fig.  1),  and  perhaps  could  occur  through  (collision- 
induced?)  predissociation.  Direct  dissociation  via  a  re¬ 
pulsive  curve  seems  to  be  ruled  out  by  Fig.  1.  A  need 
for  further  work  is  indicated.] 

The  theoretical  reasoning  on  potential  curves  which 
leads  to  the  conclusion  that  dissociative  recombination 
of  electrons  should,  as  is  observed,  be  unimportant  in 
helium  gas  if  the  vibrational  excitation  of  He2+  ions  is 
low,  is  not  applicable  to  the  other  rare  gases,  because 
of  the  more  complicated  outer  shells  and  excited  states 
of  their  atoms.  In  fact,  plausible  tentative  potential 
curves  drawn  some  time  ago  for  the  Xe2  molecule  but 
not  yet  published18  indicate  that  Eq.  (1)  may  well 
compete  with  or  under  suitable  conditions  predominate 
over  Eq.  (2)  in  the  rare  gases  other  than  helium.  Instead 
of  just  one  attractive  *£+.  and  one  repulsive  *£+,  as  in 
He2+,  there  are  for  all  the  other  rare-gas  molecule  ions 
four  states  J£+«,  HI,,  HI.,  and  s£+,  (or  six  if  one  counts 
substates  sIIj/t  and  lIIi/2  separately)  derived  from  the 
normal  state  of  the  atomic  ion  (*P,  with  substates  2Psi-i 
and  *Pi/2)  plus  the  neutral  atom.  Of  these  states,  prob¬ 
ably  only  the  lowest,  the  2£+*  (analogous  to  the  *£+« 
of  Hes+)  is  attractive.  By  the  attachment  of  an  electron 
in  a  Rydberg  MO  to  any  of  these  states  of  the  molecule 
ion,  various  molecular  Rydberg  states  are  obtained. 
The  resulting  potential  curve  diagram  is  extremely 
complicated.  Many  curves  tend  to  cross  but  the  non¬ 
crossing  rule,  here  especially  potent  because  of  strong 
spin-orbit  couplings,  should  often  or  usually  prevent 
this  for  states  of  any  one  7,/-like  or  case  c  species.  It  is 
fairly  sure  that  many  of  the  resulting  potential  curves 
are  repulsive,  thus  permitting  dissociative  capture  of 
electrons  by  molecule-ions. 

Further  details  on  the  Rydberg  states  of  He2  will  be 
given  in  Parts  VI-VII  of  Ref.  10,  and,  it  is  hoped,  on 
those  of  heavier  rare  gases  in  a  later  paper.  My  interest 
in  the  electron  recombination  problem  was  stimulated 
by  discussion  with  Dr.  E.  E.  Ferguson  of  some  of  the 
latter’s  experimental  results  on  helium  jets,  and  I  am, 
further,  much  indebted  to  Dr.  Ferguson  for  valuable 
criticisms  and  suggestions. 

n  Referred  to  by  O.  Schnepp  and  K.  Dressier,  J.  Chem.  Phy*. 
33,  49  (i960),  and  by  other  wnters.  I  hope  that  an  understanding 
of  the  nature  of  potential  curves  of  diatomic  molecular  Rydberg 
states  gained  in  recent  studies  (Ref.  10)  will  reduce  the  uncertain¬ 
ties  involved  so  that  better  estimated  curves  for  Xe»  can  be  drawn. 
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The  octopole  moment  of  methane  is  calculated  using  three  different  LCAO-MO-SCF  wavefunctions. 
The  numerical  method  of  calculation  is  illustrated.  Results  are  compared  with  the  experimental  value  of 
James  and  Keenan,  as  well  as  the  theoretically  computed  value  of  Turner  et  a l.  who  used  the  one-center- 
expansion-method  wavefunction  of  Satumo  and  Parr.  A  brief  discussion  of  these  different  wavefunctions  and 
the  octopole  moments  obtained  from  them  is  given. 


FOR  a  system  of  electrons  represented  by  a  single 
determinant  wavefunction  constructed  from  prod¬ 
ucts  of  orthomormal  functions,  the  total  electronic 
charge  density  is,  in  atomic  units, 

P(r)  =  -f:i*i(r)  |*.  (1) 

i-l 

Here  the  d\(r)  ’s  are  the  orthonormal  functions,  and 
the  summation  extends  over  all  electrons  of  the  sys¬ 
tem.  If  the  total  charge  distribution  of  the  system, 
including  any  nuclei  possesses  tetrahedral  symmetry, 
it  can  be  expanded  simply  in  terms  of  tetrahedral 
harmonics.  The  different  terms  in  such  an  expansion 
can  be  identified  as  the  components  of  a  multipole 
charge  distribution,  and  under  certain  conditions,  mul¬ 
tipole  moments  of  this  distribution  can  be  defined. 
This  idea  has  been  carried  through  and  discussed  in 
detail  by  James  and  Keenan.1 

Since  the  electronic  wavefunction  for  the  equilib¬ 
rium  configuration  of  the  ground  state  of  methane  has 
tetrahedral  symmetry,  the  total  electronic  charge  den¬ 
sity  also  has  this  symmetry,  and  an  expression  for  the 
octopole  moment  of  methane  can  be  obtained  from 
the  treatment  of  James  and  Keenan. 

The  total  charge  distribution  for  methane  is  taken 
to  be  the  charges  of  the  nuclei  plus  the  total  electronic 


*  Research  reported  in  this  publication  was  supported  by 
Advanced  Research  Projects  Agency  through  the  U.S.  Army 
Research  Office  (Durham),  under  Contract  No.  DA-11-022- 
ORD-3119,  and  by  a  grant  from  the  National  Science  Foundation, 
NSF  GP  28  Research. 

1 H.  It.  James  and  T.  A.  Keenan,  J.  Cbem.  Phys.  31, 12  (1959). 


charge  density  given  by  Eq.  (1).  In  atomic  units, 
s  10 

pp(r)  =  £grf(r-r<)  -  £  |  *,(r)  |*.  (2) 

0-1  i-l 

The  situation  of  the  nuclei  with  respect  to  the  coordi¬ 
nate  system  used  is  such  that  the  nuclei  are  located  at 

C(0,0,0), 

Hi(— a,  a,  a), 

.H,(o,  -a,  a), 

H,(a,  a,  -a), 

H«(-a,  -a,  -a), 

where  2 a  is  the  side  of  a  cube  centered  on  the  carbon 
nucleus. 

Then  by  Eqs.  (3.2)  and  (3.8)  of  James  and  Keenan, 

ita,(r)  =J dQpr(r)  T,,-4,  (3) 

where  the  T„XA  are  the  normalized  surface  harmonics 
(tetrahedral  harmonics)  of  degree  n  and  symmetry 
type  A,  and  the  p»<( r)  are  the  expansion  coefficients. 

By  Eq.  (3.10)  of  Ref.  1,  one  has  for  the  2*  multipole 
moment 

(4*/2n+l)iJdvpr(t)r*TnA-  (4) 
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By  Eq.  (3.9)  of  Ref.  1,  this  becomes  for  «  =  3, 

/*=  (y  ^  J  dvxyzpr(r)  (5) 

=  (15)‘22?t*.y<z,+  (lS)^ d\p(r)xyz  (6) 


==  26.31 1  +  ( 15)  *  y"  d\p(r)xyz.  (7) 

The  electronic  contribution  to  the  octopole  moment  is 
given  by  the  integral 

Iu={lS)*jd\xyzp(r)  (8) 


=  -2{lS)*Jdyxyzi2\*<(r)  I*. 


(9) 


The  summation  over  all  the  molecular  orbitals  reduces 
to  a  sum  over  the  distinct  orbitals  because  methane 
is  a  closed-shell  system.  The  calculation  was  performed 
using  spherical  polar  coordinates  centered  on  the  car¬ 
bon  nucleus.  In  this  system  we  have 

(IS)*/’*'  fr  7" 

Iu= - —  /  d<t>l  dd  I  drr1  sin2#  sin8#  sin2^ 

*  •  Q  J  Q  /Q 


x£  I  *<(«■)  Is.  (io) 

i 

This  triple  integral  was  evaluated  numerically  using 
Gauss’  method  of  approximate  quadrature.  The  reason 
for  this  particular  choice  is  developed  in  the  ensuing 
discussion.  Consideration  of  the  symmetry  properties 
of  the  integrand  discloses  that  the  integration  over  the 
angular  variable  <t>  can  be  reduced,  resulting  in  a  some¬ 
what  more  tractable  numerical  calculation.  Firstly,  the 
$  integration  is  seen  to  be  the  sum  of  two  equal  con¬ 
tributions  over  the  intervals  (0,  r)  and  (w,  2w).  Sec¬ 
ondly,  in  using  Gauss’  method,  it  has  been  found  ad¬ 
visable  for  reasons  of  convergence  to  adjust  the  limits 
of  integration  so  that  the  integrand  attains  a  maximum 
near  or  at  the  ends  of  the  interval(s)  of  integration. 
Thus  the  range  ( 0 ,  r)  is  divided  into  four  intervals 
such  that  the  'm-grand  is  maximum  at  one  end  of 
the  interval  and  the  integrals  over  these  intervals  are 
equal.  This  division  of  the  <t>  integration  into  the  in¬ 
tervals,  (0,  t/4),  (t/4,  t/2),  (t/2,  3t/4),  and 
(3r/4,  t)  is  defined  by  planes  passing  through  the 
two  C-H  axes  and  the  y  axis.  The  equality  of  the 
integrals  over  these  intervals  comes  about  because  the 
s  axis  is  a  fourfold  axis  of  symmetry  Ti,  and  produces 
the  final  reduction  of  the  <t>  integration  into  eight  equal 
parts. 

The  6  interval  is  naturally  divided  into  two  parts 
(0,  ft)  and  (ft,  r)  by  the  C-H  axis  for  each  of  these 
integrals. 

The  r  integration  is  divided  into  three  regions, 
0<r<RCH,  RCH<r<RCH+8,  and  RCH+8<r< 
XCH+16.  RC H  is  the  distance  between  the  carbon 


nucleus  and  a  hydrogen  nucleus.  The  first  region  con¬ 
stitutes  the  “interior”  of  the  molecule.  The  cutoff  is 
chosen  at  r=.RCH  because  the  charge  density  “peaks” 
at  the  hydrogen  nuclei.  The  integration  over  the  sec¬ 
ond  region  is  expected  to  pick  up  the  remaining  con¬ 
tribution  to  the  octopole  moment.  The  last  region  is 
expected  to  yield  little  if  anything,  and  this  integration 
is  intended  mainly  to  show  convergence  of  the  calcula¬ 
tion  with  respect  to  the  r  integration. 

The  integration  over  all  space  has  now  been  reduced 
to  a  set  of  six  integrals  over  a  limited  volume  of  space. 
The  advantage  here  is  that  a  smaller  number  of  inte¬ 
gration  (grid)  points  can  be  used  in  the  calculation 
which  results  in  a  significant  saving  in  machine  time. 
Thus  we  have  for  the  electronic  contribution  to  the 
octopole  moment: 


/*.=  — 4(15e)1l 


where 


'  ft/4  ft 1  rSCH 

/  dtp  I  dd  d 
so  '0  •'0 


drF{rd<j>) 


/r/4  ft  fR CH 

ddj  dSJ  drF(r04>) 

ft/4  fRCH+t  (41 

/  d4>  /  d»F{rfrt>) 

Jq  Jbch 

af/4  pACH+S 

+  /  d<t>l  I  dOF(rfkp) 

t  n  /XCH  Jtl 


+ 

+ 


ft /4  fB CH+ie  ft  1 

+  /  dtp  I  dr  I  ddP(r04>) 

J  o  -jtch+s  J  0 

ft/4  fh CH+M  ft  1 

+  /  d#/  dr  /  d#F(rft»  ,  (11) 
■'q  /bCH+8  Jtl  J 

> 

F(rd<t>)  =r5  sin2d  sin1#  sin2d>^~!  |  4>,(r)  |*.  (12) 


Three  different  electronic  wavefunctions  computed 
in  the  LCAO-MO-SCF  scheme  are  considered,  one 
given  by  Krauss,*  another  by  Woznik,*  and  the  third 
by  Sinai.4  The  difference  between  the  first  two  is  that 
Krauss  used  Gaussian-type  atomic  functions  in  con¬ 
structing  the  molecular  orbitals,  whereas  Woznik  used 
Slater-type  orbitals.  In  both  calculations  the  total  elec¬ 
tronic  energy  was  optimized  with  respect  to  the  orbital 
exponents.  The  best  wavefunction  obtained  by  Woznik 
yielded  a  slightly  lower  value  for  the  total  energy  than 
that  by  Krauss  with  a  smaller  number  of  atomic  orbit¬ 
als.  For  both  wavefunctions  /?CH  =  2.0665  a.u.  Sinai4 
used  the  smallest  possible  set  of  atomic  orbitals  in  his 
calculation;  15,  25,  2 P„  2 Py,  IP,  Slater  orbitals  cen¬ 
tered  on  the  carbon  nucleus  and  a  1 5  orbital  centered 
on  each  of  the  hydrogen  nuclei.  The  calculation  was 
performed  for  .flCH  =  2.0  a.u.  with  no  variation  of  the 
orbital  exponents. 


>  M.  Kraus*,  J.  Chem.  Pby*.  38,  564  (1Vj3). 

•  B.  J.  Womik,  Solid-State  and  Molecule  Theory  Group,  MIT, 
Quart.  Prof.  Kept  47,  107  (1963). 

4  J.  J.  Sinai,  J.  Chem.  Phy*.  89,  1575  (1963). 
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As  each  of  the  integrals  in  Eq.  (11)  was  evaluated 
using  Gauss’  method  of  approximate  quadrature,  the 
variables  of  integration  were  transformed  so  that  each 
integral  is  over  the  interval  (0,  1). 

The  six  integrals,  Eq.  (11),  were  then  considered  in 
pairs,  each  pair  being  characterized  by  the  limits  of 
the  r  integration.  To  eliminate  unnecessary  detail  we 
take  the  first  pair, 

—  J?CH  ( IS)  ire^BiJ^dw j^du  j^dtF(uwl) 

+  (ir— 0i)  f  du'  (  dw  f  dtF(u'ivt)  1,  (13) 
*  Q  •'o  '0  J 

as  a  paradigm.  The  r  integration  here  is  taken  over 
(0,  2.0665)  for  the  Krauss  and  Woznik  wavefunctions 
and  (0,  2.0)  for  Sinai’s.  The  angular  integrations  are 
as  previously  explained. 

Numerical  quadrature  consists  of  replacing  the  in¬ 
tegrals  with  polynomials.  Equation  (13)  then  becomes 

-  ECH  ( 15)  M>i£  £  £  A  iBjCkF(u{Wjtk) 

i  j  * 

+  (*-<h)ZLI>  iBjCkF{ui'wjtk)  ].  ( 14) 
i  i  * 

The  weight  factors  Ait  Bj,  and  Ct,  and  the  points  «i, 
Wj,  Ik  are  known  and  readily  available.5 

For  convenience,  the  limits  of  summations  were  set 
equal  (J=  J  =  K=N)  so  that  A<=Bi=Ci.  The  func¬ 
tion  F(UiWjtk)  was  evaluated  at  the  grid  points  by 
determining  the  values  of  r,  <t>,  and  6  for  the  known  «„ 
Wj,  and  tk,  and  then  using  these  to  compute  F(uflvjtk). 
The  entire  procedure  was  carried  out  by  a  FORTRAN 
program  written  for  the  IBM  7094.  A  pilot  calculation 
to  check  out  the  program  was  carried  out  for  7  =  J  = 
A'=6  with  the  help  of  T.  Kinyon. 

The  different  integrals  using  the  MIT  (Woznik) 
wavefunction  were  evaluated  for  different  grid  sizes 
to  establish  convergence  of  the  procedure,  to  deter¬ 
mine  the  “best”  grid  size  to  use  with  the  Gaussian 
orbitals  program  as  this  calculation  could  be  extremely 
costly  because  of  the  large  number  of  atomic  orbitals, 
and  to  provide  yet  another  check  on  the  program. 

RESULTS 

1.  Woznik  Wavefunction 

Octopole  moment = A 

=  23.0989  (electronic  contribution) 

—  26.3106  (nuclear  contribution) 
=  — 3.2117e— Oo* 

/,=  — 0.476X10-Vcm‘. 

Total  electronic  energy 
_  = -40.1810  a.u. 

*  P.  Davis  sod  P,  Rabinowita,  J.  Res.  Natl.  Bur.  Std.,  54,  35 
(1956). 


2.  Krauss  Wavefunction 

Octopole  moment =/i 

=  -26.3106+22.464e-a03 
=  —  3.847e— oo3 

/,=  -0.570X10-Me-cm8. 

Total  electronic  energy 

=  —40.166  a.u. 

3.  Sinai  Wavefunction 

Octopole  moment = A 

=  — 23.85+17.87e— a„3 
=  — 5.98e— ao‘ 

=  — 0.886X  10~Me-cm3. 

Total  electronic  energy 

=  —39.863  a.u. 

DISCUSSION 

In  a  comparison  of  the  results  we  see  that  the  octo¬ 
pole  moment  is  much  more  sensitive  to  the  wave- 
function  than  is  the  total  electronic  energy.  The  differ¬ 
ences  among  the  wavefunctions  become  most  apparent 
through  an  examination  of  the  resulting  total  electronic 
charge  densities.*  If  we  compare  the  Woznik  and  Krauss 
wavefunctions  in  this  way  we  see  that  Krauss’  has  a 
flatter  structure  at  the  nuclei  than  does  Woznik’s. 
Further,  it  extends  over  a  smaller  region  of  space. 
These  differences  show  up  quantitatively  in  the  differ¬ 
ent  values  of  the  octopole  moment.  Quite  possibly  an 
extension  of  the  set  of  Gaussian  atomic  orbitals  to 
compensate  for  this  difference  would  easily  pick  up 
the  difference  in  energy. 

The  value  obtained  from  Sinai’s  wavefunction  falls 
right  in  line  with  the  other  two  values  as  judged  by 
the  total  electronic  energy  given  by  his  wavefunction. 

The  radical  difference  between  these  values  and  that 
obtained  from  a  one-center-expansion  wavefunction7 
(  —  1.8X10~24fcm3)  clearly  demonstrates  the  weakness 
of  that  approach;  namely,  in  correctly  representing 
the  electronic  charge  distribution.  Finally,  it  is  to  be 
noted  that  the  three  values  of  the  octopole  moment 
presented  here  agree  well  with  the  value  of  db0.50iX 
KC!Vcm3  deduced  by  James  and  Keenan1  from  their 
theory  of  phase  transitions  in  solid  heavy  methane. 
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i 

In  analogy  to  Laplace’s  expansion,  an  arbitrary  power  r*  of  the  distance  r  between  two  points  (n,  i)i,  wi) 
and  (rt,  ifj,  vn)  is  expanded  in  terms  of  Legendre  polynomials  of  cos  tfti.  The  coefficients  are  homogeneous 
functions  of  r,  and  f2  of  degree  n  satisfying  simple  differential  equations;  they  are  solved  in  terms  of 
Gauss’  hypergeometrie  functions  of  the  variable  (r</r>)*.  The  transformation  theory  of  hypergeometric 
functions  is  applied  to  describe  the  nature  of  the  singularities  as  n  tends  to  ra  and  of  the  analytic  con¬ 
tinuation  of  the  functions  past  these  singularities.  Expressions  symmetric  in  n  and  ri  are  obtained  by 
quadratic  transformations;  for  n  —  —  1  and  n  =  —2;  one  of  these  has  previously  been  given  by  Fontana. 
Some  three-term  recurrence  relations  between  the  radial  functions  are  established,  and  the  expressions 
for  the  logarithm  and  the  inverse  square  of  the  distance  are  discussed  in  detail.  For  arbitrary  analytic 
functions  /(r),  three  analogous  expansions  are  derived;  the  radial  dependence  involves  spherical  Bessel 
functions  of  (r<d/Ar>)  of  of  related  operators  acting  on  f(r>),  f(r,  -f-  r2)  or/[(n*  +  rt*)>]. 


1.  INTRODUCTION 

HE  inverse  distance  r_1  between  two  points 
Qi  and  Q,,  specified  by  the  polar  coordinates 
(r„  tpj  and  (r2,  Oj,  <Pi)  with  reference  to  a  common 
origin  O,  is  given  by  the  well-known  Laplace 
expansion 

r'1  =  rl'  J2  (r</r>)‘Pl(cosi}ll),  (1) 
1-0 

where 

r<  =  min  (r„  r2),  r>  =  max  (r„  r2),  (2) 

cos  d u  =  coe  d,  cos  da 

+  sin  d,  sin  d2  cos  (y>,  —  g>2),  (3) 

and  the  P,{x )  are  the  Legendre  polynomials.  In 
many  physical  problems,  the  distance  between  Qx 
and  Qt  may  be  required  to  powers  other  than  the 
inverse  first,  and  an  expansion  analogous  to  (1)  is 
required  for  such  cases.  One  way  of  approaching 
the  problem  is  to  preserve  the  expansion  in  powers 
of  (r</r>);  the  expression 

r~*'  =  r~3’  ±  (r</r,)'C;(coe  d„)  (4) 

/- 0 

serves  to  define  the  angular  dependence  as  Gegen- 
bauer  polynomials  of  the  argument1  (cf.  B  3.15*); 

*  This  work  was  begun  at  the  Laboratory  of  Molecular 
Structure  and  Spectra,  University  of  Chicago,  supported  by 
Office  of  Naval  Research  Contract  Nonr-2121(0l ),  continued 
at  Salford,  and  completed  at  the  Theoretical  Chemistry 
Institute,  University  of  Wisconsin,  Madison,  Wisconsin,  sup¬ 
ported  by  National  Aeronautics  and  Space  Administration 
Grant  NsG-275-62(4180). 

1  L.  Gegenbauer,  Wien.  Sitzung.  70,  6,  434  (1874);  75, 
891  (1877). 

*  Bateman  Manuscript  Project,  Higher  Transcendental 
Function t,  edited  by  A.  ErcRlyi  (McGraw-Hill  Book  Com¬ 
pany,  Inc.,  New  York,  1953).  Sections  and  formulas  in  this 
work  are  directly  referenced  by  the  letter  B. 


but  for  three-dimensional  problems  it  is  more  con¬ 
venient  to  preserve  the  dependence  on  the  angles, 
and  to  redefine  the  dependence  on  the  radii,  and 
the  writer  is  not  aware  that  the  corresponding 
expansion 

F„  =  r'  =  Ye  (n,  r2)P,(coe  d,„)  (5) 

< 

has  been  given  in  the  general  case.  If  n  is  a  positive 
even  integer,  F„  is  the  Jnth  power  of 

r*  -  r\  -f  rl  —  2r,r2  cos  t>„,  (6) 

and  the  expansion  (5)  is  a  finite  series  terminat¬ 
ing  with  l  -  £n;  the  form  of  the  radial  functions  R » is 
independent  of  the  comparative  values  of  r,  and  r2. 
For  odd  positive  values  of  n,  recurrence  relations 
based  on  (1)  and  (6)  have  occasionally  been  quoted; 
the  expressions  for  n  =  1  have  been  given  explicitly 
by  Jen.’ 

The  purpose  of  the  present  paper  is  to  derive 
the  explicit  terms  in  the  expansion  (5)  for  the  general 
case.  For  variations  of  the  positions  of  the  points 
Qx  and  Q2,  the  function  V.  appears  as  the  solution 
of  the  partial  differential  equation 

VJF.  =  V2,Vn  =  n(n  +  1)F„.2;  (7) 

the  corresponding  differential  equation  for  the 
radial  functions  R,t  following  from  (5)  and  (7), 
together  with  simple  additional  conditions  of  dimen¬ 
sionality  and  continuity,  are  solved  in  Sec.  2  in 


terms 

of  Gauss’  hypergeometrie  function 

p,  n.  x  i  i  v  * 

(8) 

where 

(«)n  = 

1 ;  («),=  «(a  +  1)  •••(«  +  s  —  1) 

(«) 

=  r(a  +  s)/r(a). 

*0. 

K.  Jen,  Rhys.  Rev.  43,  5-10  (1933). 
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In  Sec.  3,  the  extensive  transformation  theory  of 
the  hypergeometric  function  is  applied  to  express 
the  R.  in  a  variety  of  forms  and  to  study  their 
behavior,  expecially  in  the  asymptotic  case  r,  — >  r2. 
The  results  obtained  are  asymmetric  in  r<  and  r>, 
but  by  means  of  quadratic  transformations  can  be 
expressed  in  several  symmetric  forms;  one  of  these 
transformations  has  recently  been  derived  by 
Fontana4  on  the  basis  of  group-theoretical  arguments. 

In  Sec.  4,  Gauss’  relations  between  contiguous 
hypergeometric  functions  are  used  to  establish  re¬ 
currence  relations  between  the  R and  the  case 
of  the  logarithm  and  the  inverse  square  are  discussed 
in  greater  detail  in  Sec.  5. 

The  results  obtained  in  Sec.  3  are  rewritten  in 
Sec.  6  in  a  symbolic  form,  independent  of  the  power 
n,  but  involving  powers  or  functions  of  differential 
operators;  this  yields  an  expansion  theorem  for  an 
arbitrary  analytic  function  f(r).  The  more  general 
problem  that  the  function  depends  on  the  relative 
orientation  of  Q,  and  Q2  as  well  as  on  their  distance 
are  considered  in  a  separate  paper. 


, I  , 2  ¥ 


d  -  *«),(— in  -  a 
(l  +  *),»!  c"°’ 


(14) 


where  (a),  is  defined  in  (9).  Hence,  with  the  defini¬ 
tion  (8)  for  Gauss’  hypergeometric  function,  (11), 
(12),  and  (14)  yield 


i2.«(r„  r2)  =  K(n, 


X  F(l  -  in,  ~i  -  Jn;  1+  j; r’/rt).  (15) 

The  coefficients  K(n,  l )  are  most  easily  determined 
by  considering  the  case  «?12  =  0  when  all  the 
Pi  (cos  «?i2)  =  1: 


comparison  of  the  coefficients  of  r *r£_x  in  (15)  and 
(16)  yields 


_  K(n>  x) 


+  Kin,  X  -  2)  - - 2  -  J”)L1 - I”) 

A  —  J 


2.  MATHEMATICAL  DERIVATION 
Substitution  of  (7)  into  (5)  leads  to 


+  K(n,  ?.  -  4) 


(A  -  4  -  jn)»(-j  -  in), 
(A  -*),2! 


d*R„  2  dR, 
+  r, 


-  -  1(1  +  1)  % 


(10) 


Furthermore,  the  Rn,  are  homogeneous  functions  of 
degree  n  in  the  variables  r,  and  r,,  and  since  V%  is 
a  continuous  function  if  r<  =  0,  they  must  contain 
the  factor  r<  so  that 

R.i(ru  r,)  =  r<r^"‘G!.1(r</r>),  (11) 


where  0.t(x)  is  an  analytic  function  for  0  <  *  <  1. 
Expressing  (?„  as  a  power  series, 

G.i(r</r>)  -  D  c.l.(r</r>)*,  (12) 

t 

and  substituting  (10)  into  (11),  we  obtain  the 
recurrence  relations 


(*  +  2)(2i  +  «  +  3K,..+, 

-  (»  -  21  -  «)(n  -  «  +  IK,..  (13) 

The  sequence  of  coefficients  thus  begins  with  «  -  0, 
as  the  other  possibility  *  =  —21  —  1  would  violate 
the  continuity  condition,  and  hence  c.,.  «  0  for 
odd  s,  and  for  even  t  —  2r, 

•  P.  R.  Fontana,  J.  Math.  Phya.  2,  825  (1961). 


Considered  as  a  function  of  n,  the  left-hand  side 
is  a  polynomial  of  degree  X;  it  follows  by  induction 
that  each  K(n,  l)  must  be  a  polynomial  in  n  of 
degree  l  at  most. 

Now  for  positive  even  n,  the  series  (17)  breaks 
off  at  l  —  in,  and  conversely  for  any  value  of  l, 
K(n,  l )  vanishes  for  n  =  0,  2,  •••  21  —  2.  Hence 
it  must  be  a  multiple  of  n(n  —  2)  •  •  •  (n  —  21  +  2) 
or  of  (— }n),,  and  since  by  virtue  of  (1)  all  K(— 1, 1) 
are  unity,  the  general  solution  is 

K(n,  l)  =  (-W, /(*),.  (18) 

3.  SOLUTION  FOR  THE  RADIAL  FUNCTIONS  AND 
THEIR  TRANSFORMATIONS 

The  Eqs.  (15)  and  (18)  show  that  radial  functions 
R.i  in  the  expansion  (5)  are  given  as 

Xf(i  — (19) 

The  hypergeometric  functions  (8)  are  finite  series, 
i.e.,  they  are  polynomials  in  x,  if  either  a  or  is  a 
negative  integer  or  zero.  This  implies  that,  for  all 
positive  odd  integer  values  of  n,  the  series  for  R*, 
break  off,  and  if  n  -  —1,  they  consist  of  the  leading 
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term  only,  in  agreement  with  (1).  For  positive 
even  n,  the  series  are  finite  for  l  <  in;  for  l  >  in, 
the  factor  (—in),  ensures  that  R„,  vanishes 
identically. 

Of  the  numerous  transformations  of  the  hyper¬ 
geometric  function,  the  following  are  especially 
relevant  in  the  present  context  [cf.  (B  2.9.1,  2); 
(B  2.10.1,  2)]: 


F(«,  0;y;x) 

=  (1  -  xy~‘~fF(y  -  a,  y  -  0;  y;  x), 

=  r(7)r(T  -  q  -  0) 

T(y  -  a)T(y  -  0) 

X  F(a,  0;  a  -f  0  —  y  +  1 ;  1  —  *) 
r(y)r(q  +  18-7)  „  _ 


(20a) 


+ 


(i  -  xy 


r(«)r(/9) 

X  F(y  —  a,  y  —  0]  y  —  a  —  0  +  1 ;  1  -  x),  (20b) 

_  M  -  a)  ,  r. 
r03)r(y  -  a)  {  x) 

X  F(a,  1—  7  +  a;  1  —  0  +  a;  x~') 

T(y)r(a-0)  , 

+  r(a)r(7  -  0)  x) 

X  F(P,  1  -  7  +  0;  1  -  a  +  0)  X~l).  (20c) 


the  use  of  (9)  and  Legendre’s  duplication  formula 
(B  1.2.15) 

r(2z)  =  2’*"V  !r(z)r(z  +  i).  (23) 

The  expansion  (22)  shows  the  nature  of  the  branch 
point  for  fractional  n  as  r<  approaches  r>;  we  see 
that  for  n  <  —  2,  the  individual  functions  R„,  are 
divergent,  though  they  remain  integrable  as  long 
as  n  >  —3. 

For  integer  n,  (22)  needs  special  interpretation 
since  either  one  series  contains  terms  with  the  inde¬ 
terminate  factor  0/0,  or  else  both  series  possess 
infinite  coefficients.  In  particular,  if  the  function  F 
in  (19)  represents  a  polynomial  in  r’/r>,  it  trans¬ 
forms  into  a  polynomial  in  the  variable  (r>  —  r<)/r ' ; 
this  corresponds  to  the  terminating  part  of  that 
series  in  (22)  which  has  negative  parameters;  the 
terms  of  this  series  resume  when  the  denominator 
in  (8)  also  vanishes,  a  passage  to  the  limit  shows 
that  the  ratio  0/0  is  to  be  interpreted  as  and  the 
resumed  terms  exactly  cancel  the  other  series 
(22).  On  the  other  hand,  for  the  nonterminating 
series  R, ,  in  (19),  at  negative  even  n  the  infinities 
of  the  two  series  cancel  out,  leading  to  logarithmic 
terms  in  agreement  with  (B  2.10.12,  13). 

The  transformation  (20c)  when  applied  to  (19) 
leads  to 


The  first,  if  applied  to  (19),  yields 
p  /,  (-*«).  r<(r>  ~  r’r3 

RnlVlt  Ti)  —  -I+.+4 

\t)l  T> 


X  f[ 


l  +  2  +  in,  f  +  in;  l  + 


’  *>J  ’ 


(21) 


which  shows  that  the  functions  F  are  invariant 
against  the  substitution  n  — *  —  n  —  4.  Thus  the 
coefficients  R  are  rational  functions  of  and  r2 
for  odd  integer  n  whatever  its  sign,  and  also  for 
negative  even  n  as  long  as  1  J  |n|  —  1,  though 
in  the  latter  case,  the  expansion  (5)  does  not  break 
off  as  with  positive  even  n. 

The  transformation  (20b)  applied  to  (19)  yields 

R  (r  +  *)(-*»)«  r,r.-. 

K',{x" r,)  a +  *»),♦, 

X  f[i  -  in,  -i  -  in;  -1  -  »; 

_  21  +  1  r'(rt  -  r\y+3 

2*+,(n  +  2)  ri+"+4 

X  F[/  +  in  +  2,  !  +  }«;»  + 3,^-^]-  (22) 

Here  the  gamma  products  have  been  simplified  with 


R.I  =  (-1)‘*  COS  inr  r*-'r' 


+ 


r(i  + 


r(-in)r(2  +  l  +  in) 


(-1)1<*+-'rV"r> 


-1  -l  -  in,  -i  -  in;  i  -  l; 


(24) 


the  constant  factor  of  the  first  series  having  been 
simplified  by  means  of  the  relation  (B  1.2.6) 

r(z)r(l  —  z)  =  jr/sin  xz.  (25) 


Equation  (^4)  shows  the  nature  of  the  analytic 
continuation  of  R.t  from  r,  <  r2  to  r,  >  r2,  or 
conversely.  As  expected,  this  agrees  with  the  true 
expression  (19)  for  r,  >  r3  only  if  n  is  a  nonnegative 
even  integer;  in  this  case,  the  second  series  in  (24) 
has  zero  coefficient.  For  the  nonterminating  series 
Rnt  in  the  case  of  negative  even  n,  the  second  term 
in  (24)  has  a  purely  imaginary  coefficient  of  in¬ 
determinate  sign;  the  true  function  (19)  for  r,  >  r2 
corresponds  to  the  first  term  in  (24)  only,  and  is 
therefore  not  the  analytic  continuation  of  i?ai  for 
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r,  <  r2,  but  its  Cauchy  principal  value  with  respect 
to  the  logarithmic  singularity  at  r,  =  r5. 

The  relations  between  the  three  parameters 
occurring  in  the  hypergeometric  function  in  (19) 
allow  additional,  quadratic  transformations  to  be 
applied  to  the  Rnt.  Thus,  application  of  (B2.11.34,36), 


F(a,P;a  ~  0  +  1;*)  =  (1  +  *)“" 

X  Fti<x,  a  <*  -F  i;  a  —  13  +  1;  4r(l  +  x)  a]  (26a) 

=  (1  +  x'r’-Fla,  a  -  0  +  *;  2«  -  2/3  +  1; 

X  4r‘(l  +  r')'!],  (26b) 

to  (19)  leads  to 

p  „  x  _  (-frt)i  (r.fj)1 
RArur*)-  (i)[  (r»  +  rl)i-u 

X  f[*1  -  in,  H  -  \n  +  i;i  +  1;  , 

Wa) 

_  (~jw) I  fr7a)‘ 

“  (*)«  (r.+^f- 

X  f[i  -  in,  1  +  1;  2  +  21;  (27b) 


These  expressions  are  completely  symmetric  in  r, 
and  r2l  the  asymmetry  in  (19)  in  the  two  variables 
is  related  to  the  transformations  inverse  to  (26) 
and  (27)  [cf.  (B  2.11.6,  31)],  which  involve  square 
roots  which  must  be  taken  with  a  fixed  sign.  This 
leads  to  variables  of  the  form 


r?  +  r\  —  [r]  —  r]| 
r?  -F  r\  +  |rf  -  r2| 


and 


r,  -  jr,  -  rzl~)3 
7,  +  rs  +  | r,  -  r2|  J  ’ 


(28) 


both  of  which  equal  r\/rl  of  (2).  Similar  considera¬ 
tions  apply  to  the  factor  outside  the  hypergeometric 
function.  Fontana4  has  derived  a  formula  equivalent 
to  (27a)  by  group-theoretical  methods,  and  given 
explicit  expressions  for  /?_ t . e  and  R-2,,  in  terms 
of  double  factorials;  a  number  of  numerical  results 
given  in  Fontana’s  paper  thus  appear  as  special 
cases  of  (26).  For  positive  even  n,  the  functions  F 
in  (27)  reduce  to  polynomials;  but  for  odd  n,  they 
are  infinite  series,  so  that  the  main  advantage  of 
(19)  and  (21)  is  lost  by  this  transformation. 

Hypergeometric  functions  which  admit  of  quad¬ 
ratic  transformations  such  as  (26)  are  related  to 
Legendre  functions.  Comparison  of  (27a)  with 
(B  3.2.41)  shows  that  the  ft„,(r„  r2)  can  be  expressed 
in  terms  of  associated  Legendre  functions  of  the 
second  kind  Q“,[(rl+rl)/(2rlr2)],  where  n=-\~in. 
Since,  however,  the  various  definitions  of  Q“,  for 
fractional  n  involve  differing  phase  angles,  this 
approach  is  not  studied  further. 


4.  RECURRENCE  RELATIONS 

Any  three  contiguous  hypergeometric  functions, 
i.e.,  whose  parameters  differ  by  an  integer  only, 
satisfy  a  linear  recurrence  relation;  hence  there 
exists  a  linear  relation  between  any  three  radial 
functions  f?„,(r„  r2),  provided  the  values  of  1  differ 
by  integers  and  those  of  n,  by  even  integers.  Thus 
application  of  (B  2.8.31)  to  (27b)  yields 


(4  +  21  +  n)(21  —  2  —  n)/f«+2.i 

+  2(2  +  n)J(r?  +  r\)Rnt 
-  n(n  +  2)(r?  -  r2)2ft._2,,  =  0, 
of  (B  2.9.3)  and  (B  2.8.45)  to  (19) 


fj  +  _  1  +  2  -F  jn 


r,r2 


R* ,  i + 1 


l  -F  § 

l-  1  -  jn 


l-i 

and  of  (B  2.8.35)  to  (27a) 


R..,-,  =  o, 


(29) 


(30) 


(r?  +ra)ft„,  - 


2  -F  l  +  jjn  „  #,,  % 

1  +.  fa  R-+>  ‘-  <31a) 

Elimination  of  Rn, or  R„,  from  (30)  and  (31a) 
leads  to 


(r?  +  rl)R„  -  y  r,r2fl..,+1 

+  LT+J^R^‘  =0’  (31b) 

and 

_ I  +  l  Rn.l- 1  I  Rn+l,l  a  foi.\ 

r4rr?  -  n  J  -  T+fa  -  °>  <31c> 

respectively,  and  application  of  (29)  to  (31a)  and 
(31b)  yields 

n(r?  -  r\fR,_2A  =  (21  +  2  +  ri)(r\  +  r\)R„ 

-  (21  -F  1)(2 1  -2-  n)r,r,R.,,-l/(l  -  J),  (32a) 

=  -(21  -  »)(r?  +  r!)Rnl 


+  (21  +  1)(4  -F  21  +  n)rlriR%,ul/(l  +  >);  (32b) 

with  a  renewed  application  of  (30),  this  leads  to 

n(r\  -  rtfR^g  „(!+!  +  jn\ 
r,r2  2  i-Ff 

-  2  (32c) 
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All  these  formulas  are  three-term  recurrence  rela¬ 
tions,  independent  of  the  relative  magnitudes  of  r, 
and  r,.  As  mentioned  in  the  introduction,  use  has 
previously  been  made  of  (6)  to  express  Rn+t.i  in 
terms  of  R.i,Rn, »-i  and  Rn, i+x;  such  formulas  are, 
of  necessity,  four-term  recurrence  relations. 

5.  EXPLICIT  FORMULAS  FOR  THE  LOGARITHM  AND 
THE  INVERSE  SQUARE 

The  expansion  for  log  r  corresponding  to  (5), 

logr  =  ££,„., fa,  r,)P, (cos  t?ia),  (34) 

is  most  easily  deduced  from  the  limiting  process 

log  r  =  lim  d(r*)/dn,  as  n  — » 0.  (35) 

The  factor  (— $n)i,  which  occurs  in  the  expressions 
for  jR„i,  vanishes  for  n  =  0,  l  >  0,  but  gives  a 
nonzero  derivative;  hence  for  all  1  >  0  we  obtain 
from  (19),  (21),  and  (27), 


For  1  =  0,  the  differentiation  must  be  applied  to 
the  other  factors;  (19)  and  (27)  yield 

*'— •  -  k»,>  +  L  2.(2.  -  1)(L  +  U  ’  <37*' 

-kg(,,+,0-t£^(ffifr,(37b) 

-  i  log  (-!+«-»  £  ^5  (£$)“.  (37.) 

the  index  of  summation  running  from  1  to  «»  in 
all  cases.  These  series  can  be  summed,  leading  to 

Ri„.»  "  log  |r,  -  r,| 

<»•> 


Similarly,  (36)  can  be  summed  for  1=1,  with  the 
result 


R  3  (A  -  fiV 
l°‘  l  16  V  nr,  / 

<»> 

Differentiation  of  (30)  yields,  with  (35),  for  l  >  0, 

d+jlp  21  +  4, 

r,r,  21  +  3 


R 


log,  1 “1 


+  i»,i 


=  0, 


(39) 


St,m  being  the  Kronecker  symbol.  Similarly,  (19) 
can  be  easily  summed  for  n  =  —2  leading  to 

ff-i.o  =  log  [(r,  +  r,)/|r,  -  r,|](2r1r,)“1,  (40a) 

R-i.i  i(n  *  +  r,  *) 

X  log  [(r,  +  r,)/|r,  -  r,|]  -  }(r,r,)_1.  (40b) 

The  recurrence  relations  (30)  remain  valid  for 
n  =  —2,  but  in  (31)  the  limiting  ratio  (l+ln)"1 

is  to  be  interpreted  as  2 fi,.., ,  (I  >  0);  similarly 
in  (32),  Rmt/n  tends  to  Ki„. ,  as  n  tends  to  zero 
and  l  >  0. 


6.  EXPANSION  FORMULAS  FOR  ARBITRARY 
FUNCTIONS  OF  r 

The  expansion  (19)  has  the  advantage  that  n 
occurs,  as  an  exponent,  for  r>  only,  and,  within 
each  gamma  product,  only  in  the  numerator.  This 
allows  the  algebraic  products  to  be  expressed  as 
products  of  the  operator  (d/dr>).  In  fact,  we  can 
equate 

(-*»).♦.(-*  -  in), 

<«> 

so  that  (19)  can  be  written  as 


ftu  -  (-rsJ'Ql  +  1)  £ 


t S  (2»)H  (2s  +  21  +  1)1! 


<«> 


where 


(2k)!!  -  2-4  ■  •  •  2k  -  2 *k!,  0!!  -  (-1)!!  -  1, 
(2k  +  1)!!  =  1-3  •  •  •  (2k  +  1)  =  2*+,(*),+1. 


This  suggests,  for  any  function  /(r)  which  can  be 
represented  as  a  finite  or  infinite  sum  of  powers, 
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not  necessarily  integer, 

1(r)  -  E  V,  (44) 

i.e.,  for  essentially  all  well-behaved  functions  /(r), 
that 


/(r)  =  E  /i(f»  r<)P  i(coe  t>u),  (45) 

1-0 

where 


/. 


(21  +  l)(-r<r>)‘ 


»  yj* 

§  (2s)!!  (2s  +  2l  +  1)!! 


This  formula  can  be  written  symbolically  by  means 
of  the  modified  spherical  Bessel  functions 

=  S  (2*)!!  (21  +  2s+  1)1!  “  (&)  7,+i^  (47) 

[this  is  not  the  notation  given  in  (B  7.2.6)]  as 

I,  -  (21  + 


Similarly,  (27)  can  be  turned  into  an  operational 
expansion  if  we  introduce  the  new  variables  p  — 
(r]  +  f^)*  and  r+  —  r,  +  r,.  Thus  (27a)  leads  to 


Similarly,  (27b)  yields 


"  (21  -  1)!! 

y  2-(-r,r,)^(l  +  l),  A  J.V- 
X  s!  (2  +  21).  Vr+  dr  J 

l  /nr,  _a_V 

“  (21  -  1)1!  V  u  9rJ 

X  *(l  +  I;  2  +  I;  £)l(r.), 


(50) 


where  *  is  the  confluent  hypergeometric  function 
(B  6).  In  both  (49)  and  (50),  the  product  nr,  is 
to  be  treated  as  a  constant  on  differentiation.  The 
equivalence  of  (49)  and  (50)  follows  from  the 
connection  of  4>(a;  2a;  2 z)  and  the  Bessel  functions 
(B  6.9.10), 


/.(#)  -  KM'/rfr  +  !)>■•♦(*  +  »;  1  +  2>;  2«),  (51) 


which  with  (47)  turns  (50)  into 

,,,m  +  l)i,  (-» £)  exp  (-*»  (52) 

Taylor’s  expansion,  which  can  be  written  opera¬ 
tionally 

exp  ( hd/dz)f(z )  =  i(z  +  A),  (53) 

and  the  identity 

(z^d/dz)  =  Sd/dp),  (54) 

show  that  (52)  is  equivalent  to 

u  =  (21  +  1)»,(-^  —)/[(*  -  2rlr,)‘],  (55) 

which  is  another  way  of  writing  (49). 

The  convergence  of  the  expansions  (42),  (49), 
and  (50)  are  not  discussed  in  detail.  Qualitively 
we  can  say  that,  for  any  function  /(r)  which  is 
analytic  for  |r|  <  M,  the  expansions  converges 
as  long  as  |r,|  +  |r,|  <  M.  If  /(r)-r~*(n  j»£  0)  tends 
to  a  finite  nonzero  limit  as  r  tends  to  zero,  this 
does  not  affect  the  convergence  for  r,  r,,  and 
even  when  r,  =  r„  (22)  shows  that  we  can  expect 
convergence  as  long  as  n  >  —2. 

For  two  types  of  functions  /(r),  the  expansions 
(42),  (49),  and  (50)  factorize.  Let  /(r)  be  a  spherically 
symmetric  solution  of  the  wave  equation, 

V*/  -  r~'d\rf)/d?  -  -fc*/,  (56) 

i.e.,  a  spherical  Bessel  function  of  order  zero  of  the 
first,  second,  or  third  kind  (B  7.2.6), 

h(kr)  =  sin  ( fcr)/(*r ),  y0(*r)  -  -  cos  (Ax)/(*r),  ^ 

^“(kr)  -  hln(kr )  -  «“rt7(*r), 

where  the  same  relation  as  (47)  holds  between  the 
pairs  of  functions  j,  and  J,+it  y,  and  F,+J,  and 
Ai  and  i/|+|.  Then  in  view  of  (56),  the  recurrence 
relations  (B  7.11.7-10), 

u>,(z)  ■=  (-z)'(r*'d/(fe)'ir0(z),  ^ 

and  the  series  expansion  for  j,(z)  which  differs  from 
(47)  only  by  the  factor  (— )',  (45),  and  (46),  lead  to 

w0(kr)  =  E(21  +  l)/«(fcr<)wj(fcr>)P((coB  d„), 

'  (59) 

*  =  J,  1/,  A<U,A<,), 

which  is  Gegenbauer’s  addition  theorem1  (B  7.15.28, 
30)  particularized  to  spherical  Bessel  functions.  For 
the  modified  Bessel  functions  t,  and  k, « (w/2z)^K,^, 
the  corresponding  results  are,  in  view  of  (B  7.2.43) 
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and  (B  7.11.20), 

i0(kr)  =  23  ( — )'(2i  +  l)t,(ir<)t1(Ar>)P,(coet?I,),  ^ 

A0(At)  =  2  (2/  +  l)t‘i(fcr<)A:l(AT>)P1(coe  i513) 

(cf.  B  7.6.3);  the  latter  serves  as  the  basis  of  the 
zeta-function  expansion  about  a  common  center  in 
the  method  by  Barnett  and  Coulson*  for  evaluating 
molecular  integrals. 

If  /(r)  is  a  Gaussian  function, 

f{r)  =  exp  (-fcrJ),  (r_1d/dr)/(r)  =  —  2fc/(r),  (61) 

the  expansions  (49)  and  (50)  factorize,  with  the 
result 

exp  {-hr1)  =  52  (2 1  +  l)*/(2Ar1r,) 

X  exp  [— k(r?  4-  >j)]P,(coed„),  (62) 

*  M.  P.  Barnett  and  C.  A.  Coulson,  Phil.  Trans.  Roy. 
Soc.  A243,  221  (1951). 


or,  on  dividing  by  the  common  exponential, 
exp  (2Ar,r,  cos  tJ„) 

=  52  (21  +  l)t((2Ar1ra)P,(coB  «!,*).  (63a) 

For  imaginary  values  of  k,  this  becomes 
exp  (2 ikrxrt  cos  t>,a) 

=  22  **(2I  +  l)i,(2fo»1r3)Pl(cos  «?„);  (63b) 

these  two  formulas  are  equivalent  to  Sonine’s 
expansion  (B  7.10.5)  for  v  =  (63b)  is  equivalent 

to  the  well-known  expansion  for  a  three-dimensional 
plane  wave  in  terms  of  spherical  harmonics. 
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For  any  vector  r  =  n  +  ra  an  expansion  is  derived  for  the  product  of  a  power  rN  of  its  magnitude 
and  a  surface  spherical  harmonic  V r.M(d,  <p)  of  its  polar  angles  in  terms  of  spherical  harmonics  of  the 
angles  (di,  wi)  and  (tit,  <&).  The  radial  factors  satisfy  simple  differential  equations;  their  solutions  can 
be  expressed  in  terms  of  hypergeometric  functions  of  the  variable  (r</r>)*,  and  the  leading  coefficients 
by  means  of  Gaunt’s  coefficients  or  3 j  symbols.  A  number  of  linear  transformations  and  three-term 
recurrence  relations  between  the  radial  function  are  derived;  but  in  contrast  to  the  case  L  —  0,  no 
generally  valid  expressions  symmetric  in  n  and  r«  could  be  found.  By  interpreting  the  terms  oper¬ 
ationally,  an  expansion  is  derived  for  the  product  of  Y i* (d,  *>)  and  an  arbitrary  function  f(r).  The 
radial  factors  are  expansions  in  derivatives  of  /(r>);  for  spherical  waves,  they  factorize  into  Bessel 
functions  of  r,  and  r,  in  agreement  with  the  expansion  by  Friedman  and  Russek.  The  3 j  symbols  are 
briefly  discussed  in  an  unnormalized  form;  the  new  coefficients  are  integers,  satisfying  a  simple  recur¬ 
rence  relation  through  which  they  can  be  arranged  on  a  five-dimensional  generalization  of  Pascal’s 
triangle. 


1.  INTRODUCTION 

N  the  preceding  paper,1  a  generalization  was 
derived  of  Laplace’s  expansion  for  the  inverse 
distance  between  two  points  and  Q2,  specified  by 
the  vectors  r,  and  ra  or  the  spherical  polar  coordinates 
(f|,  tf„  <pt)  and  (ra,  da,  <p2).  It  was  shown  that  in 
the  expansion  for  an  arbitrary  power  of  the  distance 
in  terms  of  Legendre  polynomials  of  (cos  £,a), 

|r,  -  r,|*  =  'Z,R.i(rl,ra)Pl(coBifl2);  (1) 

the  radial  functions  R,t  can  be  expressed  in  terms  of 
hypergeometric  functions  of  the  argument  (r</r>)2, 
and  by  giving  the  expressions  an  operational  in¬ 
terpretation,  an  addition  theorem  was  obtained, 
valid  for  arbitrary  analytic  functions  of  |ra  —  r,|. 

A  more  general  addition  theorem  would  apply 
to  functions  H( ra  —  r,)  or  H(i2  -f  r,),  depending 
on  the  direction  as  well  as  on  the  magnitude  of 
the  vector  argument.  In  Cartesian  coordinates,  such 
an  expansion  is  given  by  Taylor’s  theorem  in  three 
variables;  in  many  physical  applications,  however, 
it  is  of  advantage  to  specify  the  dependence  on 
the  angles  in  terms  of  spherical  harmonics.  These 
harmonics  can  be  defined  in  several  ways  in  terms 
of  the  associated  Legendre  functions  P7(z), 

P !"'(*)  =  (-HI  -  xa)*lm,[dlw,P i(x)/dxlmi]; 

PTM(x)  =  (-)mPl(x)[(l  -  m)\/(l  +  m)Il.  (2) 

*  Supported  in  part  by  National  Aeronautics  and  Space 
Administration  Grant  NsG-275-62(4180).  This  work  was 
begun  at  the  Laboratory  of  Molecular  Structure  and  Spectra, 
University  of  Chicago,  Chicago,  Illinois,  Supported  by  Office 
of  Naval  Research  Contract  Nonr-2121(01). 

t  Permanent  address. 

>  R.  A.  Sack,  J.  Math.  Physics  5,  246  (1964).  (Hereafter 
referred  to  as  I). 


The  most  useful  definitions  are  for  the  unnormalized 
harmonics 

07(0,*)  -e^P'r'icoe#),  (3a  b) 
W(i>,v)  =  c'”'P7(coe  d), 
and  the  normalized  form 
r?(tf,  x>)  =  [(21  +  1  )(1  -  m)!/4x(Z  +  m)!]» 

X  e<*”P7(cos  &).  (3c) 

The  functions  Pi  (cos  dia)  in  (1)  can  be  written  as 
Pi(cos0ia)  =  (~)"°r“(d i,  9»i)0”(«>a,  (4) 

m-— J 

with  corresponding  expressions  in  terms  of  0  or 
Y  (cf.  B  3.11.2).* 

The  purpose  of  the  present  paper  is  to  derive 
the  expansion  for  the  product  of  a  spherical  harmonic 
and  a  power  of  the  radius 

VXUL  =  rvO?(t>,  v>) 

—  23  H(i^ i  L,  l\r  la,  M ,  ttiif  win,  r, ,  ra) 

X  127:(d.,  g>2),  (5) 

and  its  generalization  for  functions  of  the  type 
/(r)nf  (if,  <p).  In  contrast  to  I,  the  vector  r  =  (r,  if,  <p) 
denotes  the  sum  of  t,  and  ra;  the  corresponding 
expressions  for  the  difference  (ra  —  r,)  differ  from 
those  in  (5)  at  most  by  a  sign,  corresponding  to 
the  parity  of  1,.  The  spherical  harmonics  in  (5)  could 
equally  well  be  expressed  in  terms  of  0  or  T;  the 

‘Bateman  Manuscript  Project,  Higher  Transcendental 
Functions,  edited  by  A.  Erdflyi  (McGraw-Hill  Book  Com¬ 
pany,  Inc.,  New  York.  1953).  Formulas  in  this  work  are 
directly  referenced  by  the  prefix  B. 
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corresponding  radial  functions  Re  and  Rr  differ 
from  R  m  Ra  only  by  a  factor  which  is  easily  cal¬ 
culated  from  (2)  and  (3).  In  view  of  the  trans¬ 
formation  properties  of  the  normalised  functions  Y, 
their  use  would  have  the  advantage  that  the 
azimuthal  quantum  numbers  m  =  M,  m„  m ,  can 
affect  the  expressions  Rr  only  through  the  Wigner 
coefficients  or  3j-symbols.,_*  The  writer’s  personal 
preference  is  for  the  functions  0,  as  they  do  not 
necessitate  the  use  of  square  roots;  the  place  of 
the  3j-symbols  is  then  taken  by  unnormalized  3j- 
coefficients  which  have  the  advantage  of  being 
integers;  as  shown  in  the  Appendix,  they  can  be 
arranged  on  a  five-dimensional  generalization  of 
Pascal’s  triangle. 

For  some  specific  cases,  expansions  of  the  type 
(5)  have  been  given  before;  an  addition  theorem 
for  solid  spherical  harmonics  (N  -  L  or  N  —  —L  —  1) 
have  been  given  by  Rose,'  and  for  spherical  waves 
by  Friedman  and  Russek;T  more  recently  similar 
results  have  been  rederived  by  Seaton.1  The  radial 
functions  in  the  expansion  (5)  for  the  general  case 
could  be  obtained  by  combining  these  results  with 
those  of  I,  i.e.,  by  considering  the  product 

VNLM  =  i*-rL O*(0,  <p),  n  =  N  —  L,  (6) 

but  this  would  involve  the  summation  of  multiple 
infinite  series.  Instead,  the  derivation  of  the  func¬ 
tions  R  for  arbitrary  values  of  N  are  based,  as  in  I, 
on  the  solution  of  the  set  of  differential  equations 

VjFjftjr  =  VjFjrtif,  (7a) 

V*r«*  -  (y  -  L)(N  +  L  +  (7b) 


other  group-theoretical  arguments  are  employed 
in  this  paper.  The  only  use  made  of  the  extensive 
theory  of  normalized  harmonics1-'  is  of  the  relation 
between  the  integrals  over  triple  products  (Gaunt’s 
coefficients)*10  and  the  3/-symbols,  and  the  results 
obtained  in  terms  of  the  functions  G  ^reformulated 
in  terms  of  the  normalized  harmonics  Y. 

The  solutions  of  the  Eqs.  (7)  satisfying  the 
appropriate  continuity  conditions  will  be  derived  in 
Sec.  2,  and  the  results  discussed  in  Sec.  3.  A  selected 
number  of  recurrence  relations  are  given  in  Sec.  4, 
and  in  Sec.  5  the  formulas  are  given  an  operational 
form,  applicable  to  arbitrary  functions  of  r.  The 
special  case  that  one  of  the  vectors  points  in  the 
direction  of  the  polar  axis  is  considered  in  a  later 
paper. 


2.  MATHEMATICAL  DERIVATION 

To  avoid  an  excessive  use  of  subscripts,  formulas 
in  this  section  are  derived  for  the  range  r,  >  r, 
only.  The  dimensionality  of  (5)  requires  that  the 
functions  R  be  of  the  form 


R(N,  1,  m;  r„  ra)  =  r{‘rjr",‘  Z)  cK,(rt/r,y.  (8) 
The  differential  equation  (7a)  substituted  in  (5) 


leads  to 
d*R  ,  2  d’R 


-  4(4  +  1) 


R 

3 


d’R  .  2  dR 
9t T  r,  dr. 


-  4(4  +  l);j, 


(9) 


which  together  with  (8)  yields  the  recurrence 
relations 


These  solutions  are  again  expressible  in  terms  of 
hypergeometric  functions,  and  leading  coefficients 
are  determined  by  comparison  with  special  known 
cases;  it  is  found  that  these  constants  can  always 
be  expressed  in  terms  of  integrals  of  products  of 
three  harmonics  which  may  be  given  in  their 
normalised  or  unnormalized  forms.  An  alternative 
method  of  deriving  these  coefficients  could  be  based 
on  the  transformation  properties  of  the  spherical 
harmonics,  but  neither  this  approach,  nor  any 


*  E.  P.  Wiener,  Group  Theory  and  It*  Application  to  the 
Quantum  Mechanic*  of  Atomic  Spectra  (Academic  Press  Inc., 
New  York,  1969). 

*  A.  R.  Edmonds,  Angular  Momentum  in  Quantum  Me¬ 
chanic*  (Princeton  University  Press,  Princeton,  New  Jersey, 
1967). 

*  M.  E.  Rose,  Elementary  Theory  of  Angular  Momentum 
(John  Wiley  6  Sons.  Inc.,  New  York,  1961). 

*  M.  E.  Rose,  J/Math.  and  Phys.  37,  216  (1968). 

’  B.  Friedman  and  J.  Unmet,  Quart.  Appl.  Math.  12, 
13  (1964). 

*  M.  J.  Seaton,  Proc.  Phym.  Soe.  77, 184  (1961). 


(s  +  2X21,  +  s  +  3)c„..+, 

-  (y-l,-4-«)(y- 4  +  4  +  1  -*>*..  (10) 

The  leading  term  in  the  power  series  (8)  is  of  degree 
a  =  0,  since  the  other  possible  solution,  beginning 
with  s  -  —21  —  1,  would  lead  to  a  singularity 
as  r,  — ►  0.  As  in  I,  the  solution  is  best  expressed 
in  terms  of  Gauss’  hypergeometric  function 

F(a,  0;  r,  z)  -  £  (a)m(p)jtm/[(y)mwf\,  (11) 
0 

where11 

(«)o  -  1;  («)»  =  («;  w)  =  o(a  +  1)  ••• 

X  (a  +  w  —  1)  -  T(o  +  u>)/r(a).  (12) 

•  J.  A.  Gaunt,  PhD.  Trans.  Roy.  Soc.  A228,  151  (1929). 
••  M.  Rotenberg,  R.  Bivins,  N.  Metropolis,  and  J.  K. 
Wooten,  The  S-j  and  6 -j  Symbol*  (Technology  Press,  Cam¬ 
bridge /Massachusetts,  1969). 

“  The  archaic  form  (a;  w)  is  employed  mainly  when 
w  carries  a  subscript. 
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If  we  abbreviate 

A  -  i(L  +  l\  4-  U)>  X  —  A  —  L, 

Xi  -  X  —  It,  Xj  *=  A  —  2}, 

and  use  n  as  defined  in  (6),  the  solutions  (8)  and 
(10)  can  be  expressed  in  the  form 
R(JV,  1,  m;r„r,) 

-  K(N,  I,  mJrlvr'-W.  +  l,  -  N), 

Wi  ~  It  -  1  -  N);l,  +  r?/rj],  (14a) 

~  K(N,  1,  mJriTr1"* 

XF(X-K-I~in-Xl;il  +  |;^).  (14b) 
As  the  functions  (27  have  the  parity  of  1  on  inversion, 
(d,  <p)  -*  (r  —  d,  x  +  <p)  ,  K(n,  1,  m)  can  take 
nonzero  values  only  if 

L  —  l,  —  It  =*  even,  (15) 

and  hence  all  the  quantities  defined  in  (13)  are 
integers.  The  leading  coefficients  K  in  (14  a,b) 
satisfy  the  recurrence  relation,  in  view  of  (7b): 
n(n  +  1  +  2 L)K(N  -  2, 1,  m) 

-  (n  -  2X)(n  +  1  +  2\t)K(N,  1,  m).  (16) 

This  means  that  K  depends  on  n  through  the  factors 

(-ln;X)(-i  -  j n-L-,\t);  (17) 

the  only  other  way  K  could  depend  on  n  would 
be  through  an  additional,  periodic,  factor  of  period 
2;  but,  according  to  the  results  of  I,  the  factor  r* 
in  (6)  does  not  show  any  such  periodicity  and  the 
solid  harmonics  are  independent  of  n;  hence  (17) 
describes  the  full  dependence  of  K  on  n.  To  find 
the  absolute  value  of  K(N,  1,  m)  we  first  consider 
rile  case  N  *  L  or  n  =  0.  Making  use  of  (B  3.7.25) 
and  its  converse 

cos^y-'  - 

X  j  [costf  +  tsindcos(?  —  f)]'ew  d},  (18a) 
[cos  d  4-  t  sin  d  cos  (v  —  ^)3* 

-  Xrtrhfi  osb) 

we  obtain  for  the  solid  harmonics,  by  means  of  the 
binomial  theorem, 

rlfl?(d,  <fi)  =  '  '  Jt  +  Wi  COS  * 

+  iyi  sin  4>  +  z»  +  ixt  cos  4-  »y»  sin  i>)Le<M*  df 

-  Z  (£  +  M)l  Id,  +  *»,)  1  0.  +  m,)!]"1 

X  vdnTWt,  *,),  (19) 

the  sum  to  be  taken  over  all 

m»  +  m*  -  M;  1,  +  I*  «  L.  (20  a,b) 


This  is  the  unnormalized  form  of  Rose’s  addition 
theorem.'  Multiplication  by  r*  gives  rise  to  terms 
for  which  (20b)  is  no  longer  satisfied.  For  positive 
even  n,  Eq.  (19)  of  I  shows  that  in  the  expansion 
(1)  for  |r»  ~h  rj|*  the  radial  coefficient  of  Px  is 
X!(r,fj)V(i)x  for  X  =  in,  and  vanishes  for  X  >  in. 
Hence  the  leading  term  in  R(l,  +  l,,  1,  m),  in  view 
of  (6),  (13),  and  (19),  is  made  up  of  terms 

xi  T(_y _ (L  +  M)\ _ 

(§)x  »  '  (X*  +  »»i  +  m)1  (Xi  +  TO*  —  p)I 

x  i2r.,+',(i)or.-,,(2)or'(i)Qj(2).  (21) 

The  product  of  two  surface  harmonics  of  the  same 
coordinates  (#,  <p )  can  be  expressed  as  a  sum  of 
spherical  harmonics, 

o-o»  _  (201  (2X)1  (1  +  X)1  (1  +  X  -  m  -  »)! 

,Ui  (21  +  2X)1  II  X!  (1  —  m)l  (X  —  p)l 

xorar+ •••  otsli+ .  (22) 

This  leading  term  can  be  found  most  easily  by  a 
comparison  of  the  leading  coefficients  of  PT(x), 
which  in  view  of  (2)  and  Rodrigues'  formula 
(B  3.6.16),  are 

P7(x)  -  (-HI  -  z’)-/J 

X  [(20 1/2*1!  (I  -  m)iy-  +  •  •  •  .  (23) 

The  leading  coefficient  K  in  (14)  for  N  ■  0  +  l> 

thus  becomes,  in  view  of  (21)  and  (22), 

K(h  +  h,  1,  m)  -  (-)'♦* 

(L  +  M)  1  (I,  -  m,)l  (U  -  m»)l  (2X)1 1,1  41 
X.l  X,1  X!  (i)x(2I1)l  (21,)! 

X  U  (  L  h  M,  (24) 

\— M  m,  mtJ 

where  the  symbols  U  represent  the  sums 

v(L  li  h)  =  r(-rA+'+jf 

\—M  m,  m,/  * 

x  /  2X  V  2X,  \/  2X,  \  (25) 

\X  +  it/ \X,  —  m*  +  it/ \X*  +  »h  +  a/ 

provided  (20a)  holds.  They  are  related  to  the  Wigner 
3)-symbols*"' 

v(  h  U  i»  \  =  /  ix  it  j»  \ 

\m,  m,  mt/  Vm,  m»  m%/ 

x  [gA  + 1)1 5  a  -  <“> 

u  L.  Infeld  and  T.  E.  Hull,  Rev.  Mod.  Phya.  23, 21  (1951). 
u  E.  A.  Hylleraae,  Math.  SMnd.  10,  189  (196 2). 
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where,  for  this  equation  only,  we  have  put 

a  =  Kii  +  it  +  is)’,  (27) 

X.  =  A  —  j.  >  0  (s  =  1,  2,  3). 

In  the  present  context  these  unnormalized  3 j- 
symbols  are  required  for  integral  values  of  1,  m, 
and  X  only,  but,  as  shown  in  the  Appendix,  their 
definition  (25)  also  covers  the  case  of  half-integer 
parameters.  For  integer  A  they  are  invariant  under 
a  permutation  of  (1,  2,  3)  in  (26),  and  under  a 
simultaneous  change  of  sign  of  all  the  m,. 

The  expression  (24)  can  be  simplified  by  the 
explicit  use  of  Gaunt’s  coefficients*  10  for  the  integral 
over  the  product  of  three  associated  Legendre  func¬ 
tions.  If  we  put 


=  J  P‘lix)Pr(x)p-ir'(x)  dx,  (28) 

where  the  azimuthal  numbers  add  up  to  zero,  these 
integrals  can  be  expressed  in  terms  of  the  V’ s  as* 


R(N,  1,  m;  ru  r2)  =  K'{  1,  m )R'(N,  1;  r1(  r2),  (32) 

where 


K\ i,  m)  =  (-ru(h  +  m  +  i) 

x  //L  ll  h  )  ,  (33) 

\M  -m,  —nii/ 


R'(N,  1;  r„  r2) 


(~  in;  X)(f  +  jw,  L)  .  y_(l 

<*;  h  +  D(t  +  in;  x,) f!  r’ 


X  F(X  -  £»,  -  X,;  1,  +  §;  r!/r|),  (34) 


and  the  symbols  are  explained  in  (6),  (II)— (13), 
(25),  (28),  and  (29);  for  r,  >  r2,  the  subscripts 
1  and  2  should  be  interchanged.  Equation  (32) 
factorizes  the  functions  R(N,  1,  m)  into  a  constant 
K',  independent  of  N  or  n,  and  a  function  R\ 
independent  of  the  azimuthal  quantum  numbers  m. 
The  precise  separation  is,  to  some  extent,  arbitrary, 
since  any  dependence  on  1  or  X  only  can  be  drawn 
into  either  factor;  the  selection  (33),  (34)  was  chosen 
primarily  to  give  the  recurrence  relations  of  Sec.  4 
their  simplest  form.  In  the  case  of  spherical  symmetry, 


(— )a2(1i  -  m,)l  (fa  -  w,)  1  (L  +  M)  1  A! 

“  (2A  +  1)!  X,!  X,!  X! 

x  u(L  ll  ll  (29) 

\M  —  m,  —m,j 

so  that  (24)  becomes 


K(h  +  It,  1,  m) 


(i;  h)(i;  it) 


ii  it  y  (30) 

-mi  -m,/ 


Using  (17),  we  find,  for  the  leading  coeffick  t  for 
arbitrary  N, 


K(N,  1,  m) 

_  (~~ $”»  X)(— I  —  |n  —  L;  Xt) 

;  X!  (— J  —  A;  Xt) 

X  K(h  +  It,  1,  m) 


L  =  M  —  X,  —  X2  =  0,  m,  =  —m2  —  m, 

I,  =  Za  =  A  =  f,  K'  =  (-)'+”(f  +  i), 

and  the  R'  differ  from  the  functions  R,t  of  (1)  and 
I  only  by  a  factor  (l  +  $)"*. 

If  the  spherical  harmonics  in  (5)  are  given  in 
their  normalized  form  Ym„  (3c),  the  analogous 
radial  functions  Rr  can  be  factorized  as  in  (32), 

Rr{N,  I,  m;  r„  r2)  =  K'A  1,  m)R'(N,  1;  r, ,  r,),  (36) 

where  R’  remains  unaltered  as  in  (34),  whereas  in 
view  of  (3c)  and  (26), 

K'Al,  m)  =  2x(— )x(LAf  |  Y7,\  f,m,).  (37) 

Here 


C LM  |F7|  I'm') 

(— )“[(21  +  l)(2V  +  1)(2L  +  l)/4r]‘ 
L  IV 
■M  m  m'J  I 


\  /  L  \ —  i  \ - i 

x  /  L  l  I'jfL  l  I'\ 

\—M  m  m\  .0  0  0/ 


dt  +  M-hn-,m  +  in;L) 

1  '  (1;  U(f  +  in;  Xi) 

X  llL  li  **  Y  (31) 

\M  —mi  —mt) 

3.  DISCUSSION  OF  THE  RADIAL  FUNCTIONS  R 

According  to  (14)  and  (31),  the  radial  functions 
R  in  the  expansion  (5)  are  given,  for  r«  >  r„  by 


-  ff  iYi.v,<P)rYw,v)Trt:{(>,'P) 

X  sin  t?  do  (38) 

is  the  integral  of  the  product  of  three  normalized 
harmonics  taken  over  the  whole  unit  sphere.10  In 
view  of  the  properties  of  the  3/-symbols,  the  co¬ 
efficients  K\  and  hence  the  radial  functions  R, 
are  nonzero  only  if  the  conditions 
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|Ii  —  I3|  <  L  <  2,  +  l2  (39) 

are  satisfied,  as  well  as  (15)  and  (20a).  The  functions 
R  also  vanish,  in  view  of  (13),  (32),  and  (34),  if 


L  <  N  <  k  +  k, 

n  even, 

(40a) 

or 

—  Ij  <  N  1  <C  li  —  1%,  ti 

odd,  r2  >  r,. 

(40b) 

The  hypergeometric  series  are  polynomials  if 
N  >  li  +  la,  n  even, 


or 

N  >  2,  -  h  -  1,  n  odd;  (41) 

if  either  equality  holds,  they  reduce  to  the  leading 
term  unity.  The  particular  case  N  =  L  has  been 
discussed  in  (19)  and  (20);  if  N  =  —L—  1,  the 
only  nonvanishing  functions  in  (5)  for  r2  >  r,  are 
those  for  which  22  =  L  +  i„  and  for  these  we  have, 
in  view  of  (22)  or  from  Refs.  9  and  11, 

ijL,  2„  L  +  l  A 
\M,  — to !,  to,  —  MJ 

. .  2(2D!  (22,)  1  (2,  +  L)!  (2,  +  L  +  TO,  -  Af)!  .  . 
X  (22,  +  2L  +  1)!  L\  2,1  (L  -  21/)!  (2,  +  m,)!  ’  y  ) 

so  that  (5)  and  (32)-(34)  yield 


V) 


=  Z(-r 


(2  +  L  +  to  —  M)\  i 

(2  +  to)!  (L  -  M)!  r‘  * 


X  Q|(#i,  <®i)fii+j  ($a,  <ffa). 


(43) 


This  corresponds  to  the  expansion  for  normalized 
“irregular”  solid  harmonics  given  by  Rose'  and 
recently  by  Chiu.14 

As  in  I,  the  transformation  theory  of  the  hyper- 
geometric  functions  can  be  applied  to  the  expression 
(34)  for  the  functions  R'.  Thus  (B  2.9.1,  2)  or  Eq. 
(20a)  of  I  leads  to 


R'(AT,l;r„r1) 

(~hrr,m +  bi-,L)  r{‘(ri  —  r?)*41 
=  (*;*>  +  D(i  +  ^;x.)  r*+4+ii 

X  F( A  +  2  +  Jn,  \  +  in  +  X2;  2,  +  Jjfi/Ji), 

(44) 

which  shows  that  the  radial  functions  are  also 
rational  in  r,  and  ra  if  -J(2,  +  l2  +  N)  +  1  or 
—  la  +  N  +  1)  are  negative  integers.  Similarly 
(B  2.10.1)  or  (20b)  of  I  yield 


Y.  N.  Chiu,  J.  Math.  Phys.  5,  283  (1964). 


R\N,  1;  r„  r2) 

=  2"+1(-^n;  m  +  in;  L)( 2  +  n;  L)  ,,  v„ 

(1  +  A  +  l)(f  +  in;  A,)0  +  in;  X2)  r‘  r» 

X  F(\  —  in,  —  i  —  in  —  X,; 

— n  —  1  —  L;  (r2  —  r^)/r2) 

,  I"  (~)x‘0  +  i rr,L)  rl'(rl-riy** 

^  L  (n  +  2;L  +  1)2^2 

X  +  2  +  in,  f  +  in  +  X2; 

n  +  3  +  L;  Tj~~p — ,  (45) 

where  the  coefficients  have  been  simplified  in  view 
of  the  properties  of  the  gamma  function  (B  1.2.6) 
and  (B  1.2.15),  or  (23)  and  (25)  of  I.  This  equation 
shows  the  nature  of  the  branch  point  as  r,  approaches 
r2;  the  difficulties  arising  for  integer  values  of  n 
have  been  discussed  in  I,  following  Eq.  (22);  the 
result  is  either  a  polynomial  or  a  series  involving 
logarithmic  terms. 

In  the  case  L  =  0,  it  was  shown  in  I  that,  by 
means  of  quadratic  transformations  applied  to  the 
hypergeometric  functions,  the  radial  functions  Rnt 
could  be  expressed  in  several  forms  symmetric  in 
r,  and  r2,  involving  power  series  in  r,r2/(r,  +  r2)a 
or  in  r,r2/(r?  +  r\).  The  same  transformations  can 
be  applied  whenever  2,  =  22,  regardless  of  the 
value  of  L;  for  general  values  of  2,  and  22,  (34) 
shows  that  even  the  leading  coefficients  are  different 
as  r,  <  r2  or  r,  >  r2.  In  consequence,  it  is  unlikely 
that  analogous  simple  symmetric  expansions  exist 
in  the  general  case.  On  the  other  hand,  the  leading 
coefficients  in  (45)  are  invariant  for  r,  ^  r2,  and 
together  with  the  symmetry  of  the  recurrence  rela¬ 
tions  derived  below,  this  suggests  the  existence  of 
symmetric  expansions  involving  power  series  in  the 
two  arguments  r,r2/(rj  +  r2)  and  {r\  —  r£)/(rj  +  i\) 
or  similar  variables,  though  presumably  involving 
the  one  variable  only  to  a  finite  power  depending 
on  |2,  —  22|.  So  far  the  writer  has  been  unable  to 
derive  such  expansions. 

Quadratic  transformations  for  arbitrary  hyper¬ 
geometric  functions  have  recently  been  derived  by 
Kuipers  and  Meulenbeld1*  in  terms  of  generalized 
hypergeometric  functions  or  MacRobert’s  E  func¬ 
tions,  [cf.  (B  4)  and  (B  5)].  This  generalization, 
however,  is  not  quite  relevant  to  the  problem  at 
this  stage,  as  it  corresponds  to  a  generalization  of 
the  transformation  from  (27a)  to  (27b)  of  I,  and 
not  of  the  transformation  from  (19)  to  (27). 

“  L.  Kuipers  and  B.  Meulenbeld,  J.  London  Math.  Soc. 
35,  221  (1960). 
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It  might  be  considered  that  the  expansion  (5) 
would  simplify  if  one  of  the  vectors,  say  r1(  points 
in  the  direction  of  the  polar  axis;  for  this  choice 
all  the  Legendre  functions  of  cos  d,  are  1  or  0, 
according  as  nt  s  0  or  fflt  ^  0,  and  hence  for  all 
nonvanishing  terms,  m3  -  M.  The  individual  terms 
in  (5)  are  therefore  considerably  simpler  than  in  the 
general  case;  on  the  other  hand,  because  of  the 
restrictions  imposed  on  r„  the  rotational  quantum 
number  1,  ceases  to  be  meaningful  and  any  consistent 
expansion  making  use  of  this  restriction  should 
reasonably  involve  an  implicit  summation  over  f„ 
i.e.,  over  products  involving  3/-eymbols.  From  an 
analytic  point  of  view,  these  symbols  are  generalised 
hypergeometric  series* [cf.  also  (B  4)]  of  unit 
argument  and  all  integer  parameters,  and  any 
expansion  involving  such  functions  is  likely  to  lead 
back  to  functions  of  at  least  the  same,  and  possibly 
higher,  complexity.  This  has  indeed  been  found  to 
be  the  case,  and  in  order  not  to  complicate  any 
further  the  mathematical  apparatus  required  for 
the  present  paper,  the  case  dt  =  0  is  to  be  considered 
separately  in  a  later  publication. 

4.  RECURRENCE  RELATIONS 

The  relations  between  contiguous  hypergeometric 
functions  (B  2.8.28-45)  can  be  used,  as  in  I,  to 
derive  linear  recurrence  relations  between  any  three 
radial  functions  R'  for  which  L,  4,  4  and  JAT  differ 
by  integers  only;  the  recurrence  formulas  between 
the  coefficients  K’  of  (33)  or  (37)  are  known  from 
the  theory  of  angular  momentum.,_*',,,#  Equation 
(14a)  shows  that  the  functions  F  depend  on  n  and 
L  only  through  their  sum  N ;  according  to  (34), 

R'(N  L  +  2,  I„  4)  3  +  N  +  1 

R'(N,  L,  4,  4)  "  L  -  N 


It  is  therefore  sufficient  to  derive  any  further 
relations  for  varying  values  of  the  angular  quantum 
numbers  L,  Z„  and  4  only,  leaving 

n  —  N  —  L  —  const;  (47) 

the  value  of  N  cbn  then  be  increased  or  decreased 
in  steps  of  2  by  means  of  (46).  In  view  of  the  larger 
number  of  independent  parameters,  the  number  of 
recurrence  relations  for  even  small  changes  in  1  are 
considerable;  we  therefore  confine  our  attention 
to  the  following  special  cases: 

“  P.  E.  Bryant,  Tablet  o}  Wigner  SjSyniboU  (Re*.  Rept 
60-1,  published  by  University  of  Southampton,  Southampton, 
England,  1980). 


(i)  Between  any  two  of  the  three  functions  R', 
none  of  the  numbers  L,  1,»  and  4  differ  by  more 
than  unity. 

(ii)  One  of  the  angular  quantum  numbers  remains 
constant,  the  second  varies  by  at  most  unity,  and 
the  third  by  at  most  two  units. 

There  are  eight  inequivalent  three-term  recurrence 
relations  of  type  (i)  and  12  of  type  (ii);  for  the  sake 
of  brevity,  only  those  parameters  are  indicated 
which  differ  from  L,  4,  l,,  e.g.,  R'(L+,  4— )  ■= 
R'(L  +  1,  li  —  1,  h)  [cf.  (B  2.9)],*  and  N  is  under¬ 
stood  to  vary  according  to  (47).  The  formulas  are 

(!  +  *n  +  L)(r5  -  rl)R' 

=  (X,  +  i  +  \n)rJR'{JL+,  4+) 

-  (X,  +  |  +  *nKfl'(L+,  4+),  (48a) 

=  (X  -  1  -  WrJt'(L+,  U-) 

-  (A  +  2  +  ^>,ft'(L+,  1,-1-),  (48b) 

=  (A  +  2  +  j*)r,ff'(Z,+  ,  4+) 

-  (X  -  1  -  *»>,«'(£+,  I,-),  (48c) 

-  ~(*  +  X,  +  \nyjt\L- 1-,  k-) 

+  (X,  +  i  +  4»M'(L+,  h-);  (48d) 

(i  +  in  +  Lf'R' 

-  (X  -  W'M'a-,  4+) 


+  riR'(L—,  !,+)],  (49a) 

-(*  +  §»  +  X,)-1[r»R'(L— ,  I,-) 
-r,fl'(L-,I,+)],  (49b) 

-  (i  +  *»  +  XtVl-rtR'iL-,  4+) 

+  r,R'(L— ,  {,-)],  (49c) 

-  (A  +  1  +  in)-l[rJl'(L-,  4~) 

+  r,S'(L-,4-)];  (49d) 

(4  +  W 


-(*  +  *»  +  L)r,[«'(L-,  4+)  +R'(L-,  It-)], 

(50a) 

-  r*[(A  +  2  +  Jn)(X,  +  f  +  *n)R'(L- f ,  4+) 

—  (X  —  1  —  $»)(X,  +  I  +  \n) 

X  R'(L+ ,  4 -)]/[(!  +  in  +  L)(ri  -  rj)],  (50b) 

-  (r,/r,)[— (X,  +  f  +  *n)ff'(  1,-,  4+) 

+  (X  -  1  -  W(4-,  4-)],  (51a) 

-  (r,/r,)[(A  +  2  +  *n)R'(4+,  4+) 

+  (I  +  Jn  +  Xi mh+,  4-)];  (51b) 


Errata:  Following  (47), 
value  of  Li  at  constant  N 
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(L+n  +  2)(f  +  *n  +  L)rjt' 

“  (J  4*  in  +  I/)»(r»  —  t%)R'(L  ,  lt~) 

+  (X  -  1  -  Jn)(X,  +  in  +  i)R'(L+,  U~),  (52a) 
=  — (i  +  4n  +  ■I>)»(*’»  —  ifyR'(L  ,  h~\~) 

+  (2  +  A  +  Jn)(X,  +  in  +  !*+)•  (52b) 

The  other  six  relations  of  the  type  (ii)  are  obtained 
by  an  interchange  of  the  subscripts  1  and  2  in 
(50)— (52).  Although  the  resulting  equations  are 
invariant  on  interchanging  (l,,  r,)  and  {U,  ra),  their 
derivation  is  not  symmetrical;  thus  (50)  follows 
from  (B  2.8.32,  37),  but  the  corresponding  equations 
for  varying  Z,  follow  from 

y(y  -  l)[F(y-)  -  F]  =  afizF(a+,  p+,  y+)  (53) 

and  from  (B  2.9.1,  2).  Equations  (49  a,b)  follow 
from  (B  2.8.38, 43),  and  (48c,  d)  from  (B  2.8.35,  42); 
the  remaining  relations  are  derived  from  these  by 
linear  elimination,  though  to  prove  (51),  the  values 
of  L  in  (48)  and  (49)  must  be  lowered  or  raised. 

It  should  be  remembered  in  applying  the  re¬ 
currence  relations  (48)  -(52),  that  they  do  not  apply 
to  the  full  radial  functions  R  of  (32);  these  latter 
vanish  whenever  the  triangular  condition  (39) 
is  violated  because  of  the  factor  K1  in  (33),  whereas 
the  factors  R’  have  perfectly  well  defined,  usually 
nonzero,  values  in  accordance  with  (46)  regardless 
of  the  relative  values  of  L,  l„  and  i>,  provided 
only  (15)  is  satisfied. 

s.  A If  OPERATIONAL  expansion  for  arbitrary 
FUNCTIONS 


As  in  I,  the  way  in  which  the  power  N  enters 
into  the  expressions  (32)-(34)  allows  the  functions 
R'(N,  1;  r„  r,)  to  be  expressed  in  operational  form. 
For  r*  >  rtl  the  expressions  differ  according  to  the 
relative  magnitudes  of  L  and  1%.  For  the  factor  in 
the  general  term  in  (34),  which  depends  on  N, 
we  have,  using  (11)— (14), 


-  \N;  X  +  «) 

X  (-*-  iN-iL;\,  +  sYr''-u 


l.-L 

r;1' 

uk+- 


L<1». 


(54a) 


(54b) 


Hence  any  function  /(r),  which  can  be  represented 
as  a  power  series  in  r,  we  can  expand,  in  analogy 

to  (5), 

/(r)  Oft*,*)  =  £X'(l,m)/'(l;r»,r,) 

x  am,  e.)am,  </»),  (55) 

where  K!  is  given  by  (33),  or  by  (37)  if  normalized 
surface  harmonics  are  used.  For  the  radial  functions 
we  obtain  from  (34)  and  (54) 


./'(l;r„r,) 


or  \x  V  ri‘*a*ff»(lj  r») 

A  }  4-(2il  +  2«  +  i)n(2s)n 


r,  >  r,  (56) 


(for  the  double  factorials  see  (43)  of  I),  where 

X  [^  -  L<  U.  (57b) 

Alternatively,  the  powers  of  the  operator  (r^’d/dr,) 
can  be  put  last,  with  the  result 

.  i  r d*  iau + dt*‘  i. 

\jb\ - ?l\  ri* 

L~l"  (58a) 

x[urt^]'  <58b) 


The  quadratic  operators  occurring  in  (57)  and  (58) 
can  be  factorized,  but  not  expressed  as  squares; 
hence  the  operational  factorization  of  /i  in  (48)  of  I, 
in  terms  of  Bessel  functions  of  a  differential  operator, 
does  not  appear  to  have  a  simple  analog  in  the 
general  case. 

The  expressions  (56)-(58)  factorize  analytically 
if  /  is  a  spherical  Bessel  function, 

/(r)  =»  u>L(kr),  t 0l  =“  it,  Vt,  ht\  hi**  (59) 

in  the  usual  notation,  satisfying 

[d7dr>  -  IAJj  +  l)/r*JW(r)]  -  -*Vf(r).  (60) 

In  view  of  (B  7.2.44-46,  52,  53)  and  (B  7.11.5-13), 
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we  have 


where 


(z~xd/dz),[z~'wi(z)}  =  w,+.(e),  ^ 

(a-,d/*)*[*1+'«’i(2)]  =  z'+'-Wt-.iz), 

so  that  (56)  and  (57)  or  (58)  yield 

/'(l;  fi,  r,)  =  2jll(kri)w,.(kra),  r2  >  r,.  (62) 

Substituting  this  into  (55)  and  making  use  of  (33) 
or  (37),  we  find  an  expansion  equivalent  to  the 
expansion  theorem  for  spherical  waves  derived  by 
Friedman  and  Russek7;  apparent  discrepancies  are 
due  to  the  differing  definitions  of  the  spherical 
harmonics.  For  modified  spherical  Bessel  functions, 
the  expressions  corresponding  to  (62)  become,  in 
view  of  (B  2.7.19-22), 

1  =  iiQor);  f  =  2(-)xiI,(Ari)t1,(ArJ),  (63) 

/  =  k,(kr);  /’  =  2(-f'ili(kr,)kl,(kr1),  r,  >  r,. 

It  should  be  borne  in  mind  that  the  actual  signs 
in  the  expansion  (55)  are  not  necessarily  those 
given  in  (62)  or  (63)  in  view  of  the  changes  in 
sign  occurring  in  (33)  and  (37). 

The  algebraic  recurrence  relations  (48)-(52)  are 
not  directly  applicable  to  the  operational  expansion 
terms  (55)-(58) ;  it  should,  nevertheless,  be  possible 
to  derive  recurrence  relations  for  the  functions  /'( 1), 
if  necessary  involving  more  than  three  terms.  Such 
relations  might  lead  to  a  considerable  simplification 
in  the  evaluation  of  the  radial  functions. 


v  *  2j,  +  m,  —  to,  a  m,  4-  2m, 


as  —  to,  —  2m,  (mod  2),  (A2) 


and  the  sum  is  to  be  taken  over  all  integral  or 
half-integral  values  of  n  (depending  on  X,)  for  which 
all  the  binomial  coefficients  are  nonzero.  The  relation 
of  these  quantities  to  Wigner’s  normalized  3 j~ 
symbols*-*  is  given  in  (26) ;  like  the  latter  they  are 
invariant  under  a  cyclic  permutation  of  (1,  2,  3), 
and  are  multiplied  by  (— ),A  for  a  noncyclic  permuta¬ 
tion  or  for  the  transformation  m  — ►  —  m.  On  the 
other  hand,  the  constant  numerator  in  the  sum 
(Al)  destroys  the  Regge  symmetries17  of  the  symbols 
under  permutation  of  the  triples  2X„  j.+m„  j.—m.. 

Against  this  loss  of  symmetry,  the  definition  (Al) 
has  the  advantage  that  all  the  terms  in  the  sum 
are  integers  which,  even  for  A  =  16,  never  exceed 
10*.  For  ji  =  u  +  i%,  i.e.,  X!  =  0,  the  sum  reduces 
to  a  single  term, 


jj/  h  +  it,  it,  it  \ 

\— m,  —  m,,  m,,  TO,/ 

/  2 it  Y  2 ;,  \ 

\jt  +  to,/\;,  +  to,/ 


(A3) 


In  view  of  the  property  of  the  binomial  coefficients 


(A4) 

\M/  \M  —  1/  \  M  ) 


APPENDIX:  THE  UNNORMALIZED  3/-SYMBOLS 

The  theory  of  the  Wigner  3;-symbols  is  well 
established*-*  and  their  values  have  been  extensively 
tabulated10'1*;  it  may  therefore  appear  futile  to 
return  to  the  use  of  unnormalized  harmonics  and 
3)-symbols  associated  with  these.  However,  the 
use  of  integers  has  its  advantages,  compared  with 
expressions  involving  square  roots,  and  from  this 
point  of  view,  the  symbols  U  introduced  in  (25) 
may  be  found  useful.  Their  definition  is  easily 
generalized  to  any  set  of  integral  or  half-integral 
parameters  (j„  to.),  provided  to,  +  m,  +  m,  =  0, 
all  the  (;',  +  to.)  as  well  as  2A  —  -f  4-  are 
integers,  and  the  triangular  relation  (39)  holds  for 
the  i’a.  Using  the  abbreviations  (27),  we  define 


the  definition  (Al)  entails  the  recurrence  fonnula 

jj/  i,  it  it  \  _  y/  ji,  jt  i,  jt  1  \ 
\to,  to,  to,/  \to„  To,  -  J,  TO,  + 

_  jj/  lii  it  i,  it  i 

\TO„  TO,  +  TO,  —  J 

the  equivalent  formula  for  the  normalized  3/-symbols 
has  been  given  by  Edmonds.4  Apart  from  signs, 
the  relation  (A5)  is  similar  to  that  obtaining  in 
Pascal’s  triangle;  and  since  for  jt  —  0  the  absolute 
values  of  V  are  binomial  coefficients,  the  whole  set  of 
coefficients  U  can  be  regarded  as  a  five-dimensional 
generalization  of  Pascal’s  triangle.  The  numbers  can 
thus  be  generated  by  means  of  (A3)  and  (A5);  for 
work  with  electronic  computers,  this  would  appear 
more  convenient  than  the  more  usual  representation 
of  the  squares  of  the  normalized  symbols  as  products 
and  ratios  of  powers  of  primes.10,1*  A  more  detailed 
discussion  of  the  symbols  U  is  given  elsewhere. 

"  T.  Regge,  Nuovo  Cimento  10,  545  (1058). 
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The  powers  r*  of  the  distance  between  two  points  specified  by  spherical  polar  coordinates  relating  to 
two  different  origins,  or  of  the  modulus  of  the  sum  of  three  vectors,  are  expanded  in  spherical  harmonics 
of  the  angles.  The  radial  factors  satisfy  simple  partial  differential  equations,  and  can  be  expressed  in 
terms  of  Appell  functions  Ft,  and  Wigner  or  Gaunt’s  coefficients.  In  the  overlap  region,  first  discussed 
by  Buehler  and  Hirschfelder,  the  expressions  are  valid  for  integer  values  of  n  >  —1,  but  in  the  other 
regions,  for  arbitrary  n.  For  high  orders  of  the  harmonics,  individually  large  terms  in  the  overlap  region 
may  have  small  resulting  sums;  as  a  consequence  the  two-center  expansion  is  of  limited  usefulness  for 
the  evaluation  of  molecular  integrals.  Expansions  are  also  derived  for  the  three-dimensional  delta  func¬ 
tion  within  the  overlap  region,  and  for  arbitrary  functions  /(r),  valid  outside  that  region. 


1.  INTRODUCTION 

THE  inverse  distance  between  two  points  Q,  and 
Q2  specified  by  the  polar  coordinates  (r„  <p,) 

and  (r2,  d2,  <p2)  with  respect  to  a  common  origin  0, 
is  given  by  the  well-known  Laplace  expansion  in 
powers  of  r</r>  and  in  terms  of  Legendre  poly¬ 
nomials  of  the  mutual  direction  cosine  (cos  t?12)- 
For  powers  other  than  the  inverse  first,  analogous 
expansions  exist  either  in  powers  of  r</r>  or  in 
P  i  (cos  d12);  in  the  former  case  the  angular  depend¬ 
ence  is  given  by  Gegenbauer  polynomials  of  (cos  t?ia) 1 ; 
in  the  latter  case,  the  writer  has  shown  in  two 
recent  papers  that  the  radial  dependence  can  be 
expressed  by  means  of  Gauss’  hypergeometric 
function1 

d») 

(«)„  »  (a;  to)  =  «(a  +  1)  •  •  •  (a  +  u>  —  1) 

-  r(a  +  w)/T(a).  (lb) 

In  many  physical  problems,  it  is  more  convenient 
to  express  the  positions  of  Q,  and  Q,  in  spherical 
polars  about  two  different  origins  Ox  and  02  in 
such  a  way  that  the  polar  axes  and  the  planes 
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*  R.  A.  Sack,  J.  Math.  Phys.  5,  245  (1964);  5,  252  (1964). 
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defining  <p  =  0  are  kept  parallel.  If  the  coordinates 
of  02  with  respect  to  0,  are  given  by  (rs  =  a,  i?„,  <p,), 
expansions  for  the  inverse  distance  in  terms  of 
spherical  harmonics  of  the  angles  have  been  given 
by  Carlson  and  Rushbrooke,  by  Rose,  and  by 
Buehler  and  Hirschfelder.3-®  The  precise  form  of 
the  expressions  depends  on  the  specific  definition 
of  the  spherical  harmonics;  in  the  present  context, 
the  most  useful  are  the  unnormalized  forms 

©7(0,  <p)  =  e‘"”Ti”l(C06d),  (2a) 

070*,  <p)  =  e’"'P7(coe  *),  (2b) 

and  the  normalized  form 
K7(d,  v)  =  [(21  +  1)(Z  -  m)!/4x(Z  +  m)!]* 

X  e”"'P7(coed).  (2c) 

Buehler  and  Hirschfelder®  consider  in  detail  the 
case  d,  =  0  and  put 

IQiQal  =  2  B(Zj,  h,  M I  7i,  r2,  a) 

x  ©»,"(£  i,  4®i)©r,(0*,  4»») 

Pi,  4  =  0,  1,  '  ■  *  ;  !<  <  tn  <  !<; 

Z<  =  min  (Z„  Z,)].  (3) 

They  have  shown  that  the  form  of  the  radial  funo- 


1  B.  C.  Carlson  and  G.  S.  Rushbrooke,  Proc.  Cambridge 
Phil.  Soc.  45,  215  (1950). 

4  M.  E.  Rose,  J.  Math,  and  Physics  37,  216  (1958). 

'  R.  J.  Buehler  and  J.  O.  Hirschfelder,  Phys.  Rev.,  83, 
628  (195D;  «5.  (1952). 

•  J.  0.  Hirschfelder,  C.  F.  Curtiss  and  R.  B.  Bird,  Molecu¬ 
lar  Tfaerg  qf  Gates  and  Liquids  (John  Wiley  <k  Sons,  Inc.,  New 
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tions  B  differs  according  to  the  relative  values  of 
rlt  r,  and  r,  =  a;  there  are,  in  fact,  four  distinct 
regions  defined  by  the  following  inequalities  [see 
Fig.  1(a)]: 


s>:  h  -  r.l  £  r.  £  1-1  +  r,;  S.:r,  >r,+f„  (<) 

S»:  r,  >  r,  -f-  r,;  S,:  r,  >  r,  +  ra. 

The  same  arguments  apply  to  the  more  general 
expansions  for  arbitrary  values  of  the  angle  t?s  and 
of  the  power  n  of  r. 

r'  =  2  li,  fa,  fa,  «!,  OTa,  m3;  r,,  ra,  r3) 

l.a 

X  n  Q7:(d.,  *>.)];  (5) 

1 

if  either  of  the  definitions  (2a)  or  (2c)  is  used  for 
the  spherical  harmonics,  the  corresponding  radial 
functions  differ  from  those  in  (5)  by  constants  only; 
the  subscripts  0  or  Y  are  added  to  tR  in  such  cases. 

For  the  inverse  first  power  n  =  —  1,  the  functions 
tR  **  tR,  vanish  in  each  of  the  “outer”  regions 
S{  ( i  =  1,  2,  3)  unless 

h  -  l,  4-  h;  f.  >  0  (•  -  1,  2,  3),  (6a) 

and 

m,  +  m,  +  ro*  =  0,  |m.|  <  f.  (a  =  1,  2,  3);  (6b) 

throughout  this  paper,  (*,  j,  k )  denote  permutations 
of  (1,  2,  3).  If  (6)  is  satisfied,  Jti  consists  of  a 
single  term, 

Jti  -  aX<(-l;  lt,  l,,  fa,  m,,  m„  (7) 

where  the  coefficients  a Ki  can  be  expressed  in  terms 
of  Wigner  coefficients3  4  or  as  ratios  of  factorials.*'3 
For  the  overlap  region  S0,  Buehler  and  Hirsch- 
felder*'*  found  an  expression  for  B„  as  a  double 
power  series  in  r,/o  and  ra/o  for  which  they  tab¬ 
ulated  the  coefficients  as  ratios  of  integers  for 
0<m<f,<f*<3.  They  could  not  derive  a 
generally  valid  formula  in  this  region,  though  in 
their  later  paper  (second  paper  of  Ref.  5)  they 
gave  a  (rather  cumbersome)  generating  function 
for  the  function  B„. 

The  aim  of  the  present  paper  is  to  derive  generally 
valid  expressions  for  B0  or  in  all  the  regions; 
but  for  the  sake  of  greater  symmetry,  the  vector 
r  =  (r,  d,  <p)  in  (5)  is  to  be  understood  to  mean, 
not  the  vector  QiQ2,  i.e.  r3  +  r3  —  r3,  but  the  vector 
sum  r,  +  ra  -f  r»;  the  corresponding  radial  functions 
i R  differ  only  by  the  factor  (—)**.*  As  in  I  and  II, 
the  functions  are  derived  as  solutions  of  sets  of 


Fig.  1.  The  four  regions  St,  Si,  S},  Si  and  their  boundaries, 
(a;  as  functions  of  r,  and  r,;  (b)  as  functions  of  {  and  *). 

partial  differential  equations;  they  can  be  expressed 
in  terms  of  the  Appell  functions  F«,  which  form  a 
generalization  to  two  variables  of  the  hypergeometric 
function  (1): 


0)y,  V;{,  v) 


\  '  P)w4  ,(ffi)„»f  f 

^  (yUy).ulv\iv  ’ 


(8) 


summed  over  all  nonnegative  values  of  u  and  v. 
The  theory  of  these  functions  is  given  in  detail  in 
the  monographs  by  Appell  and  Kamp6  de  F^riet7'*; 


/  •  £3ur  ,es  ionciions  nvpergcometnques  de 

plueieurs  variables”  in  M imorial  des  Sciences  M alhtmatiques. 
Fasc.  3,  (Gauthier-Villars,  Paris,  1925). 

*P.  Appell  and  J.  Kampe  de  Feriet,  Fonctiont  hyptrato- 
VULani'^P *  ‘^^926)  Polynomes  d’  Hermiie  (Gauthier- 
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most  of  the  relevant  formulas  are  to  be  found  in 
Chap.  5  of  the  Bateman  Manuscript  Project,”  but 
for  the  benefit  of  the  reader,  all  the  formulas  utilized 
in  the  present  paper  will  be  collected  in  the  Appendix. 
The  differential  equations  do  not  involve  the 
azimuthal  quantum  numbers  m,  and  hence  the 
nature  of  the  functions  tR  does  not  depend  on  these 
numbers;  they  can  only  affect  the  leading  coefficients. 
In  the  outer  regions,  these  constants  can  be  de¬ 
termined  from  the  results  of  I  and  II,  and  in  the 
inner  region  <S0,  indirectly,  by  means  of  certain 
linear  relations  between  Appell  functions  along 
critical  lines.  They  can  be  expressed,  as  in  II, 
by  means  of  3j-symbols,  Wigner  coefficients,  or 
integrals  of  triple  products  of  spherical  harmonics 
(Gaunt’s  coefficients). 10-11 

It  is  found  that  for  n  =  —  1  the  functions  Jt  m  a R0 
appear  in  the  region  S0  with  nonzero  coefficients 
whenever 

If.  -  f,|  <  f.  <  f,  +  h,  h  +  h  +  h  -  even,  (9) 

so  that  by  confining  attention  to  this  case,  it  would 
not  be  possible  to  determine  the  leading  coefficients 
in  this  region,  unless  at  least  one  of  Eqs.  (6a)  is 
satisfied.  In  consequence,  the  general  case  (5)  is 
considered  from  the  start;  the  resulting  formulas 
are  valid  for  arbitrary  values  of  n  in  the  outer 
regions,  but  in  S„  only  for  integer  n  >  —  1.  The 
formulas  obtained  for  St,  S„  and  St  can  be  put 
into  an  operational  form  which  permit  generally 
valid  expansions  to  be  derived  in  these  regions  for 
any  function  of  r;  this  is  done  in  Sec.  4.  Within 
So,  on  the  other  hand,  the  Laplacean  operator 
applied  to  the  expansion  for  r-1  does  not  vanish; 
this  gives  an  analogous  expansion  for  the  three- 
dimensional  Dirac  delta  function  and  its  derivatives. 


2.  MATHEMATICAL  DERIVATION 


The  functions  r"  satisfy  the  differential  equation 
Vf(r”)  -  V,V)  =*  V,V)  =  n(n  +  Dr’-*,  (10) 

which,  when  substituted  into  (5),  yields 


a*  2  _d_  _  1.(1.  +  1) 

IP,  "+"  r.  dr.  r? 


R(n,  1,  m) 


=  invariant  (s  =  1,  2,  3),  (11a) 

=  n(n  +  1)  tR(n  —  2, 1,  m).  (lib) 


Furthermore,  all  the  ?R  are  homogeneous  functions 
of  the  variables  r,  of  degree  n,  and  in  the  region  Si 
they  are  regular  as  rt  and  r*  tend  to  zero;  hence 
they  must  be  of  the  form 

tRi  =  r}'ri‘r?-"-“G,(n,  1,  m;  r,/i\,  r*/r4),  (12) 

where 

<?.(«,  1,  m)  =  2  C„,(n,  1,  m)(r,/r.)'(r4/r<)\  (13) 

Substitution  of  (11)  into  (12)  and  (13)  leads  to 
the  recurrence  relations 

(m  +  2)(21,  +  m  +  3)CM+a,.(n) 


(v  +  2)(2i*  +  v 

+  3)C4l,+i(n), 

(14a) 

(»  +  1  +  lt  — 

h  -  It - 

H  —  v) 

X  (n  -  I,  -  1, 

—  lk  —  li 

-  »)C„(n), 

(14b) 

n(n  +  1) C„{n  - 

-2). 

(14c) 

defines  Gt  as 

an  Appel 

function  Ft 

in  the 

variables 


{  =  rj/r*,  r,  =  rj/rj :  (15) 

Gi(n,  1,  m)  =  Ki(n,  1,  m)F4(A  -  in, 

X<  —  i  —  in;  1,  +  $,!*  +  f;£,  v),  (16) 

where  we  abbreviate 

A  =  i(f.  +  h  +  It),  X.  =  A  -  I. 

(s  =  1,  2,  3).  (17) 

In  view  of  (11a)  and  (12),  it  is  easily  shown  that 
the  function  Gt  satisfies  the  set  of  differential  equa¬ 
tions  of  Appell’s  function  (A2)  (see  Appendix),  with 
the  variables  and  parameters  defined  in  (15)-(17). 
Hence,  according  to  (A3),  the  complete  set  of  solu¬ 
tions  satisfying  the  differential  equations  for 
tR(n,  1,  m)  becomes 

*.»  =  <(r//r,r"-1(r*/r,)-'*-1F4(-A  -  Jn  -  |, 

-X,  -  1  -in;i-lt,i-  lk;  (,  ,),  (18a) 

=»  r?(r,/r()"(r»/r()'*F4(A  -  in,  X,  -  in  -  i; 

i  +  h,  I  +  h;  t,  n),  (18b) 

=■  r?(r//rv)-"-1(r4/r<),*F4(X,  -  in  - 


•  Bateman  Manuscript  Project,  Higher  Transcendental 
Functions,  edited  by  A  Erdflyi  (McGraw-Hill  Book  Com¬ 
pany,  Incv  New  York,  1953).  Formulas  in  this  work  are 
directly  referenced  by  the  prefix  B. 

>•  See  Refs.  3-5  and  10  of  II. 

»  J.  A.  Gaunt,  Phil.  Trans.  Roy.  Soc.  A22S,  157  (1929). 


X*  1  in,  i  If,  f  4“  It,  v), 
-  rJ(r//r4)"(r*/r<)"*-1F4(X.  -  §n  - 

-x(  -  l  -  J»;  i  +  l„i  -  &;£»  *). 


(18c) 

(184) 
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Here  the  first  subscript  in  notation  indicates 
which  radius  rt  occurs  in  the  denominator  of  the 
definitions  (15)  for  £  and  ti,  and  the  second  subscript 
shows  that  Vu/r",  becomes  singular  as  r,  — >  0; 
if  <  =  0,  this  ratio  becomes  singular,  whichever 
radius  tends  to  zero.  Further  we  denote  the  function 
iR  in  the  region  S.  by  3i?.  as  in  (12),  and  the 
coefficients  of  (18)  in  the  expression  for  ,!!„  by  Kwit; 

a R.(n,  1,  m)  =  2  Kwi,(n,  1,  m)tf.,(n,  1).  (19) 

I 

In  view  of  (Al)  the  Appell  functions  in  the  outer 
regions  are  convergent  only  if  i  =  w,  and  the 
regularity  of  iR{  for  small  values  of  r,  and  r*  requires 
that  the  solution  is  of  the  form  given  by  (12)  and 
(16), 


Kiit  -  0,  t  *  t;  Kitt  =  Kt.  (20) 


In  the  region  S0,  the  series  are  always  divergent 
unless  they  terminate;  in  those  cases  in  which  (18) 
leads  to  useful  expansions,  the  choice  of  i  is  some¬ 
what  arbitrary.  The  nature  of  the  functions  ¥  of 
(19)  being  known  from  (18),  it  remains  to  calculate 
the  coefficients  Kt  and  K0il. 

To  determine  K,  in  St  we  provisionally  combine 
i,  +  r*  to  a  vector  (rlt,  d(k,  <plk);  then  according 
to  (19)  of  I  and  the  addition  theorem  for  the 
Pi(cos  [(B  3.11.2)],  we  have 

r"  -  E  [rT'rU— ),+"Q7*(«>.,  *)1W«,  *») 

l.m 

+  (21) 

This  expression  involves  r,k  only  through  the  solid 
harmonics  r‘,kQT  and  through  positive  even  powers 
rjj;  both  factors  are  regular  functions  of  rt  and  r*. 
If  these  products,  in  turn,  are  expanded  in  spherical 
harmonics  of  (dh  vi)  and  («?*,  <pk),  we  see  from  (5) 
and  (32)— (34)  of  II  that  the  lowest  power  2v  which 
contributes  to  terms  for  which  l,  +  lk  —  l  =  2\ 
occurs  for  v  ■»  X,  irrespective  of  n.  We  have,  from 
(5)  and  (30)  of  II, 


*o-(-r  Z  rwwtf,,  »>*) 

v  lii  h  +  h  +  1)M  j  \  l  h  h 

x  (*;  m-,  u  ' 


m  —m, 


■mtJ 


(22) 


where  /a  is  Gaunt’s  coefficient" 


'  I  V  l " ' 
.m  ml  m". 


f  p-l{x)Pml,.(x)P'\V.(x)  dx.  (23) 


If  we  put  l  »  l(,  m  —  — m<,  X  —  X«,  and  use  the 


abbreviations  (17),  the  constant  K((n,  1,  m)  in  (16) 
is  found,  from  (21)-(23)  and  (1), 


K^n,  1,  m)  =  (-)"  Q*±M. 

U  l,  h  \ 

l  —  rrit  —rrij  —to*. 


X  /  B 


(24) 


The  radial  functions  aP,  in  the  outer  regions  are 
thus  completely  determined  by  (12),  (16),  and  (24). 
The  corresponding  expressions  in  the  overlap  region 
S0  can  be  obtained  by  means  of  the  linear  relation 
(A8)  between  the  four  solutions  (A3)  of  the  dif¬ 
ferential  equations  (A2)  on  the  critical  lines  (A4) 
(see  Fig.  1).  These  lines  correspond  exactly  to  the 
boundaries  Lt  separating  the  regions  5,  from  S0, 
but  the  a R*  must  be  brought  to  a  common  set 
of  variables  before  (A8)  can  be  applied.  In  (18) 
we  can  transform  on  which  aS,  solely  depends, 
into  a  linear  combination  of  9t(  and  by  means 
of  (A6),  but  the  resulting  series  are  in  general 
divergent.  The  only  cases  in  which  (A6)  leads  to 
an  expression  which  can  be  usefully  interpreted 
without  recourse  to  contour  integration,  are  those 
in  which  the  initial  series  terminates,  i.e.,  where 
a  or  0  is  a  nonpositive  integer;  then  (A6)  shows 
that  one  of  the  series  in  the  new  variables  has  zero 
coefficient  and  the  other  terminates.  Applying  this 
argument  to  the  set  (18),  we  find  we  can  deal  with 
two  cases: 

(A)  n  is  a  nonnegative  even  integer;  then  r*  is 
analytic  throughout  and  can  be  represented  by  a 
finite  expansion  common  to  all  regions;  the  value 
of  *  in  (18)  and  (19)  is  immaterial,  and  the  result 
can  be  expressed  in  a  form  involving  only  positive 
powers  of  the  r.. 

(B)  n  is  an  odd  integer  >  —  1 ;  then 


r  =  m  +  i,)r(}+i,) 

”  K  ’  r(A  -  *n)r(2  +  §n  +  K) 


(25) 


Now  since  tR„  =  > R,  on  L,(a  —  1,  2,  3),  the  co¬ 
efficients  Kot,  in  (19)  can  be  determined  from  (24) 
and  (A8)  leading  to 

Kttl  =  \Kt,  K„t  -  iK,tl  -  J K,/Ttt, 

Koa  m  ™  iKk/Tki,  (26) 

Kti0  -  -\K< 


~  r(|  +  Mra  +  1*)T(1  +  kn- A)r(l  +  in  -  \<) 
x  r(i  -  r/)r(i  -  f*)r(2  +  in  +  \<)r(i  +  *»  +  a)’ 

(27a) 


300 


R.  A.  SACK 


■  (-)“+,i(Z.  +  i) 
x _ ($;  h  +  lXjj  h  +  i) 


X  la 


(1  +  $n;  X,  ■+■  1)^|  +  \  >  A  +  l) 
U  h  h 


(27b) 


.-to,  -m,  -to,  J 

The  expression  (27a)  is  meaningless  (0  • » )  if 
X,  >  §  +  in;  nevertheless  (27b)  is  valid  for  all 
values  of  1  and  m  satisfying  (6b)  and  (9);  the  result 
could  first  be  derived  for  n  raised  by  a  sufficiently 
large  even  number  for  this  difficulty  to  disappear, 
and  then  be  extended  by  repeated  application 
of  (lib). 

3.  DISCUSSION  OF  RESULTS 

As  in  II,  it  is  convenient  to  factorize  the  expression 
for  the  functions  tR  in  (5)  in  the  form 

tR(n,  1,  m;  r„  r„  r,) 

=  a K'(l,  m)  1;  r,,  r„  ra),  (28) 

where  the  constant  ,K’  is  independent  of  n  and 
the  values  of  r.  and  comprises  the  complete  depend¬ 
ence  on  m.  The  selection  preferred  by  the  writer  is 

>K'( I,  m)  =  (/,  +  m  +  })(Z,  +  J) 

l i  Z,  Z, 


X  I, 


(29) 


l— TO,  -TO,  — W,J 

where  the  Ia  are  Gaunt’s  coefficients11  defined  in 
(23),  or  if  the  unnormalized  3 j  symbols  defined  in 
(25)  and  (29)  of  II,  and  the  abbreviations  (17) 
are  used, 

m)  =  2(— )A  A! 


(2  A  +  1)! 

X  ft  -  (Z.  +  J)] 

l,  h  It 


X  u 


— mi  —w*  —  m» 


(30) 


The  second  factor  » If  in  (28)  differs  according  to. 
the  region  *S. ;  in  the  “outer”  regions  £,  we  obtain, 
from  (12),  (16),  (17),  and  (24), 

.SKn,  l;n,r„r»)  =  (-)“ 

(~jn;  A)(-j  -  \n;  X<)  (r\u(r^ 

x  (J;  h  +  i)(l;  Z»  +  1)  W  W  r< 

X  F4( A  -  in,  X,  -  i  -  Jn;  l,  + 

z*  +  l;  rj/rj,  rj/rj).  (31) 


In  the  overlap  region  <S0,  the  expressions  for  *R' 
are  valid,  according  to  the  discussion  of  the  previous 
chapter,  only  if  n  is  an  integer  >  1 ;  two  cases  are 
to  be  distinguished: 

(A)  n  even  >  0;  then  Jt  is  the  same  expression 
in  all  four  regions, 

a R[  —  tRa  ~  aRa  ~  aRo-  (32) 

(B)  n  odd  >  —1;  then  according  to  (18),  (19), 
(26),  and  (27), 

a fii  =  hiaR[  +  aR'a  +  aR’a)  -  i(~)“ 
x 

(1  +  X<  +  l)(f  +  in;  A  +  1) 

-1  -  in  -  X.;  i  -  Z„  i  -  Z,;  ^  ,  jj)-  (33) 

Equations  (31)  and  (33)  show  that  for  odd  n  those 
functions  which  represent  tR'  in  the  outer  regions 
appear  with  half  their  coefficient  in  the  overlap 
region  and  vanish  in  the  other  outer  regions;  the 
last  term  in  (33),  which  is  specific  to  S0,  could 
equally  well  be  expressed  in  terms  of  Appell  func¬ 
tions  with  r,  or  rh  in  the  denominator  of  the  argu¬ 
ments,  the  results  being  a  polynomial  in  each  case. 

If  the  spherical  harmonics  in  (5)  are  given  in 
their  normalized  form  (2c),  the  corresponding 
radial  functions  a Rr  factorize,  in  analogy  to  (28), 
into  functions  , R',  which  are  the  same  as  in  (31) 
and  (33),  and  constants  tKi  given,  in  view  of  (2) 
and  (29),  (30), 


. k't  =  -to,  in:i  z„  to,), 

=  2ar*[(2Z,  +  1)(2Z,  +  1)(2Z,  +  1)]» 


z, 

z,  z. 

Z. 

z. 

It 

.TO, 

TO,  TO,. 

.0 

0 

0. 

(34a) 


(34b) 


in  terms  of  integrals  of  products  of  three  harmonics 
over  the  unit  sphere  or  of  (normalized)  3/-symbols 
[cf.  (37),  (38)  and  Kef.  10  of  II]. 

The  main  application  of  the  expressions  derived 
in  this  paper  is  likely  to  be  the  evaluation  of  integrals 
for  the  interaction  between  two  “charge”  distribu¬ 
tions  referred  to  different  origins  and  interacting 
with  a  negative  power  of  the  distance, 


// 


P,(r,)p,(r,)  |Q, 0,|*  <fir,  (35) 

If  the  functions  p  are  expanded  in  spherical  harmonics, 
A.  -  £  1T.(4,  r.)a?tt>.,  *0,  «  -  1.  2,  08) 
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the  expansion  for  |QiQ2|"  is  given  by  (5)  and  (28)- 
(34),  except  for  a  factor  (— )'1  in  each  term,  as 
discussed  in  the  introduction  and  by  Carlson  and 
Rushbrooke.3  The  orthogonality  of  the  functions 
leads  to  straightforward  integrations  over  the  angles 
for  common  values  of  Z„  m„  l2,  m2,  and  the  results 
have  to  be  summed  over  all  compatible  values  of  l3. 
The  spherical  harmonics  of  03  and  <p3  are  best 
left  unnormalized,  even  if  the  expansion  (36)  is 
given  in  normalized  harmonics;  in  particular,  for 
the  case  considered  by  Buehler  and  Hirschfelder,8 
d3  =  0,  we  have  0  =  1  (m3  =  0),  Q  =  0  ( m3  ^  0). 

For  n  =  —1,  the  results  in  the  outer  regions  have 
been  known  from  previous  work3-8;  for  other 
negative  integer  values  of  n  and  d2  =  0,  an  expansion 
has  been  derived  by  Prigogine 13  by  means  of  the 
appropriate  Gegenbauer  polynomials,1  which  were 
then  recxpanded  in  terms  of  spherical  harmonics; 
the  resulting  expressions  are  valid  in  the  region  S3 
only,  though  this  limitation  has  not  been  noticed 
by  Prigogine.  The  complete  analysis  of  the  expan¬ 
sions  for  general  values  of  n  and  03  =  0,  which 
implies  a  summation  over  l3  in  (5),  leads  to  expres¬ 
sions  for  the  radial  factors  which  involve  more 
complicated  functions  than  the  Appell  polynomials 
used  in  the  present  paper,  and  for  this  reason  is 
not  discussed  here. 

The  most  important  case  considered  is  n  =  —  1, 
for  which  we  obtain,  for  ,R'  in  (31)  and  (33), 

-  (-)“ 

v  4(21,  -  1)1!  W 

*  (21,  +  1)1!  (2 lt  +  1)!!  r|‘+*  •"*'*’ 

in  agreement  with  previous  work,3-8  and  for  the 
overlap  region  S0, 

.ft*  -  *(,«(  +  Jtl  +  JtQ  -  (-)'* 

(2i,  -  dii Qk  -  Dii  M'-M'-1 
(2X,  +  1)1!  2a(A  +  1)1  W  W 

X  F«(- 1  -  A,  -  X,;i  -  1„ 

X  J  -  ItjrJ/o*,  rj/o*),  (38) 

where  (2/fc)l!  =  2**1,  (2k  -  1)1!  =  2‘(*)»  (cf.  (43) 
of  I];  the  function  Ft  in  (38)  represents  a  poly¬ 
nomial  of  degree  A  +  1  in  £  and  %  or  2(A  +  1) 
in  (r,/o)  and  (r2/a).  By  substituting  (29),  (30),  and 
(38)  into  (5)  with  the  special  value  d*  =  0,  using 
the  harmonics  6  of  (2)  instead  of  0,  and  summing 


“  1.  Prigogine,  The  Molecular  Theory  of  Solution)  (North- 
Holland  Publishing  Company,  Amsterdam,  1957). 


over  13,  the  writer  has  been  able  to  reproduce  and 
extend  the  list  of  coefficients  tabulated  by  Buehler 
and  Hirschfelder.8  8 

The  lack  of  an  expansion  for  n  <  —1  valid 
within  S0  is  a  serious  limitation  to  the  applicability 
of  the  method  to  molecular  problems;  it  precludes 
its  use  for  the  evaluation  of  relativistic  corrections 
to  Coulomb  energies,  for  which  n  =  —2,  or  of 
van  der  Waals  energies  (n  =  —6)  for  interpenetrat¬ 
ing  or  even  closely  approaching  elongated  distribu¬ 
tions.  The  existence  of  expansions  valid  in  S0  for 
fractional  n  appears  doubtful  because  of  the  highly 
complicated  branch  points  of  the  function  2R'0 
corresponding  to  the  physical  singularity  at  r  =  0. 
On  the  other  hand,  if  the  relation 

W)  =  -47r53(r),  (39) 

where  53  is  the  three-dimensional  Dirac  delta  func¬ 
tion,  is  applied  to  (37)  and  (38),  an  expansion  for 
5s  is  obtained,  analogous  to  (5)  and  (28)-(33),  with 

,«((«,  1)  =  0,  i  =  1,  2,  3,  (40a) 

=  (-)'•"( 21,  -  1)11(21,  -  1)1!  M-Vay-  -3 

jt(2X3  -  1)1!  2'-iA!  W  \rJ 

X  F«(— A,  £  —  X,;  J  —  f,,  $  —  l,;  r?/a*,  r*/a3) . 

(40b) 

In  contrast  to  (31)  and  (33),  the  functions  ,R'(S)  are 
discontinuous  along  the  boundaries  L,;  hence, 
although  the  Laplacean  operator  could,  in  turn,  be 
applied  to  S3,  any  integral  making  use  of  such  an 
expansion  for  V3(S3)  would  have  to  be  supplemented 
by  line  integrals  taken  along  the  L„  and  correspond¬ 
ingly  for  higher  derivatives. 

Even  in  such  cases,  where  the  complete  expansion 
is  known  in  S0,  its  use  for  the  numerical  evaluation 
of  integrals  may  give  rise  to  considerable  difficulties. 
The  joint  degree  in  r,  and  r2  of  the  terms  in  3R'a, 

w  -  —2  —  I,  —  U  +  M  +  (41) 

may  be  positive  as  well  as  negative;  on  the  other 
hand,  for  large  values  of  (r,  +  r2),  the  functions 
cannot  increase  faster  than  with  this  sum  raised 
to  the  nth  power.  Hence  for  n  =  —1,  all  those 
terms  in  a  given  2R£  with  a  constant  value  of  w  >  0 
must  contain  the  factor  (r,  —  r2)'+1,  which,  in 
view  of  (4),  remains  bounded.  If,  therefore,  an 
attempt  is  made  to  evaluate  the  integrals  in  (35) 
and  (36)  term  by  term  over  the  expansions  for  1/r 
in  (12)  and  (13),  we  obtain  repeated  integrals  of 
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the  form 

J'+u+x-r-C"  f  r'r'^Wtfu  m,;  r,)  dr, 

X  f  rl',-+’W2(laim1;r2)dra,  (42) 

with  limits  corresponding  to  the  boundaries  of  <S0. 
These  terms  are  likely  to  be  largest  for  large  n 
and  v,  but  add  up  to  a  small  sum  when  summed 
over  constant  values  of  w ,  thereby  reducing  the 
accuracy  of  any  numerical  method  employed. 
To  avoid  this  difficulty,  we  could  first  calculate 
,Ri(— 1,  1)  over  a  grid  in  S 0,  and  evaluate  the 
integrals  by  a  suitable  two-dimensional  quadrature 
formula.  This  is  bound  to  be  more  cumbersome 
than  the  repeated  integration  in  (42),  and  also 
necessitates  knowledge  of  recurrence  formulas  by 
which  R0  can  be  computed  for  large  1  from  values 
with  small  1  without  loss  of  accuracy;  the  writer 
has  been  unable  to  derive  such  recurrence  formulas, 
not  only  those  involving  three  functions  as  suggested 
by  Appell,7'*  but  even  numerically  useful  formulas 
involving  four  or  more  terms. 

The  usefulness  of  the  two-center  expansion  for 
molecular  integrals  would  thus  appear  limited  to 
the  following  special  cases: 

(a)  The  expansion  for  p,  and  p>  only  extend  to 
small  values  of  1,  i.e.,  the  charge  distributions  are 
atomic  (Coulomb  integrals).  For  this  case,  other 
methods  are  available,  but  the  present  approach 
seems  to  be  competitive  in  simplicity  and  efficiency. 

(b)  Compared  with  the  distance  r,  =  a,  p,  and 
pa  are  sufficiently  concentrated  so  that  the  integrand 
becomes  negligible  outside  the  region  S,.  In  this 
case,  the  two-center  expansion  is  the  most  convenient 
method  for  the  evaluation  of  the  integrals;  its 
usefulness  could  be  increased  considerably  by 
numerical  methods  for  the  approximate  evaluation 
of  small,  but  not  negligible  contributions  from 
the  region  S0. 

(c)  The  functions  p,  and  pt  are  of  such  a  nature 
that  the  integrals  over  St  of  their  products  with 
the  tRZ  can  be  evaluated  analytically;  this  approach 
again  necessitates  the  establishment  of  recurrence 
relations,  in  this  case  for  the  integrals.  For  expon¬ 
ential  functions  p,  this  method  is  to  be  treated  in 
a  separate  paper. 

In  a  recent  paper,  Fontana1*  has  sketched  a 
two-center  expansion  analogous  to  (27a)  of  I,  which 
is  independent  of  the  region  but  introduces 
powers  of  (rj  -f-  rj  +  rj)  in  the  denominator.  The 


explicit  formulas  are  not  given  by  Fontana,  and 
for  the  reasons  discussed  at  the  end  of  Sec.  3  of  II, 
the  writer  considers  that  the  expansion  involves 
functions  of  greater  complexity  than  those  considered 
in  the  present  series  of  papers. 

More  recently,  Chiu14  has  derived  some  of  the 
results  of  this  paper  by  means  of  irreducible  tensor 
algebra.  Chiu  also  considers  cases  for  which  the 
functions  depend  on  the  angles  of  ra  r,  —  r, 
provided  t?a  =  0;  a  complete  analysis  of  such  cases 
would  require  the  use  of  6;-symbols  and  has  been 
purposely  postponed  by  the  writer. 


4.  AN  EXPANSION  THEOREM  FOR  ARBITRARY 
FUNCTIONS  f(r) 

As  in  I  and  II,  the  formula  (31)  for  the  functions 
j R<  in  the  outer  regions,  though  not  (33)  for  JtZ, 
can  be  put  in  an  operational  form.  For  the  factor 
in  the  general  term  of  (31)  and  (8)  which  depends 
on  n,  we  obtain 


(- in ;  A  +  «  +  »)(- i  -  in; Xi  +  u  + 


=  (->•.)"  (1  ±\“  l 

giz+n+j.+j.  \r.  fr.)  r.  \dr(7 


(43) 


Hence  if  we  expand  any  function  /(r)  which  can 
be  represented  as  a  power  series  in  r,  we  obtain  in 
St  in  analogy  to  (5),  (28),  and  (29), 

m  -  £  [,/'•,*'( i,  m) ■  n  «::(«>.,  *.)],  (44) 

where 


4 


tf,  (2u)!l  (2 »)U  (21,  +  2u  +  1)1!  (2f»  +  2v  +  1)!! 

*(;£)  H£)  fr**.  <«> 

or  using  modified  spherical  Bessel  functions 


v  „  I  JLY*  I  i.MdrMad/drj) 

lh  w<  Vr<  9rJ  r<  (d/dr,)" 

X  [r./(r()].  (46) 

As  in  I  and  II,  this  expression  factorizes  if  /(r) 
is  a  spherical  Bessel  function, 

/(r)  =  «,(&),  w  =  i,y,h<l},hin;  (47) 

then  in  view  of  (56)-(60)  of  I, 


,1'<  -  (-)AJtl(^)iu(Ar4)w,)(Ari),  (48) 


“  P.  R.  Fontana,  J.  Math.  Phys.  2,  825  (1961). 


u  Y.  N.  Chiu,  J.  Math.  Phys.  (to  ba  published). 
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and  for  the  modified  Bessel  function  /(r)  =  i0(K r), 
*1'<  =  n  hXKr,),  (49a) 

s-1 

and  for  the  modified  Bessel  function  of  the  second 
kind/(r)  =  k0(Kr), 

*n  =  {-)uitl(Kr,)iti(Kn)ku(Krt).  (49b) 

For  ;0  and  to,  which  are  even  functions  of  the 
argument,  the  expansion  is  invariant  on  permuting 
(*,  j,  k)  and  is  therefore  also  valid  in  S0;  for  the 
other  Bessel  functions,  the  writer  has  been  unable 
to  find  the  expression  appropriate  to  S0. 
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APPENDIX:  PROPERTIES  OF  THE  APPELL 
FUNCTIONS  Pi 


Appell’s  function  F«  as  defined  in  (8)  represents 
a  polynomial  in  £  and  y  of  degree  |«|  or  |0|  if  a 
or  0  is  a  nonpositive  integer.  In  all  other  cases, 
Ft  is  an  infinite  series  which  converges  for  values 
£  and  y  such  that 


Ifl*  +  hi*  <  i;  (Ai) 


for  other  values  of  the  variables,  the  function  can 
be  defined  in  terms  of  contour  integrals  (cf.  B  5.7.44 
and  B  5.8.9, 13).  They  satisfy  the  pair  of  differential 
equations  (B  5.9.12), 


d'z 


3d2Z 


+  2  v  “ 
*  3? 


+  («  +  0  +  1)($  ^  +  V  +  otfiZ 


coefficients  on  certain  critical  lines  (Sec.  12  of 
reference  8).  For  any  function  Ft  there  exist  at 
least  three  critical  lines1' 

L,:?  +  u*  =  1;  W. £*-  -  l; 

W.  y'  -  £»  -  1,  (A4) 

which  form  sections  of  a  single  parabola 

£J  -  2£n  +  n’  -  2£  -  2*  +  1  =  0.  (A5) 


For  variations  of  £  and  y  along  L<t  Appell  has  shown 
that  Z  =  Z[£,  *?(£)]  taken  as  a  function  of  £  satisfies 
a  third-order  ordinary  differential  equation,  instead 
of  a  fourth-order  one,  as  along  an  arbitrary  line; 
hence  (A2)  has  only  three  linearly  independent 
solutions  on  L(.  For  the  other  lines,  this  dependence 
follows  from  the  transformation  (B  0.11.9), 


F  (n  ft '  -v  -v'«  t  _  r('y,)r(/?  a)  , _  \-o 

Ft(a,  0, 7,  7  ,  £,  y)  -  (  V 

X  Fila,  a  +  1  -  y';y,  a  +1  - 

\  y  y> 


+ 


rfrOrfa  -  0) 
Hj  -  /J)r(«) 


(-*)■' 


x  f4  0,0  +  1 -+57,0  + 1 


(A6) 


and  a  corresponding  transformation  to  (l/£,  y/£). 
Appell  has  not  explicitly  stated  the  coefficients 
relating  the  functions  (A3);  the  writer  has  been 
able  to  deduce  them  for  restricted  values  of  the 
parameters  only.  Considering  their  behavior  near 
(1,  0)  and  (0,  1),  we  see  that  two  of  the  functions 
are  singular  in  the  vanishing  variable,  and  two 
analytic  (for  fractional  values  of  y  and  y’) ;  regarded 
as  functions  of  the  other  variable,  they  are  essentially 
hypergeometric  series,  and  since  (B  2.1.14) 


F(a,  0;  7;  1)  =  T(y)r(7  -  a  -  0)[r(y  —  a) 


-  _L 

*  d£*  +  7  3£ 


dZ  d2Z  ,  ,  dZ 

~  =  *  v  +  7  5T 


(A2) 


This  set  has,  in  general,  four  linearly  independent 
solutions  (p.  52  of  Ref.  8), 

z„  -  rrw  +  2-7-y, 


X  r(7  -  0)J“  ,  Re  (7)  >  Re  (a  +  0),  (A7) 

the  only  relation  with  constant  coefficients  which 
can  hold  on  the  line  L.  of  (4)  is 

_ _ _ r(7lr(y)_,  _ 

r(7  +  y  -  «  -  i)r(7  +  7  -  0  -  i)  ° 


0  +  2  -  7  -  7';  2  -  7,  2  -  7';  I,  v), 

Zi  =  F4(«,  0;  7,  y')  (>  17), 

z,  -  £I_TF4(a  +  1  -  7,  0  +  1  -  7;  2  -  7, 7';  f,  17), 

Z„  -  n,_T'F«(«  + 1  -  7',  0  + 1  -  7';  7, 2  -  7';{,  n); 

(A3) 

but  the  four  independent  solutions  of  systems  such 
as  (A3)  become  linearly  dependent  with  constant 


r(2  -  7)r(2  -  7') 

+  *‘  r(i  -  «)r(i  -  0)  ‘ 


"  P.  Appell,  J.  Maths.  Pure*  Appls.,  Ser.  3  10, 407  (1884). 
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where 

M  1 ,  tti  ™  1  ,  8^1.  (A9) 

The  precise  form  of  (A8)  for  the  lines  L,  and  Lk 
follows  from  that  for  L{  and  (A6).  On  the  other 
hand,  a  more  careful  investigation  of  the  behavior 
of  F(a,  f);  y;  x)  near  x  =  1  [(B  2.10.1)],  shows  that 
(A8)  is  correct  only  if  all  the  series  terminate  which 
appear  with  nonvanishing  coefficients;  otherwise 
terms  of  the  form  (1  -  enter  into  (A8) 

which  do  not  add  up  to  zero. 


Appell  has  also  stated  (p.  19  of  Ref.  8)  that 
any  three  contiguous  functions  satisfy  a  linear 
recurrence  relation,  a  total  of  28  equations,  if  only 
one  parameter  at  a  time  changes  by  unity;  but  the 
writer  has  been  unable  to  find  the  complete  set 
of  such  relations  in  the  literature  or  to  derive  it, 
and  he  doubts  the  validity  of  Appell’s  statement.1' 


“  Professor  A.  Erdfilyi  (private  communication)  has  con- 
curred  with  this  opinion. 
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and  improved  perturbed  energy  expressions  nf  *  J  “Particular.  For  application  to  Rydberg  states  new 

«*■ '»  *  »»  “  “  ***  »r  »"“S 

diatonne  molecule.  Specific  formulas  are  given  for  thef-ferm  l,he  “condorder  for  a  near  Hund’s  Case  d> 

For  he  approach  towards  cases  intermediate  between  /anZ'  £  ,  the.i'term  (i=2)  complexes, 

problem  are  formulated  starting  both  from  ideal  case  V  and  r»  fi  T""1’  '°r  this  Perturbation 
stead  of  one,  for  the  d-term  complex.  These  two  approaches  are*o  1°“  *  USmg  two  Pararneters,  in- 
the  consistency  of  the  perturbations  and  assumptions  ^ed  at  wZZ  °g‘vc  etiulvalent  results  proving 
as  well  as  the  physical  basis  for  the  Szfzgz?  the“  «5S 


I.  IKTRODUCTION 

‘tS  formu,ation;  the  Born-Oppenheimer 

F™**  ot  nucIear  and  electronic 

Stidv  ofhm  ^en,  1  brS,f°r  the  <luantum-mechaniCal 

s?bsLuL?d  vU I”  °f  relatlVely  heav>'  n^lei  and  for 
subsequent  developments  in  this  area.7  Although  intro- 

rt^TeWhat  earlier’3  the  idealized  Hund’s  coupling 
SSw*  Cssentlally  based  on  the  averageabilitvover 
e  ectrohic  motion  and  the  negligibility  of  some  rotation- 

wo  k  aiCt,°n  Whhin  the  B-°  serration  frame- 

k.  As  spectroscopic  measurement  technique  ad- 

dectron  and  thrC  h‘gh"Speed  comPuter  calculation  of 
electronic  wayefunctions  and  energies  improves'  there 

tZmCTTmg  dCmand  for  exactness  *  the  inter 
Sa  “of  r0tat,on-  vibration,  and  their  interaction 
ffT  m°tl0n  3nd  for  cons*deration  of  rela- 
abinti-  WCl1  aS  Spin  interactions.  Although 

ft  * 1  nonadiabatic  calculations  including  relativistic 

V**  a/ai  ab  e  for  the  ground  state  of  the  hydrogen 

on  the  B-nf0H™Kre  COmpleX  molecules  one  still  relies 
on  the  B-0  adiabatic  approximation  but  as  a  compen- 

sation  takes  into  consideration  the  nonadiabatic  huer- 

tronT  nefected'n  the  separation  of  nuclear  and  elec- 
tromc  motion.  Thus  in  the  past,  consideration  of 

ta" ,b'  5 y~w4. e: amy gg assna 

ot)  chemistry,  The  Catholic 

-  *'  **■  J.  R.  OuvnlwirMe  Dk _ , 


rotation  electronic  interaction  led  to  the  study  of 
A  doubling7'9  while  the  above  consideration  and  that 
of  vibration-electronic  (vibronic)  interactions  gave  rise 
to  isotope  corrections  in  molecular  spectra.10'11 

More  recently,  studies  in  the  weak  interaction  of 
neutral  atoms11  in  forming  repulsive  states  and  similar 
studies  at  large  internuclear  separation19  have  invoked 
consideration  of  vibronic  interactions  and  corrections 
due  to  relatively  light  nuclear  masses.  Studies  of  the 
binding  energy  of  H2  using  an  accurate  electronic 
wavefunction14  have  called  for  considerations  of  rela¬ 
tivistic  effects.  Studies  of  the  fine  structure  of  molecules 
have  necessitated  consideration  of  spin-orbit  and  spin- 
spin  interactions.1519  Studies  of  high  relative  angular 
velocity  collision  have  required  consideration  of 
rotation-electronic  interaction.17 

Modern  angular  momentum  coupling  techniques,19* 19 
have  made  possible  clearer  understanding  of  rotational 

P  7?’Jeik  Kron«- z- fhysik  46,  814  (1927);  59,  347  (1928); 
Hebb,« «,  610  awS8*’  PhyS'  ReV'  87  (1W1) '  M‘  H' 

;  ?•  Hilvand™  ?•  yl^ck’  ?hys-  Rev-  32'  250  (1^28). 

J.  H.  Van  Vleck,  Phys  Rev.  33,  467  (1929) . 

J.  H.  Van  Vleck,  J.  Chem.  Phys.  4,  327  (1936). 
i»T  v  fh?»- Rev-**,  373  (1941). 

VW,’  '^and  BhV“>  J-  Chem-  pkys.  24,  48  (1956) ; 

.  I.  Wll.  1 did.,  n  AAA-  w*  t  V  ur..  n  t  n/..  t  v 


t _ _ 

(Oxford 

(1 7«  (192/);  42,  93 

papers  of  Ransi]  4  al?*’  3  '  1112  ^l962^  40(1  tbe  intervening 
(1963). K0k*  “d  ^  Wolniewic2-  Rev.  Mod.  Phys,  35,  473 


,or  "ome  corrections. 
**•  »-*-) 

(I960.  KObS  “d  ^  Wolniewic*>  Act»  Pky»-  Pokm.  39,  129 

h  p  |°  p,Csi  C“  J-  nF-  ^309  (1958) ;  36,  329  (1958) . 

17  u-  ™  F°"tan4.  Phys.  Rev.  125,  220  (1962) . 
«TVHl'JhoS?nLJs.Cilem-  Phys-  39,  1431  (1963). 

Pfck,  Rev.  Mod.  Phys.  23,  213  (1951). 

S  adr£  tH  f’T00f:.lt  has  come  to  the  author’s  attention 
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Fig.  1.  Transformation  from  fixed  space  axis  (*,  y,  z)  system 
to  moving  molecular  axis.ff,  ij,  f)  system. 


interaction.  Recent  interest  in  Rydberg  states  of  mole¬ 
cules50  and  new  spectroscopic  measurements5155  make 
it  worthwhile  to  derive  more  useful  formulas  for  their 
interpretation.  The  object  of  the  present  work  is  to 
derive  such  formulas  and  to  show  the  usefulness  of 
angular  momentum  coupling  techniques  (1)  in  ex¬ 
pressing  the  relationship  between  wavefunctions  of 
different  Hund’s  cases  and  (2)  in  treating  the  rota¬ 
tional  interaction  near  Hund’s  Case  d! . 


H.  BORN-OPPENHEIMER  ADIABATIC 
APPROXIMATION 


For  a  diatomic  molecule  consisting  of  two  nuclei  of 
masses  Ma  and  Mt  and  /  electrons  of  mass  m,  the 
Hamiltonian  of  motion  (if  we  ignore  the  distinction 
between  the  two  centers  of  mass  of  the  nuclei  and  the 
molecule  and  discard  the  unquantized,  uniform  motion 
of  the  center  of  mass)  may  be  written  as 


Vi’+Cnuol 


w 


+  K.i  .  nuo)  {ri"'r,\r,6,  ?),  (1) 


where  r  is  the  internuclear  dis¬ 

tance,  and  Fnuci(r)  =  ( zjs*)/r .  The  term  V,\  ,  ouci  coin- 
prises  the  ordinary  electron-electron  and  electron- 
nuclear  Coulomb  potentials,  where  8,  <p  are  the  polar 
and  azimuth  angles  specifying  the  orientation  of  the 
figure  axis  (namely  the  molecular  axis  coincident  with 
the  vector  r  =  r»— r«)  with  respect  to  a  set  of  space-fixed 
axes  originating  from  the  center  of  mass.  In  spherical 
polar  coordinates,  R,  the  total  angular  momentum 
operator  for  the  rigid  rotation  of  the  nuclei  exclusive 
of  the  electrons,  is  defined  by 


and  to  eliminate  any  8,  <p  dependence  from  the  potential 
energy  expression,  we  use  the  molecular  axis  sys- 
tem,  w-M  shown  in  Fig.  1 .  If  we  introduce  spin-dependent 


51 1. 1.  Goldman  and  V.  D.  Krivchenkov,  Problems  in  Quantum 
Mechanics  (Pergamon  Press,  Ltd.,  London,  1961),  pp.  207-211. 

M  L.  P.  Landau  and  E.  M.  Lifshitz,  Quantum  Mechanics  (Per¬ 
gamon  Press,  Ltd.,  London,  1958),  pp.  279-281. 

**  R.  de  L.  Kronig,  Band  Spectra  and  Molecular  Structure 
(Cambridge  University  Press,  New  York,  1930),  pp.  8-14. 

*  This  amounts  to  a  unitary  (orthogonal  for  the  space  part) 
transformation  that  changes  a  set  of  space-fixed  coordinates  8,  <p, 
n,  yi,  s,  (* » 1  *  •  •/) ,  Sf  •  S/,  to  the  following  set  of  coordinates: 

9— 8,  ^”6, 

sin^+y,-  cos^, 

ili  —  —  Xi  cost  cos <p—yi  cos 8  sin^+zi  sin*, 
fi— Xi  sin*  cos^-t-y,-  sin*  sin$+x<  cos*, 

KK)  * 

where  D  is  a  transformation  matrix  for  spin  (see  below) .  Viewed 
as  a  coordinate  transformation  the  partial  differentiations  (Refs. 

23,  25),  involved  are  obvious  and  straightforward  for  the  space 
part.  For  the  spin  part  as  we  assume  the  spin  wavefunction  to  be 
entirely  separable  from  the  space  wavefunction,  it  is  easier  to 
consider  its  transformation  separately.  To  be  able  to  use  matrix 
notation  for  this  transformation  it  appears  more  pertinent  to 
consider  D  as  a  product  of  binary  transformations  S(<r<;  Si)  for 
the  spin  wavefunction  which  consists  of  spinors  of  Rank  /  (Ref. 

24,  pp.  195-198,  pp.  200-201)  rather  than  to  consider  D  as  a 

product  of  rotation  matrices  £»(»<;  Si)  which  is  the  transpose  of 
S(<r<;  Si)  by  definition  (Ref.  19,  pp.  67-72).  Thus  as  far  as  the 
spin  wavefunction  x  transforms  as  Sx(Sr • •  •  5/),  where 

explicitly 

x(*i*  •»/)  “Sx(5i<  •  -Si- •  • Sf ) 

—  n  2  S(<r<;  Si)x(Si'"Si‘“S/) 

and  the  spin-dependent  Hamiltonian  3C  must  transform  as  S3CS~* 
to  preserve  the  eigenvalues.  With  the  coordinate  system  defined 
in  Fig.  1,  the  Euler  angles  (Ref.  24,  p.  201)  relating  the  moving 
molecular  axes  to  the  fixed  space  system  are  the  following:  for 
rotation  around  space  fixed  polar  (z)  axis  the  angle  is  <p+w/2,  for 
rotation  around  the  new  axis  ({)  the  angle  is*,  for  rotation  around 
the  final  new  polar  axis  (f)  the  angle  is  zero.  The  corresponding 
rotation  operator  is*4  e.xp[yj0J  exp[»y(9]  exp[Y/,  (<p+r/2) ]  m 
exp[»y,($+r/2)]exp[*i,*].  Instead  of  the  lengthy  Cayley- 
Klein  parameter  method  (Ref.  24  and  E.  P.  Wigner,  Group  Theory 
and  Its  Application  to  the  Quantum  Mechanics  of  Atomic  Spectra 
(Academic  Press  Inc.,  New  York,  1959),  pp.  158-160]  we  intro¬ 
duce  Pauli  matrices  (Ref.  24,  p.  191)  for  the  angular  momentum 
operators  j,  and  j,  to  get  directly  for  k  *  1  •  •  •/ 


S(ot;  Sk) 
—  {expClr’l 


/cosi*  fsin  J*\  r/exp(|i  (^ + w/2)  ] 

Vising*  cosi*/  \  0 

/cosJ*exp[4»  (A+ t/2)  J 
\isinJ*exp(J»(4+ir/2)  ]  cos*|*exp[— ii(4+r/2) 


0  y 

exp[}»(*-t-w/2)]/ 
«sinJ*expC  -  }» (A+v/2) 


|_sin0  S8\  iW  sin*0(VJ 

As  it  is  advantageous  to  express  electronic  coordi¬ 
nates  relative  to  the  moving  molecular  axis  (figure  axis) 


50  R.  S,  Mulliken,  J.  Am.  Chem.  Soc.  86,  3183  (1964). 

11  K.  P.  Huber,  Helv.  Phys.  Acta  34,  929  (1961);  K.  P,  Huber 
and  E.  Miescher,  ibid.  36,  257  (1963). 

**  (a)  J.  W.  C.  John*  and  G.  Herxberg  (to  be  published),  (b) 
M.  Ginter  (to  be  published). 


where  T  denotes  the  transpose  operation  on  the  matrices.  The 
partial  differentiation  of  the  space  part,  followed  by  differentiat¬ 
ing  S  and  matrix  multiplication  then  (Ref.  25,  p.  13)  gives,  for 
example, 

S[d/ “ [*/ **]mole.  —  <(L(+ S()  ■  [0/ **]n.ol«|— »P(, 

where  sp  and  molec  denote  partial  differentiations  with  space  or 
molecular  coordinates  fixed,  respectively.  This  shows  that  if  we 
want  the  wavefunction  to  have  spin  associated  with  the  molecular 
axis  system  (see  text)  then  due  to  their  equivalent  properties 
under  rotation,  spin  (e.g.,  Sj)  and  orbital  angular  momentum 
come  out  together  automatically  as  equal  dynamical  partners 
exerting  similar  gyroscopic  effects. 
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interactions  JF(5i),  then  3C  =  //  +  W7  ( S<) ,  where  W  ( Si) 
may  still  be  referred  either  to  the  fixed  space  axes  (in 
Latin  alphabet)  or  to  the  moving  molecular  axes 
(in  Greek  alphabet)  through  a  similarity  transforma¬ 
tion  SH7(5<)S-1=H7'(o,<)-  Depending  on  whether  the 
effect  of  electron  spin  on  molecular  motion  is  weak  or 
strong  we  have  the  final  spin  Hamiltonian  referred  to 
either  the  space  or  molecular  coordinates,  respectively. 
The  corresponding  wavefunctions  will  naturally  have 
spin  coordinates  referred  to  the  same  sets  of  axes, 
namely  for  a  weak  effect  we  have  the  total  (nuclear 
plus  electronic)  wavefunction  in  the  form  of 
r,  8,  <fi)  which  aside  from  other  necessary  assumptions 
leads  to  the  spin  condition  for  Hund’s  Case27  b  and  for  a 
strong  effect  we  have  r,  8,  <p)  which  leads  to 

Hund’s  Cases  a  or  cP3i 

For  the  strong  spin  effect  case,  the  Hamiltonian  in 
the  molecular  axis  system  after  appropriate  spin  trans¬ 
formations  is  the  following2324'2*: 

1+il+i 

2 wTW  <V  Sf 

+  K«*i(r)  +  K., r)  +  SIF(5.)S-1,  (3) 

where  P{=L{+S{=  5>(Lit+S.t)  is  the  £  component 
of  the  total  electronic  (orbital  and  spin)  angular 
momentum.22  For  a  weak  spin  effect,  we  have  L;  in¬ 
stead  of  P,  and  W(Si)  instead  of  SH7(5<)S~1. 

To  consider  the  separation  of  nuclear  motion  we  use 
Eq.  (3)  and  include  the  spin  motion  in  the  electronic 
part.  The  Schrddinger  equation  from  (3)  may  then  be 
abbreviated  as 


function  as  follows2'* w'30: 


r,  8,  w)  =  r) Fn{r,  8,  <p),  ( 5) 

n 


where  <fr.(i,ijd>,-;  r)  =4»n(£,^,f,-;  r)xn(<r»)  satisfies  the 
Schrodinger  equation  for  electronic  motion 

He>lf>n=  C—  (fi2/2w)  nud(£.’?.fii  0 

•t 


+  W'(oi)]4>n=Un(r)'j>n,  (6) 

and  »  stands  for  the  assembly  of  quantum  numbers 
involved  (see  below).  Substitution  of  (5)  into  (6), 
yields  the  Schrodinger  equation  for  nuclear  motion,  viz., 

[£f»«i+  Un(r)+Cn B—  E]Fn{r,  8,  *>) 

=  -T.Cnn’FAr,9,<p),  (7) 

nfj*n 

where  F„  will  further  be  decomposed  into  Rn(r)  0/(0,  <p) , 
and  Cnn'"  *77 nuci^a'dr,' *  •  -dr/. 

If  we  neglect  the  nondiagonal  matrix  elements  of  C 
on  the  right-hand  side  we  get  essentially  the  adiabatic 
Born  approximation*  as  an  improvement  over  the 
original  Bom-Oppenheimer  approximation.1  The  ne¬ 
glected  off-diagonal  matrix  elements  then  are  treated 
as  perturbations. 

Such  a  consideration  of  the  diagonal  term  alone  is 
tantamount  to  a  one-term  expansion  of  ¥  in  (5). 
Because  of  the  axial  electric  field  pertaining  to  a 
diatomic  molecule,  we  may  assume  the  projection  SI 
of  the  total  electronic  angular  momentum  (including 
spin)  on  the  figure  axis  ($1  being  the  eigenvalue  of  Pf) 
to  be  quantized.  Assuming  the  nuclear  rotational 
wavefunction  to  be  that  of  a  symmetric  top  with  the 
angular  momentum  along  the  symmetry  axis  equal  to 
SI,3132  we  then  have 

r>  9,  <p) 


3C*=  (ff»«t+.ff.i)¥({, r,  8,  <p)  =  Elf.  (4)  r)F"™o(r,  8,  *>) 


If  the  complete  set  of  electronic  wavefunctions  is 
available  the  total  wavefunction  in  (4)  may  be  ex¬ 
panded  as  a  product  of  nuclear  and  electronic  wave- 


*  G.  Heraberg,  Molecular  Spectra  and  Molecular  Structure.  1. 
Spectra  of  Diatomic  Molecules  (D.  Van  Nostrand  Company, 
Princeton,  New  Jersey,  1950),  pp.  219-226. 

*  Kovacs  (Ref.  15)  expressed  his  spin-orbit  interaction  opera¬ 

tors  in  a  molecular  axis  system  (Case  a)  hence  his  expansion  of 
Case  b  wavefunctions  in  terms  of  Case  a  wavefunctions  for  the 
subsequent  evaluation  of  matrix  elements.  Fontana,"  however, 
expressed  his  spin-orbit  and  spin-spin  interaction  in  the  fixed 
space  axis  system  (Case  b)  ana  expressed  his  Case  b  wavefunc¬ 
tions  in  terms  of  space-fixed  spin  wavefunctions  by  angular- 
momentum  coupling.  _ 

"As  long  as  P|-2<La4-S<5'«“2<(iq+'S'«)“I<<+S|"2dqi 
no  distinction  of  RuxeeU-Saunder*  and  j-j  coupling  need  be 
made  hen. 


=  0  RnJu{r)  QaUJ{8)  tiM*,  (8) 

where  n  denotes  the  assembly  of  electronic  quantum 
numbers  other  than  Q.  Substitution  of  (8)  into  (3) 
yields,  aside  from  the  Schrddinger  equation  for  elec¬ 
tronic  motion  already  given  in  (6),  the  following 


"A.  From  an,  J.  Chem.  Phys.  36,  1490  (1962). 

«  W.  R.  Thorson,  J.  Chem.  Phys.  34,  1744  (1961). 

"  Note,  however,  our  definition  of  the  electronic  and  nuclear 
Hamiltonian  is  different  from  that  of  Refs.  30  and  6.  The  sepa¬ 
ration  of  electronic  and  nuclear  wavefunctions  following  the 
separation  of  the  Hamiltonian  is  somewhat  arbitrary.  By  giving  a 
different  meaning  to  the  set  of  wavefunctions,  one  does  no  more 
than  attribute  a  new  but  consistent  set  of  meanings  to  the  spec¬ 
troscopic  states.  After  appropriate  perturbations  are  taken  into 
account  the  final  result  of  the  energy  and  wavefunction  shook)  be 
the  same. 
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equations  for  nuclear  motion: 


{“ 


**r  i 


&DMJ(e)eiif*=0,  (9) 


and 


{~hiH)+Un(r) 

+  lFret(r)+CBn-£j^wo(r)=0.  (10) 

Equation  (9)  is  the  differential  equation  of  a  sym¬ 
metric  top  with  eigenvalues55 

Wnt(r)  =  (m^)U(J+l)-^l,  (11) 


and  the  eigenfunction  may  be  formally  identified  to  be 
the  rotation  matrix,54  aside  from  a  normalization 
constant 

<W  (0)  e'M*  =[(27+1)  /8*2]!ZW  (*,  8,  *) 

=  [(2/+l)/87r2]^W(0)eiD*,  (12) 

where  \p  may  he  set  to  zero.35-37  Such  identification 
facilitates  the  calculation  of  matrix  elements  using 
standard  angular  momentum  methods18 ’38  without 
recourse  to  explicit  forms  of  Jacobi  polynomials.  The 
detailed  form  of  the  operator  Cnn-  consists  of  two  parts: 

Cm1— j <j>nja*{Bi-\-Hi)<t>n'jaiTniai.  (13) 

The  expression  of  Hi  may  be  shown  to  be59 


cotePf ^)(  ~  +*i-i+  cotePf+i^)(_p’+t'Pf)+ tw° simiiar  terms 


obtained  by  interchanging  the  contents  of  the  first  and  second  parenthesis  in  each  of  the  above  terms 


=  -\B{r)lJ-P-+  /+P++P-/-+  P+/f>>-S(f)[7-P_+/+P+:>  (14) 


"  H.  Eyring,  J.  Walter,  and  G.  Kimball,  Quantum  Chemistry 
(John  WUey  &  Sons,  New  York,  1944),  pp.  260-261. 

“  A.  R.  Edmonds,  Angular  Momentum  in  Quantum  Mechanics 
(Princeton  University  Press,  Princeton,  New  Jersey,  1957),  pp. 
8,  55.  Note  although  the  definition  of  Euler  angles  is  different 
here,  it  is  irrelevant  in  this  connection.  Note  also  the  rotation 
matrix  here  is  the  complex  conjugate  of  that  defined  in  Ref.  19. 

■  In  Fig.  1  and  Footnote  26,  although  we  have  tacitly  used  the 
Euler  angle  definitions  and  coordinate  systems  consistent  with 
those  of  Landau  and  Lifshitz,M  Kronig,"  Van  Vleck*  and  Gold¬ 
man  (Ref.  23,  p.  208) ,  where  the  second  Euler  angle  8  is  generated 
by  rotation  with  respect  to  the  new  x  axis  instead  of  the  y  axis,  it 
should  be  recognized  that  rotation  of  the  first  Euler  angle  by 
<t>+-r/2  here  to  a  new  x  axis  ({)  is  equivalent  to  rotation  by  <t> 
to  a  new  y  axis  (coincident  with  (  here).  With  this  recognition,  <t>, 
8,  and  1/  are  consistent  with  the  definition  of  Euler  angles  of  Rose 
(Ref.  19,  p.  50),  Edmonds, M  and  Wigner,"  where  the  angle  8  is 
generated  by  rotation  with  respect  to  the  new  y  axis.  Also  <f>,  8 
are  easily  seen  to  be  the  usual  azimuth  and  polar  angle  of  the 
vector  r  in  spherical  polar  coordinates. 

•  Reference  34,  p.  55;  pp.  64-67. 

57  See  Ref.  34,  p.  62  and  Ref.  19,  p.  55  and  p.  75.  If  is  retained 
the  factor  exp  (tQ^)  is  redundant  as  it  also  occurs  in  the  elec¬ 
tronic  wavefunction.  But  as  far  as  evaluation  of  matrix  elements 
over  rotational  wavefunctions  is  concerned,  if  the  proper  nor¬ 
malization  constant  (2r)~t  for  $  is  included,  this  redundancy  is 
no  handicap.  Because  vector  or  tensor  operators"’"  [Ref.  24,  pp. 
296-298]  on  decomposition  into  products  using  the  rotational 
transformation  of  Fig.  1  always  contains  the  same  f  dependence 
in  the  electronic  and  rotational  parts,  thus  no  embarrassing  occa¬ 
sion  ever  arises  when  the  selection  rule  for  the  electronic  part 
contradicts  that  ol  the  rotational  part  for  the  same  operator.  It 
is  perhaps  more  sagacious  to  use  electronic  coordinate  systems 
(such  as  the  elliptical  coordinate  system)  so  that  <f>  is  an  inde¬ 
pendent  variable  and  exp(tfV)  may  be  factored  out  and  absorbed 
into  the  rotational  wavefunction. 

■L.  Y.  Chow  Chiu,  J.  Chem.  Phys.  4*.  2276  (1964);  see  also 
Y.-N.  Chiu,  J.  Math.  Phys.  5,  283  (1964). 

a  See  Ref.  23,  pp.  218-220  for  derivation  of  the  ladder  operators 
in  terms  of  moving  molecular  coordinates.  However,  Gold- 
man’s  Euler  angles  are  defined  differently  compared  with  ours 
[Ref.  35  and  our  Eq.  (12)].  With  our  definition  of  Euler  angles 
we  shall  denote  the  right-handed  moving  axes  system  by  {Vf'. 
The  primed  coordinate  system  is  of  greater  generality,  being  the 
same  as  that  of  Rose,"  hence  our  choice  of  this.  For  0,  we 
have  e'-t.  r-f  and  Pr-P,i  Pr—Pn  JV-Pt  (see 


Fig.  1).  But  the  designation  of  e  is  arbitrary  for  practical  pur¬ 
poses.  The  coordinate  system  of  Fig.  1  is  more  convenient  for  our 
earlier  reductions  involving  spin  variables.  The  primed  coordi¬ 
nate  system  here  gives  meaning  to  (14)  more  directly.  In  this 
system  the  angular  momentum  operators  are,  from  the  trans¬ 
formation  of  coordinates  (Ref.  19,  p.  50;  p.  65), 

(d  d  cos^  d  \ 

sin^ — |-cos^  cotS - —  —  J, 

d 8  9*  sin 8  d<t>/ 

/d  d  sin^  d\ 

J,.  —  — «(  cosyfr - sin^  cotfl — | - ), 

\  d9  d*  sin 9d*/ 

Jr — »(d/<V). 

From  the  above,  the  abnormal  commutation  rule" 

— sJ,>  immediately  follows.  Under  such  an  abnormal  commutation 
rule  which  differs  from  the  normal  one  by  the  sign  on  the  right- 
hand  side,  the  matrix  elements  (fi=Fl  |  J±  |  8)  are  equivalent  to 
the  matrix  elements  <0=4=1  |  In)  for  normal  commutation 
rules.  (See,  for  example,  Ref.  18,  Ref.  19,  pp.  24-27.)  With  this 
information  the  derivation  of  (14)  and  part  of  (15)  may  be 
easily  perceived  as  follows.  Starting  from  (1)  we  recognize  that 
R5  is  a  scalar  invariant  under  coordinate  transformation  and  may 
be  expressed  in  any  coordinate  system.  In  the  moving  coordinate 
system 

-B[(J«-2Jr.Pf.+P^) 

-(J,Pt+J,P,H-P|J«+P^ 

+  (Pr*+V)] 

=*B<J*-Pf*>-|B(  J+'P-+P-J+’+P+JJ+  JJP+) 
+B{P,*+PS)1 

=>B[7(/+l)-n*]-JB(/_P_+/+P++P./_+P+/+) 

+B0V+P,'), 

where  Pt=>P|'±iP,  “  — P,±»Pj  and  the  first  term  corresponds 
to  the  symmetric-top  eigenvalue.  The  second  term  corresponds 
to  (14)  with  J±  already  converted  to  follow  normal  commuta¬ 
tion  rules,  namely,  (Odtl  |  O)— [(/TO)  (/±0+l)]*. 
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so  that  clearly  Hi  has  no  matrix  elements  diagonal  in 
the  electronic  quantum  number  Q  or  A. 

The  expression  of  Hi  may  be  shown  by  inspection5* 
and  differentiation  to  be 


2r* 

8R(r )  <31 

2 dr  dr* 

R(r) 

dr  drj’ 

(15) 


We  are  interested  in  second-  and  higher-order  pertur¬ 
bation  splitting  of  the  degenerate  (with  respect  to  ±A) 
energy  values  of  the  system40  due  to  the  off-diagonal 
perturbation  matrix  element  of  Hi  which  we  rewrite  as 

[Hjm^  {nvQJ  |  Hi  |  nWJ)=Hi(Q;  Q') 

=  Alf  R\.jo(r)  Dm"<t>\jaB  (r) 


X(J-P-+J+P+)Rn‘.Mr) 

X  IP Ma’&i'jQ'Pdr  s\ndd6d<pd\(/dTi  •  •  • dr /,  (16) 

where  A  is  the  normalization  constant  for  Dmqj  in 
Eq.  (12).  Upon  integration  over  the  rotational  wave- 
functions  one  immediately  obtains5*  for  (2'=Q±1 

-  (nvaj  I  BP*  I  nVfli /)[( 7±Q+ 1)  ( J- Ffl)  ]»,  (17) 


or 

-  (nvQJ  1 2 BPy  |  n'v'Q rib  1 J )[( 7±J2+ 1 )  ( 7=F0)  ]».  (18) 

This  matrix  element  was  first  given  by  Van  Vleck41 
using  wavefunctions  in  the  form  of  Jacobi  polynomials. 
Van  Vleck  also  made  the  pure  precession  assumption 
equivalent  to  a  united-atom  model  for  the  electronic 
state  of  a  diatomic  molecule.  In  this  model  the  elec¬ 
tronic  angular  momentum  (L)  is  well  defined.  With 
this  and  the  assumption  of  equal  r(  =  ro)  for  initial  and 
final  states  (17)  becomes,  neglecting  spin 

-£oC(i=FA)(X±A+l)X(V=FA)  (V±A+1)]»,  (19) 

where  Bt—fit/2iir0t. 

HI.  HUNJVS  COUPLING  CASES  FOR  THE  INTERACTION 
OF  ROTATION  AND  ELECTRONIC  MOTION 

In  Hund’s  Case  a,  the  electron  spin  cr  expressed  in 
the  molecular  coordinate  system  is  intimately  connected 
with  molecular  motion  and  has  a  well-defined  pro¬ 
jection  2  along  the  figure  axis.  This,  together  with  the 
well-defined  projection  A  of  electronic  orbital  angular 
momentum,  constitutes  il=A+2  which  is  a  good 
quantum  number  characterizing  the  state.  Therefore, 

•  The  degeneracy  of  the  symmetric-top  eigenvalue  is  obvious 
from  (11).  For  degeneracy  of  the  electronic  energy,  see  Ref.  35, 

p.  202. 

41  Reference  9,  pp.  476-480.  Note  in  the  normalization  of 
Jacobi  polynomials  m  Van  Vleck ’s  Eq.  (16),  there  appears  to  be 
a  misprint  of  the  factorial  sign;  namely,  (l+d-f-5,+2p)I  should 
read  (l+d+.?+2p).  See  also  Ref.  34,  pp.  58-62. 


in  our  many-term  expansion  (5)  we  delete  the  sum 
over  Q  on  the  right-hand  side  and  add  0,  A,  2  to  the 
quantum  numbers  of  the  final  state  on  the  left  to  read 
’tyntJMQAZ  as  in  (8). 

In  Hund’s  Case  b  the  electron  spin  S  expressed  with 
respect  to  the  space  coordinate  system  is  not  coupled 
to  the  figure  axis,  and  hence  has  no  well-defined  pro¬ 
jection  along  it.  Therefore,  we  use  (8)  but  with  A  in 
the  place  of  fl  and  with  an  additional  quantum  number 
N= A+R  to  read  tWinr*. 

In  such  an  idealized  picture  we  are  looking  at  Case  b 
as  resulting  from  Case  a  through  spin  uncoupling.  The 
difference  in  Cases  b  and  a  then  lies  in  the  presence  in 
the  latter  of  the  gyroscopic  effect  of  spin  treated  as  a 
dynamical  coordinate  having  transformation  properties 
similar  to  that  of  the  space  coordinates.**  Such  a  treat¬ 
ment  of  spin  is  consistent  with  the  classical  relativistic 
consideration  which  among  other  terms  also  gives  rise 
to  the  magnetic  interactions  W(Si)  [see  Eq.  (3)3 
used  in  connection  with  Hund’s  Case  c.a 

The  purely  gyroscopic  effect  of  spin  may  be  expressed 
as  —  2JBJ-S  coming  from  —  2BJ-P-  —  2BJ*(L+S). 
As  such  it  is  held  responsible  for  the  rotational  distor¬ 
tion  of  spin  multiplets  for  Hund’s  cases  between  a  and 
A.*  ”  As  the  perturbation  similar  to  (14)  omitted  in 
the  separation  of  the  wave  equation,  it  is  held  responsible 
for  the  expansion  of  Case  b  wavefunctions  in  terms  of 
those  of  Case  a  after  solving  the  secular  equation.1*’44 
On  the  other  hand,  instead  of  solving  secular  equations 
to  find  eigenfunctions,  the  decoupling  of  spin  from  Case 
a  may  be  viewed  as  the  coupling  of  J  with  the  inverse1* 
spin  vector  S'=  — S  to  give  an  angular  momentum 
vector  N  (Fig.  2),  which  is  conserved  in  Case  b. 
Writing  N=J-f-(— S)  and  omitting  vibration  and 
other  irrelevant  quantum  numbers,  we  get  the  wave- 
function  in  N  representation  (i.e.,  Case  6)  as  a  linear 
combination  of  Case  a  wavefunctions,  using  angular- 
momentum  coupling  with  the  figure  axis  as  the  quan¬ 
tization  axis, 

4r,v/vwA(£.ifti\'5'»;  r,  0,  w) 

=*WA=  £c(7,  S',  V;  fl,  2',  A)  t mxs'v,  (20) 

Z' 


45  Inclusion  of  spin  as  a  dynamical  coordinate  will  give  (i)  the 
gyroscopic  effect  of  spin*  on  molecular  motion  manifested  in  Eq. 
(3)  and  (ii)  magnetic  interactions  W(St),  which  consist  of  spin- 
rotational,  spin-own-orbit,  spin-other-orbit  and  spin-spin 
interactions. 

44  Reference  24,  pp.  288-289:  Ref.  25,  pp.  47-48. 

44  R.  Schlapp,  Phys.  Rev.  39,  806  (1932),  especially  pp.  811- 
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where  Z'=  -Z;  im»*tu(fciKfa  r)Rn^a(r)ADtnJ,  and 
the  C’s  are  Clebsch-Gordan  (vector  coupling)  coeffi¬ 
cients.4*  Using  (20),  we  have  obtained4*  wavefunctions 
essentially  equivalent  to  those  of  Kovacs11  except  for 
the  over-all  signs  of  some  states  (i.e.,  *Z±/±i  states) 
due  to  different  definitions.  Our  Eq.  (20)  is  perfectly 
general  and  may  be  used  for  any  multiplet  states.  The 
phase  convention  as  obtained  from  Clebsch-Gordan 
coefficients  is  naturally  a  consistent  one. 

In  Hund’s  Case  c,  the  spin-orbit  interaction  is  strong 
compared  with  the  spin-axis  and  the  electrostatic 
orbit-axis  interactions.  As  a  consequence  the  projections 
A  and  Z  of  L  and  S,  respectively,  on  the  figure  axis  are 
not  separately  defined.  Instead,  the  projection  fl  of  the 
angular  momentum  j(  =  L-f  S)  is  a  good  quantum 
number.  Thus  in  the  wave  equation  (3)  we  should 
formally  use  j{  in  place  of  Pj.  However,  in  the  subse¬ 
quent  reduction  to  a  symmetric  top  Eq.  (9),  the 
properties  of  j  as  manifested  through  its  projection 
0  are  the  same  as  those  of  Case  a.  The  angular  momen¬ 
tum  j,  if  approximately  defined  in  an  idealized  case, 
hence  is  an  internal  electronic  property  and  may  be 
absorbed  into  the  quantum  number  n,  making  it  un¬ 
necessary  to  specify  Russell-Saunders  or  j-j  coupling 
in  (3)  as  noted  in  Footnote  29. 

With  the  introduction  of  spin-orbit  interaction  in 
the  Hamiltonian,  spin  is  not  separately  a  good  quantum 
number;  the  L—  S  or  Russell-Saunders  representation 
is  inadequate.  When  the  spin-orbit  interaction  is  large 
but  not  very  large  we  have  the  j  representation  which 

•  See  Ref.  19,  Chap.  Ill  and  p.  225  for  the  table  of  Clebach- 
Gordan  coeffidenta  necessary  for  a  triplet  state. 

•  A*  an  example  for  a  H  state  translated  into  Kovacs  notation 
our  (20)  for  Case  b  A— 7±1  reads 

- ZC(/,  1,  7±1;0,  -Z,  -H)*mxi,-z 
-ZC(/,  1,  /±1;Q,  — Z,  -H)*<*no)A.rU.rt> 

-ZC(/,  1,  y±l;  -Q,  +Z,  -lWTLoJA.vUy.-o, 

where  Ujo  corresponds  to  our  ADmj  and 

♦(•Ha) r)xt,-x-+((m{'m; ') 

is  a  Case  a  wavefunction.  The  two  Clebsch-Gordan  coefficients 
for  ±0  states  are  equal  in  magnitude  and  sign.  Adding  and  sub¬ 
tracting  the  above  two  equations  yields 

*(1W)  -1 

which  is  to  be  compared  with  Kovacs  results.  For  N—J  states, 
the  two  Ctebach-Gordan  coefficients  in  the  expansions  for  +0 
and  — Q  states  are  of  equal  magnitude  but  opposite  signs,  it  is 
necessary  to  define 

*(*IIy±)  -  -  l/v2[> (H,4-”)  (n,4-1)  ] 

to  agree  with  Kovacs  results.  This  shows  that  to  be  consistent 
one  should  consider  Kovacs  expression  belonging  to  the  *11/* 
state  as  that  belonging  to  the  *□/*  state,  only  so  will  the  expres¬ 
sions  on  both  sides  of  the  equation  give  the  tam  eigenvalue 
under  inversion. 


may  be  obtained  from  the  angular  momentum  coupling 
of  L  and  S.  Thus  we  have  for  Case  c  [see  Eq.  (5) 
and  (20)] 

r,  6,  </>) 

~  £  HWisuCiLSj;  AZQ)  tyaxat 
ta  x 

=  E Wlaj<C(LSj;  AXQ)'t,(*+'A0)R„JDm',  (21) 

La  z 

where  the  summation  over  LS  characterized  by  the 
coefficient  Wiaji  will  eventually  lead  to  the  j-j- type 
coupling  representation  if  spin-orbit  interaction  is  very 
large. 

As  a  very  special  example,  if  Z,  is  defined  we  consider 
a  p-term  (Z=  1)  electron,  we  have  the  relationship 
between  a  state  of  Case  c  (withy =f,  Q= J)  and  states 
of  Case  a  as  follows,  namely,  neglecting  the  sum  over 
L  and  5  in  W: 

A  (C(iH;i,  -ii)*(‘n») 

+C(ii  I;  o,  i  i)*(»z,)  UWW.  (22) 

The  contents  inside  the  curly  brackets  constitute  the 
electronic  wavefunction  of  Case  c  in  terms  of  those  of 
Case  a. 

The  spin  multiplicity  is  still  assumed  to  be  preserved. 
This  is,  of  course,  the  extreme,  idealized  case  which  may 
be  obtained  as  the  j  representation  merely  from  the 
consideration  of  commuting  operators.  The  size  of 
spin-orbit  interaction  need  not  appear  in  the  coefficient. 
For  intermediate  cases,  first-order  mixing  coefficients 
will  then  depend  on  the  size  of  the  spin-orbit  inter¬ 
action  parameter  A.  An  example  may  be  found  in  Eq. 
(56)  of  Van  Vleck*  for  the  A  doubling  of  a  *IIj  state 
intermediate  between  Cases  a  and  c,  obtained  by  the 
superposition  of  spin-orbit  perturbation  on  rotational 
perturbation. 

For  Hund’s  Case  d,  L  and  5  are  both  decoupled  from 
the  figure  axis  and  are  approximately  defined  while  A 
and  Z  are  no  longer  valid  quantum  numbers.  We 
therefore  sum  over  A  in  the  many-term  expansion  (5) 
to  give  the  representation  of  Case  d  wavefunctions  in 
terms  of  those  of  Case  b,  or  neglecting  the  coupling  of 
spin  for  the  time  being 

?'»zjurjr({ftdV>?»;  r,  8,  <p) 

=  A LNxt»u(itV&iSi;  r)  RnLVNADiu*1  •  ( 23) 

As  Duan  represents  the  eigenfunction  of  angular 
momentum  N  and  represents  the  eigenfunction 
of  angular  momentum  L,  (23)  may  be  viewed  as  the 
coupling  of  N  and  L'(=  -L)  to  form  R  (see  Fig.  3) 
and  the  expansion  coefficient  Cu,M  may  be  formally 
identified  to  be  C(NLR;  A,  —A,  0).  We  discuss  this 


311 


ROTATION-ELECTRONIC  INTERACTION 


case  (also  known  as  Case  d '  according  to  Mulliken)  in 
detail  in  Sec.  VI. 

IV.  ROTATIONAL  PERTURBATIONS  OF  IDEAL  HUND’S 
CASE  b 

For  the  rotational  perturbation  (A  doubling)  near 
Hund’s  Case  b,  the  basic  off-diagonal  matrix  element 
#i(A;  A±l)  of  Eq.  (16)  was  evaluated  by  Van  Vleck.* 
For  higher  (2Ath)  order  A  doubling,  the  matrix  ele¬ 
ment  2?i(,A,(A;  -A)  connecting  doubly  degenerate 
states  of  ±A  was  also  given  by  Van  Vleck. 

As  the  off-diagonal  matrix  element  Hi(A;  —A) 
which  governs  the  A  doubling  width  [=2£fi(A;  —A)] 
is  of  2Ath  order,*  for  A=2  it  appears  also  necessary  to 
consider  the  diagonal  matrix  elements  2?i(A;  A)  up  to 
the  fourth  order.  Due  to  the  selection  rule  of  Hi,  the 
third-order  energy  vanishes.  We  give  the  energy  up  to 
the  fourth  order  for  A,  II,  and  2  states.  Thorson,17  in  a 
study  of  high-energy,  high-angular  velocity  scattering, 
has  also  considered  the  fourth-order  energy  for  the  2 


state.  To  derive  these  higher-order  energies,  we  use 
the  more  concise  expressions  given  by  Dalgamo47  which 
are  equivalent  to  the  more  general  expressions  of 
Condon  and  Shortley.4* 

For  Case  b  (and  Case  b'  when  spin  is  neglected)  we 
give  the  general  perturbed  energy  formulas  including 
electronic,  rotational,  and  their  interaction  energy,  but 
neglecting  vibrational  energy  as  follows: 

A±  state:  £A+£[Ar(Ar+l) -AH-  <Pt*>*+  (P,*)*] 

+  £tfl<*>(A;A)±ff1<“>(A;-A),  (24) 

r-1 

where  Ea  is  the  electronic  energy  for  a  stationary 
molecule  with  a  Rydberg  electron  in  a  A  state,  the 
average  of  P^+P,1  over  the  electronic  wavefunction 
comes  from  Eq.  (15),  and  P  is  set  to  L  for  Case  b'. 
The  master  formula  for  the  4th  order  (<r= 2)  energy, 
by  the  selection  rule  of  Hi,  and  in  our  notation  reads 


Hiw(A;a)  =  E'E'E 

A'  A"  A'" 


g,(A;  \’)Hi(\';  A")  Hi  (A";  A"')ffi(Aw;  A) 
£(AA')£(AA")£(AA"') 


_v>  gi(A;  A')g,(A';  A)Hl(A;  A")g,(A";  A) 
V  b  [£(A,  A')?£(AA") 


(25) 


where  the  primes  on  the  summation  signs  indicate  that  none  of  the  summation  indices  A',  A",  or  A'"  may  be 
equal  to  ±A.  The  definition  of  the  energy  separation  is  £(AA')  =  £a-£a'.  The  summation  over  the  other  elec¬ 
tronic  quantum  number  n  and  the  vibrational  quantum  number  v  is  omitted  for  brevity  and  we  are  to  understand 

that  fft(A;  A')  «ffi(wA;  »VA').  .  , 

When  the  matrix  elements  in  (24)  are  evaluated  over  the  rotational  wavefunctions  [see  Eq.  (18)J,  we  have 
the  following  energy  expressions  up  to  the  fourth  order  for  A,  II,  2  states  (A=2, 1, 0).  For  A=2  (the  A*  states) : 


4CBWI<fl'-a)(if+3,+fi^2<iV_,)('v+2,i 


£,*-&+«[JV(iV+l)  —  2*+  W).+,(P.’>  J+ j 

[\lBPy{  An)  J(N- 1)  (AH-2)  j~4[£Fy(n2)  JN(  N+ 1)  4f BP,(  An)  J(N- 1)  (W+2)  ~|  j 


+ 


r 


[£(An)]! 


£(A2) 


js(ah) 


'J 


+ 


16[(BPy(A#) ]2[££y(4»r)  J(AT-2)  (N+ 3)  (AT-3)  (AT+4) 


[£(A4>)]*£(Ar) 
16[£Pr(A$)  ]*[££>(  A$)J 

C  £(A*)T 


(AT-2)*(AT+3)‘ 


10f,(At)  JCW  An)? 


(AT— 2)  (N+3)  (AT—  1)  (AT+2) 


S-(2V— 1)  (2V+2)  (AT— 2)  (2V-I-3) 


[£(A*)?£(AII) 

16[££,(AII)  ]’[££,(  A#)]7, 

[£(An)]s£(A4-) 

fl6[££,(An)]>[££y(n2)?(iy-l)(iV+l)(Ar+2)iVi 
*1  [£(AII)]*£(A2)  J’ 


(26) 


<7  Ouanium  Theory,  edited  by  D.  R.  Bates  (Academic  Press  Inc.,  New  York,  1961),  Vol.  I,  p.  182 
*  e!u.  Condon  and  0.  H.  Shortley,  The  Theory  of  Atomic  Spectra  (Cambndge  Umversity  Press, 


New  York,  1935),  pp.  34-35. 
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where  the  first  curly  bracket  with  N  dependence  up  to  the  second  order  represents  second-order  effects,  the  second 
and  third  curly  brackets  represents  fourth-order  effects,  and  the  last  curly  bracket  with  ±  sign  represents  A- 
doubling  effects.  For  A= 1  (the  11*  states) : 


Eu±=Ea+BiN(N+i)  -1+  (P|»)»+  (^+2)+^^|y)TAWl)} 


fl6[£P,(IIA)]»[i?P,(A$);]» 

1  C£(nA)]*£(n*) 

16[£P,(nA)]»C5Pv(nA)]* 


(N-l)(N+2)(N-2)(N+3) 


[£(IIA)]* 


(N-  l)‘(W+2)*- 


i6[BPy(ns)]»[£Py(nz)j 

C£(ns)? 


2V*(A4-1)* 


leCPPyaiA^c^ns)]* 

[£(nA)?£(n2) 


(2V— 1)  (2V-h2)iV(iV-t-l) 


[P(n2)?£(nA) 


XV(V-H)  (N-l)  OV+2)  jd=  1 ) 

while  for  A=0  (the  2+  state) : 

£*+=  £*+£[^(#+1)  +  (P<*)*+  (P, «)*,]+  {8— 1)  J 


(27) 


+rTC)?^  <28> 

where  we  have  arbitrarily  chosen  the  2  state  of  the  Rydberg  electron  in  question  to  be  2+  by  assuming  a  2  core. 
In  (28)  we  have  also  assumed  the  degeneracy  of  ±A  states  in  the  energy  denominators.  The  ±  signs  in  (26)  and 
(27)  are  to  be  read  consistently  for  the  A-doubling  states,  while  the  term  BPy( A;  A±l)  is  defined  as  in  (18). 
With  the  assumption  of  pure  precession*  [see  also  Sec.  VII  for  discussions  and  Eqs.  (18)  and  (19)  for  matrix 
elements  of  P,],  »=»'  and  v-v'  we  have  the  following  specific  formulas: 


Specific  formula  for  L— 2, 

A+  state:  £*+=  £a+P[W(W+1)  -2] 

,  4 £*  . ,,48P<(W— l)(V)(jV+l)(Ar+2)  16£*(W-l)*(W+2)* 

+ E(mmN+1)  "2]+ - zmwwv) - —  ’ 

A- state:  £a~=  £a+P[W(W+1) ^ ^ , 
n+ state:  Ea+=Ea+W(N+in*-^W+i) 


[£(112)  ? }  UB<{N  l)N{N+l)  (N+2)  {[£(IIA)?£(n2)  1  C£(n2)  j£(nA)}’ 

4 at  l6B*(N—l)*(N+2)* 

n-  state:  £n~=  £n+£[(tf  (tf +1)  +4]--^5y[Ar  (V+ 1)  -2]+ - - 

[£(112)]*  2Ab*(n-i)N(n+i)  (^+2)  {[£(HA)  ?£(n2)+[£(II2)  ?£(IIA) }  ’ 


2+ state:  £z+=£i+£[2V(V+l)+6] 


i2£W(ir+i)  24P«(iy-i)iy(iv-n)(iy-f2)  i44gw(w+iv 

£(112)  +  [£(2II)?£(2A)  +  [£(112)]* 


.  (29) 
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Specific  formulas  for  L=  1 
n+  state: 


£n+=£n+5C^(AT+l)]+ 


4B*(N)(N+l) 

e(  ns) 


WN'jN+l)* 

[£(ns)]»  • 


n~  state: 


£n-=£n+5[^(iV-|-l)]- 


4BW>(ah-i)« 

[£(nz)? 


) 


2+  state: 


£z+=Ez+£[iV(2V+ l)+2]- 


4B*N(N+ 1) 

£(ns) 


16BW^V±1)_* 

f  C£(ns)? 


(30) 


V.  CASE  b  APPROACH  TO  INTERMEDIATE  STATES 
BETWEEN  CASES  b  AND  d 

For  cases  intermediate  between  b  and  d,  approaches 
from  both  ends  exist  in  the  literature4*  (see  below). 
To  characterize  the  energy  of  an  electronic  state  of  a 
given  A,  both  of  these  approaches  make  use  of  a  single 
parameter  A  that  represents  the  magnitude  with  which 
the  electronic  orbital  motion  is  coupled  to  the  figure 
axis.  Our  work  represents  a  remedy  for  the  inadequacy 
of  the  one-parameter  approach. 

In  an  approach  from  Case  b,  Kovacs  and  Budo48  used 
the  following  diagonal  matrix  element  for  a  state  of 
quantum  number  A: 

AA*+B[Ar(Ar+l)-A*+I(Z,-H)-A*],  (31) 

where  AA *  takes  the  place  of  E*  of  our  Eq.  (24),  and 
L(L-\-\)—A}  comes  from  the  average  over  P|H P,* 
after  using  the  pure  precession  assumption  and  neglect¬ 
ing  the  spin.  This  makes  the  above  formula  actually 
represent  Case  b'.  Such  use  of  one  parameter  A  aside 
from  a  constant  shift  of  energy  levels  is  equivalent  to 
the  first-order  perturbation  treatment  given  by  Hund*® 
(see  also  Sec.  VI)  and  is  not  justified  for  term  com¬ 
plexes  of  L>  2. 

In  an  approach  from  Case  d,  Dieke"  following  Hill 
and  Van  Vlecku  computed  the  explicit  diagonal  and 


off-diagonal  matrix  element  (over  rotation-electronic 
wavefunctions)  for  the  operator**  A  cos *a  which  we 
rewrite  as  A  (NfL)1,  where  Nf  is  the  unit  vector  along 
the  figure  axis.  In  a  stationary  Case  b  diatomic  molecule, 
the  average  of  this  operator,  of  course,  reduces  to  Ab}, 
where  A  is  the  projection  of  L  on  Nf.  We  show  (Sec. 
VI)  that  this  operator  merely  corresponds  to  the  first 
contribution  term  of  an  infinite  multipole  expansion, 
and  is  clearly  an  inadequate  representation  of  the  whole 
situation. 

We  choose  to  use  energy  parameters.  Such  use  of 
energy  as  a  parameter  has  also  been  made  previously”  ■** 
in  a  Case  b  approach.  We  define 

n^Et-Ez^E(nz),  n'stn/B, 

As£4-£zs£(A2),  A  'aA/5, 
vsA— II=Ea-£„  y'my/B.  (32) 

For  a  d-term  complex  (Z.= 2)  of  a  Rydberg  electron 
with  a  2  core  (neglecting  spin),  the  5X5  secular 
determinant  factors  into  a  2X2  and  a  3X3  secular 
determinant  equation,  each  involves  the  mixing  of 
states  of  the  same  Kronig  reflection  (<r,)  symmetry 
“+”  or  For  the  ”  states  the  two-by-two 

secular  equation  reads 


A"  y+B[N(N+i)  — 2]— u> 

n-  -2B[(iV+2)(iV-l)3‘ 


-22J[(tf+2)(AT-l)]» 

£[W(im)+4]-w 


(33) 


where  A~,  II- at  extreme  left  labels  the  states  involved,  w=  E—Eu  and  Be,  =  Bn  =  B.  The  solution  of  this  quadratic 
equation  immediately  yields 


£A"=£n+£{v72+W(iV-|-l)  +  H-[(2V-|-l)*-f(Y')V4-3Y']*), 
£n-=£n+B{*72+Ar(V-(-l)-(-l-[(2Ar-|-l)*-(-(Y')t/4-3v']*).  (33a) 


*  I.  Kovacs  and  A.  Budo,  Hung.  Acta  Phys.  1,  No.  4, 1  (1949). 

*  See  F.  Hund,  Z.  Physik  63/719  (1930)  j  where  the  first-order  energy  reads  —o,K(L,+  L—3A,). 

«  C.  H.  Dieke,  Z.  Physik  57,  71  (1929). 

“  E.  Hill  and  J.  H.  Van  Vleck,  Phys.  Rev.  32,  250  (1928) ;  pp.  267-272. 

"  Matrix  elements  for  this  operator  (may  also  be  computed  by  the  angular  momentum  coupling  techniques  such  as  those  in  (i) 
Landau  and  Lifihits,  Ref.  24,  p.  105  and  p.  295;  (ii)  M.  E.  Rose,  Ref.  19,  p.  117. 
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Analytic  formulas  same  as  (33a)  may  be  obtained  from  the  Case  d'  approach  (Sec.  VI).  This  is  because  we 
have  used  the  pure  precession  assumption  in  the  evaluation  of  the  off-diagonal  matrix  element  II-)  = 

J[/fi(+2;  -(-1)  —1)]  and  in  the  evaluation  of  the  part  of  the  diagonal  matrix  element  that  involves  L, 

namely  (Pj1  )*,+  (P*,)a,-  For  the  state  the  three  by  three  secular  equation  with  state  labels  reads 


A+ 

n+ 

2+ 


A+BDV(rV+l)-2]-w' 

-2B[(A7-l)(V+2)]i 

0 


~2B[_{N—\)  (AT+2)]* 
n-fBCA’(^+l)+4]-w' 
-2B[3iV(V+l)]l 


0 

-2£[3A?(yV+l)]‘ 

B[iV(iV+l)+6]-a»' 


=  0, 


(34) 


where  w'=E—Ez.  While  this  3X3  symmetric  secular  equation  may  be  solved  numerically  by  standard  computer 
methods,  after  the  fashion  of  Kovacs  and  Budo,49  we  consider  it  helpful  to  give  explicit  series  solutions  in  terms 
of  the  over-all  B’s.  Thus64 


£*+=  b[A  ±"  +8+ Ar(A*+ 1)  E" 

En+^  £[^±.^  _t_8+A7  v+1)  ]+4gci  -  ( -)’,]“fww_  E* 

E^^+NiN+^ 


where  the  binomial  coefficient 


and 


axy-- 


/! 


m)  \m\ 


(34a) 


a  =  (B*/6)  0',+n,,-f v's  -  ( 1 2  v'+ 4n'+  16A')  + 324-  24 (2V+ 1 )  *] 
i=(BV27){[v’1-12v'-454-9(2V-(-l)*110-(A'4-n')]+[n'*-4n'-234-27(2V+l)*] 

X[(v'+A')-14]4-CA'I~16A'-f64][(n'-v')-|-4]).  (35) 


VI.  ROTATIONAL  PERTURBATIONS  OF  IDEAL  HUND’S 
CASE  d'  AND  CASE  d’  APPROACH  TO  INTERMEDIATE 
STATES 

The  A-doubling  effect  near  Hund’s  Case  d  was  first 
considered  by  Hill  and  Van  VleckK  and  subsequently 
by  Dieke51  both  using  one  parameter  A  to  represent 
the  magnitude  of  coupling  of  orbital  motion  to  the 
figure  axis.  As  an  improvement,  we  use  energy  as  a 
parameter  and  develop  a  formalism  that  permits  the 
use  of  any  necessary  number  of  parameters. 

Neglecting  spin  for  the  time  being,  we  consider 
Hund’s  Case  d'  and  assume  the  orbital  angular  momen¬ 
tum  L  of  the  Rydberg  electron  to  be  completely  de¬ 
coupled  from  the  figure  axis.  In  other  words,  the  core 
potential  is  assumed  to  have  a  spherical  symmetry  and 
L*  commutes  with  the  Hamiltonian  to  make  L  a  good 
quantum  number.  In  this  case  the  total  angular  momen- 

M I.  Kovacs  and  S.  Sinter,  Physik.  Z.  43,  362  (1942). 


turn  N  of  the  system  is  simply  the  resultant  of  the 
electron  orbital  angular  momentum  L  and  the  nuclear 
orbital  angular  momentum  R,  the  latter  coming  from 
the  rigid  rotation  of  the  bare  nuclei.  Conversely  R  is 
the  difference  of  N  and  L.  In  terms  of  the  standard 
notation  for  vector  coupling  of  angular  momenta  (Fig. 
3)  we  have  R=N-L=N+L',  where  L'  is  the  negative 
of  L  and  has  the  signs  of  its  components  reversed  com¬ 
pared  with  the  latter.  More  explicitly  we  rewrite  (23) 


Fio.  3.  L  decoupling  from 
Hund’s  Case  b  to  form  Hund’s 
Case  4, 
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to  read 

*«.»=  t  C(N,  L',  R;  A,  -A,  0)ZWr/.-A,  (36) 

A — V 

where  we  have  omitted  the  vibrational  wavefunction 
RnvKA  and  other  irrelevant  quantum  numbers,  ^«,o  is 
the  wavefunction  for  the  rigid  rotation  of  nuclei.  Since 
R,  the  nuclear  orbital  angular  momentum,  is  perpen¬ 
dicular  to  the  figure  axis,  the  former  naturally  has  zero 
component  along  the  latter.  C  is  the  vector  coupling 
(Clebsch-Gordan)  coefficient.55  From  Eq.  (12), 

OwA=[(2iV+l)/8*r1]'D.,Mv 

is  the  normalized  wavefunction  for  a  symmetric  top 
expressed  in  terms  of  Euler  angles.  <I>la  is  the  normalized 
electronic  wavefunction  expressed  with  respect  to  the 
moving  molecular  coordinate  axes. 

A  perturbation  that  causes  Hund’s  Case  d  to  deviate 
towards  Case  b  also  causes  L  to  be  more  coupled  to 
the  figure  axis.  In  other  words,  the  core  potential 
deviates  from  a  spherical  symmetry  towards  an  axial 
symmetry.  Such  coupling  with  the  figure  (Nf)  axis 
was  expressed  by  Hill  and  Van  Vleck52  as 

A((L-Nf)2)=*AA*.  (37) 

The  square  of  A  then  accounts  for  the  d=A  double 
degeneracy  in  a  stationary  molecule.  However,  we  can 
also  view  the  above  in  a  different  manner.  Because  of 
equivalent  transformation  properties5*  of  the  angular 
momentum  vector  and  the  position  vector  of  an  elec¬ 
tron,  the  matrix  elements  of  these  operators  are  equiva¬ 
lent  except  for  a  proportionality  constant.  For  this  to 
be  valid,  one  expresses  the  operator  in  irreducible 
spherical  tensor  form,  namely, 

AT3(L-Nf)*-L*]=A,[3Lf*-L1]  (38a) 

=>A'[3  cos*#;,,— 1],  (38b) 

where  tfj,  is  the  angle  between  L  and  the  unit  vector 
(Nj)  along  the  figure  axis.  Eq.  (38b)  may  be  shown  to 
be  equivalent  to 

--VAT3  cos1fl„-l]=  -VA'iVcosfU),  (39) 

where  B,n  is  the  angle  between  the  electron  position 
vector  f  and  Nf  and  differs  from  0j«  by  sr/2  as  p  is 
perpendicular  to  L=pXP.  The  proportionality  con¬ 
stant  can  be  gotten  simply  by  evaluating  the  first 
operator  (38)  in  Hill  and  Van  Vleck’s  formalism**  (with 
their  j,=R  and  their  k- L=  1)  and  evaluating 
the  second  operator  (39)  over  our  wavefunctions  in 

“  For  the  algebraic  expressions  of  C  involving  L  up  to  2,  see 
E.  U.  Condon  and  G.  H.  Shortley,  Ref.  48,  pp.  76—78,  or  J.  C. 
Slater  Quantum  Theory  of  Atomic  Structure  (McGraw-Hill  Book 
Company,  Inc,,  New  York,  1960),  Vol.  I,  pp.  92-94.  However, 
note  a  misprint  here  in  the  expression  (in  Slater’s  notation)  for 
5—2,  7—  L— 2,  Jf,-0  inside  the  square  root  (L+M+l)  should 
read  (L+M—l).  For  L— 3,  see  D,  L.  Falkoff,  G.  S.  Collakay, 
and  R.  E.  Sells,  Can.  J.  Phys.  34,  253  (1952). 

"  V.  Heine,  Group  Theory  in  Quantum  Mechanics  (Pergamon 
Press,  New  York,  1960),  p.  152. 


(36)  for  L=  1  (see  below),  and  then  comparing  results. 
When  converted  to  an  operator  in  the  position  space  of 
the  electron  as  above,  the  coupling  perturbation  of 
Van  Vleck  A  (L-Nj-)2  is  suggestive  of  the  electrostatic 
nature  of  such  perturbation.  In  fact  if  we  consider  a 
united  atom57  model  as  representative  of  Hund’s  Case  d, 
the  axial  perturbation  on  the  spherically  symmetric 
field  due  to  the  separation  of  nuclei  is  the  following 
(2fe)  multipole-type  potential  expansion  for  a  (linear) 
distribution  of  (two)  charges  ( Z„  and  Zb) ,  where  Z„ 
and  Zb  may  be  considered  to  be  the  effective  positive 
charge  of  the  partially  shielded  nuclei.5* 


Z„+Zb 


-  tLZa{p<)  *+(-)  kUP<)  kP^~L\  ■  (40) 
k-0  P>+  J 

Here  p<  and  p>  are  the  larger  or  the  smaller  of  p  and 
R/2,  R  is  the  separation  between  the  nuclei  a  and  b 
^denoted  as  r  in  Eqs.  (1)-(10)  J,  and  p  is  the  position 
vector  of  the  Rydberg  electron  which  perceives  this 
perturbing  potential.  As  the  spherical  harmonics  with 
odd  k  will  yield19  a  vanishing  Clebsch-Gordan  coeffi¬ 
cient  C{LkL\  000)  when  evaluated  over  any  two 
rotation-electronic  states  with  the  same  good  quantum 
number  L  in  a  first  order  perturbation  theory,  only 
term  with  even  k  remain.  The  first  contributing  term 
for  Ap^O  has  k=2  which  is  precisely  of  the  form  of  the 
coupling  perturbation  term  in  (55)  that  gives  rise  to 
A(L*Nf)J  or  A  A*  dependence.  More  precisely  the 
dependence  up  to  R?  of  the  perturbed  energy  can  be 
shown57  to  be,  for  coming  from  the  k=2  term  in 
the  expansion  for  p>  R/2,  namely, 

..  ZM  yi\A(A+l)[3A»-A(Z.+  in 

(Z.+Z»)\y/(2L-l)L(I+l)(2L+3) 
sA'[3A*-£(A+l)l  (41) 


which  is  equivalent  to  the  formula  given  by  Hund50 
for  an  approximate  one-electron  state  (without  elec 
tron-electron  interaction)  in  the  orbital  approximation 
of  a  many-electron  molecule  db.  Here  h  is  assumed 
to  be  a  function  dependent  on  the  principal  quantum 
number  of  the  united-atom  orbital  n,  the  orbital 
angular  momentum  quantum  number  L  and  inter- 
nuclear  separation  R  but  independent  of  A.  For  a 
hydrogenlike  orbital 


2 Z.Z„(Z.+Zb)* 


-#■  (41a) 


do3»3L(  A+l)  (2A-1)  (2A+1)  (2A+3) 

From  (37)  and  (38)  it  is  seen  that  3 A'  — A. 

With  increasing  separation  of  R ,  higher-order  multi¬ 
poles  and  higher-order  perturbation  theory  will  give 


"  W.  A.  Bingel,  J.  Chcm.  Phys.  39,  1250  (1959);  see  also  P.  M. 
Morse  and  E.  C.  Stuekelberg,  Phys.  Rev.  33,  932  (1929). 

M  For  the  Hi  molecule  this  corresponds  to  a  demi-Hj+  core  for  a 
Hi  Rydberg  MO.  See  R.  S.  MulUken,  Ref.  20.  The  charge  dis¬ 
tribution,  of  course,  must  have  cylindrical  symmetry. 
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rise  to  the  other  powers  of  R  dependence.  When  higher 
orders  are  included,  the  total  effect  is  manifested  in  the 
electronic  energy  expression 

4>iHirf>L=  E±.  (41b) 


We  have  noted  that  the  perturbations  (40)  are 
diagon:  in  A.  If  we  apply  these  perturbations  to  our 
Case  d  wavefunctions  (36),  we  have,  from  the  ortho¬ 
normal  property  of  Dsi  the  following  nonvanishing 
matrix  elements*: 


A.R  =  0 ;  .oHp'i'a l0  =  Z  \C(NLR-,  A-AO)  |»  EA, 

A— L 


A£=±2;¥*,»ff,>'*'*±*,o=  Z  C(NLR ;  A-AO)  C(NLR± 2;  A-AO)  £A. 

A— L 


(42) 


From  these  nonvanishing  matrix  elements,  we  have  the  general  formula  for  a  state  of  given  R  up  to  the  second 
order: 


E{R;R+  2) 


£(£;£- 2) 


nn(n  mi  mm  ^R>R+2^ ,  ZH,(R;R-2)? 

- BR(R+i)+Hp(R,R ) - * 

More  explicitly  we  write  the  state  wavefunction  (36)  for  the  />-term  complex  (L=  1)  as 

N 


(43) 


l<t>L-l, 


/e = iVTH- 1 ;  ^+1.*= ^  0+[2(2^I> 

R=N;  't/t.o—  [£]lAr,-ifo,-i, 

^ = ^ — 1  ’  *S~l =  [  2(^Tiy — [  2/^1  [  2(^^Piy J  X  ■~1,  (44) 

Using  the  definition  of  energy  parameters  (32),  the  energies  £*’s  for  the  above  states  up  to  the  second  order 
are  then: 


£=#+1  state:  £(iV+l)(tf+2)+tf,(AT+l;  AT+1)  + 
R=N  state:  BN(N+l)+Hp(N; 

R=N- 1  state:  B(N-l)  (N)  +H,{N- 1;  N- 1)  - 
where  the  matrix  elements  are 


[gF(jy+i;jy-i)T 
£[4W+2] 


*n+, 


£[4.V+2] 

g,(iY+i;Ar-H)=^-In+i, 

ff,(A*;ff)=n+X, 

IH,(N+ 1 ;  tf- 1)?= LH,(N- 1 ;  tf+l)  ?= 
and  the  arrow  indicates  the  correlation81  to  the  states  of  Case  b  [Eq.  (30)]  for  a  2  core. 


►2+, 


(45) 


(46) 


"Off-diagonal  matrix  elements  for  AA”  ±1  can  be  shown  to  be  zero  from  the  properties  of  the  Clebsch-Gordan  coefficients 
(Ref.  19,  p.  38  and  p.  42).  We  write 

••.•fffftuM-  2  C(NLR)  -A,  +A,  0)C(ALA±1;  -A,  +A,0)ifLA 

A-l 

+C(NLR ;  000)C(W£,A±1;  000) £,+  2  C(NLR;  A,  -A,  0)C(AIA±1,  A,  -A,  0)EA. 

A-i 


Because 
the  sum 


Ei — £_a,  on  changing  the  signs  of  A  the  first  term  cancels  the  last  term.  The  second  term  vanishes  because  one  of 
either  (N+L+K)  or  (A+A-j-Ail)  must  be  odd  and  the  corresponding  Clebsch-Gordan  coefficient  for  this  is  aero. 
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In  the  above  formulas  use  has  been  made  of  the 
orthonormal  condition  of  the  Clebsch-Gordan  coeffi¬ 
cients  to  separate  one  energy  parameter  £2(=S) 
which  is  later  eliminated  on  the  diagonal  by  being 
absorbed  into  the  energy  variable  IV  of  the  secular 
equation.  Thus  for  a  p-term  complex  (L=  1)  we  need 
only  one  parameter  (number  of  parameters  is  equal 
the  number  of  A’s  in  the  summation  that  ranges  from 
A=1  to  L  or  L  in  number),  for  a  d-term  complex 
(L=2)  we  need  two  parameters,  etc.  After  eliminating 


the  parameter  Ez  by  letting  W'=E-EZ  as  was  done 
in  (34) ,  we  see  that  the  secular  equation  obtained  by 
using  the  matrix  elements  of  (46) 

|  HP(R;  R ') -W'6k,r,  |  =  0  R'=  R,  R± 2  (47) 

is  identical  to  that  of  Hill  and  Van  Vleck,“u  with  their 
A  =  Er-Ez=  n,  a  conclusion  wholly  consistent  with 
(41)  and  (41a). 

The  energies  £*’ s  for  the  five  states  of  a  d-term 
complex  (L=  2)  up  to  the  second  order  are  the  following 


R=N+  2  state:  B(N+ 2)  (;V+3)  +H,{N+2-  V+2)  + 

£[4V+6] 


J?=2V-hl  state:  3(V+1)  (^+2)+Zf,(AT+l;  v+i)  ,  V-l)? 

BlAN+Z] 

R=N  state:  i)  +  rr (y-  y\ _ ^+2)?  [#,(#;  lV-2)]a 

5C4AT+6]  +  £[4V-2]  1 

R=N- 1  state:  B(N-l)  (iV)-f  BP(N-1:  N-l) ^ n- 

BUN+i] 


R=N—2  state: 
where  the  matrix  elements  are 


B(N- 2)  ( N-l)+Hp(N-2 ;  N-2)  -feMl 2 

'  j5[4V-2] 


(48) 


Bp(N+2-,N+2)  = 


N(N-l) 


.  ,  2,V(V+2) 

_  .  n+s, 


2(2iV+l)(2,V+3)  (2V+l)(2V+3) 


TT  /  \r  I  |  .  J7-  .  ,  \  (N  1)  (Ar+2t 


3(iy-l)(AT+2)  a  ,  3 

(2  N- 1)  (2N+3)  +  (2N—  1)  (2A+3) n+S' 


2AH-1  2V+1 


■n+s, 


Bp(N-2;  N-2)  — <*±*2< (  Mzll (W)  n  ,  z 
2(2V-l)(2V+l)A+(2^-l)(2iV+l)n+S’ 

ZHp(N+2;  N)J=£1 1P{N-,  N+2)J=- - WW+2) _ RV-G  A+2nP 

2(22V— 1)  (2Ar+l)  (2N+3)^N  1)  A+2nj* , 

(2A+1)* 


ZB,(N;  N-2)y=  ZBp(N- 2;  N)J>= 


3(N-1)(N+1) 

2(2N+l)(2N-’r3)(2N-l)*^V+2)A~2nJ>> 


(49) 


and  the  arrows  in  (48)  indicate  the  correlation"*  to 
the  states  of  Case  b  [Eq.  (29)]  with  a  £  core. 

To  investigate  cases  intermediate  between  b  and  d 
from  the  Case  d  approach,  we  again  form  a  secular 
equation  similar  to  (47) .  This  secular  equation  can  be 
reduced  to  Dieke’s  secular  equation11  which  was  ob¬ 
tained  from  Hill  and  Van  Vleck’s  one-parameter  for¬ 
malism,*  if  we  make  the  assumption  that  £*-£,=- 


4 (Ew  Ez)  ”4.4.  This  last  assumption  of  course  stems 
from  one  parameter  energy  expression  Ek=Ak*  which 
is  precisely  what  we  try  to  avoid.  Our  5X5  secular 
equation  easily  factors  into  a  2X2  secular  equation 
involving  the  mixing  of  £=.V+1  and  R=N-\  states 
which  corresponds  to  the  mixing  of  11“  and  A~  states 
in  Case  6;  and  a  3X3  secular  equation  involving  the 
mixing  of  -R-AT+2,  R-N,  and  R-N- 2  states  which 
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corresponds  to  the  mixing  of  A+,  II+,  and  2+  states  of  Case  b.  The  3X3  secular  equation  is  too  complicated 
to  warrant  a  series  solution  similar  to  that  of  (34) -(35).  The  2X2  secular  equation  with  appropriate  label¬ 
ing  of  R  with  W'—  E=  Es,  namely, 


R=N+1 


R  =  N- 1 


v_i  N+2 

iTIA+mTn+Zi('v+1)(A'+2)-r’ 


CQY-l)(;V+2)]i 

2V+1 


(A-n) 


[(.V-l)(,V+2)]l 
2N+1 


(A-n), 


is4+w,+fi('v-1,A,-,r 


=  0,  (50) 


though  very  different  in  form  from  the  secular  equation 
(33)  obtained  by  the  Case  b  approach  with  pure  pre¬ 
cession  assumption,  may  be  easily  shown  to  yield 
solutions  identical  to  (33a).  The  equivalence  of  our 
present  Case  d  approach  to  the  Case  b  approach  to¬ 
wards  intermediate  states  then  demonstrates  the  con¬ 
sistency  of  theoretical  basis  of  the  two  cases  and  the 
correctness  of  perturbations  involved  in  the  transition 
between  them. 

VII.  CONCLUDING  REMARKS 

We  have  developed,  in  Secs.  IV,  V,  and  VI,  energy 
formulas  for  near  ideal  Cases  b'  and  d!  as  well  as  for 
intermediate  cases.  For  near  Case  V  and  for  the  Case  V 
approach  to  intermediate  states  we  have  made  use  of 
Van  Vleck’s  pure  precession  assumption9  to  evaluate 
the  electronic  matrix  element,  2BLV  [See  Eq.  (19)]. 
Strictly  speaking,  these  formulas  then  are  applicable 
only  to  nonpenetrating  Rydberg  orbitals  of  relatively 
high  n.  We  write  the  electronic  term  energy  of  a 
Rydberg  state  as  follows: 

-Un(r)  =  T  =  RyZ?/  «*J  =  RyZ?J  ( «  —  5) 2,  (51) 

where  R„  is  the  Rydberg  constant,  Zc  charge  of  the 
core,  S  is  the  quantum  defect  and  Un(r)  comes  from 
Eq.  (6)  when  the  latter  is  written  as  a  self-consistent 
field  Schrodinger  equation  with  core  potential  for  a 
single  Rydberg  electron.  For  large  n  and  consequently 
small  magnitude  of  Un(r)  the  perturbation  is  signifi¬ 
cant.  In  these  orbitals  of  large  n,  furthermore  if  the 
orbitals  are  nonpenetrating,  the  electron  position  vector 
p  becomes  consistently  large,  the  core  potential  (40) 
loses  its  multipole  character  and  appears  as  a  spherically 
symmetric  charge  distribution  to  the  electron.  In  this 
spherical  central  potential,  the  angular  momentum  L 
is  defined  and  the  2,  II,  A  states  have  nearly  equal 
n*’s  which  are  close  to  the  united  atom  »  value. 

When  the  rotational  quantum  number  N  is  large, 
the  rotational  interaction  [see  Eqs.  (26) -(28)  for  its 
dependence  on  N)  will  be  large  enough  to  decouple  L 
from  the  figure  axis,  and  the  limiting  formulas  for 
perturbation  near  Hund’s  Case  d  are  normally  appli¬ 
cable.  However,  for  penetrating  Rydberg  orbitals  and 
for  low  TV's  where  the  pure  precession  assumption  is 
not  adequate,  we  have  to  go  to  near  Case  b  and  it  may 


be  necessary  to  distinguish  Bz,  B„,  B  ,  etc.,  and 
to  reassess  the  magnetic  dipole80  matrix  element 
(A  |  Ly  |  Ail)  which  does  not  take  the  simple  form 
(19).  This  operator  in  spherical  polar  or  in  Eular 
angles,39  or  in  elliptical  coordinates81  is  to  be  evaluated 
over  accurate  electronic  wavefunctions  of  molecular 
states  in  the  appropriate  coordinate  systems.  In  the 
pure  precession  treatment  with  equal  w’s  and  L’s,  we 
are  considering  a  rotational  perturbation  within  the 
same  term  complex,  for  example,  the  matrix  element 
—  (3dtre  |  2B Ly  \  Mir a),  whereas  the  only  known  mag¬ 
netic  dipole  matrix  element  for  a  real  molecule  appears 
to  be  that  of  (\.sat  |  L  \  3dir„)  of  Hj+  calculated  by 
Dalgarno  and  McCarroll.82  For  complex  molecules  and 
for  other  molecular  states  the  calculation  at  present  is 
not  practical  because  of  the  lack  of  accurate  wave- 
functions. 

In  the  treatment  of  Hund’s  Cases  b'  and  d',  we  have 
neglected  electron  spin  and  its  coupling  to  the  figure 
axis.  Such  decoupling  of  spin  is  especially  justified  for 
Rydberg  states  of  high  n  where  the  spin-orbit  inter¬ 
action  of  the  spin  of  the  Rydberg  electron  of  a  ‘2  core 
with  its  own  orbit,  is  small.  This  is  because  the  inter¬ 
action  is  proportional  to  (l/p3)  which  in  a  central 
field  approximation  and  with  hydrogen-like  atomic 
wavefunction  becomes  Z3/[n3L(L+$)  (L+l)],  where 
Z  will  be  small  in  a  united-atom  approximation  for 
relatively  light  molecules.  The  consequence  of  the  above 
is  of  course  the  Case  b  representation.  When  spin  is 
included  for  a  Rydberg  electron  with  a  doublet  core, 
we  have  singlet  and  triplet  states  each  forming  a  sepa¬ 
rate  Rydberg  series.  In  that  case,  the  difference  in  the 
space  part  of  the  singlet  and  the  triplet  states,  as  well 
as  other  refinements  on  the  electronic  state  such  as 
electron  correlation,  magnetic  interactions  will  be  mani¬ 
fested  in  the  electronic  matrix  element  of  2BL In  the 
event  of  having  made  the  pure  precession  assumption, 
these  electronic  properties  will  then  be  absorbed  into 

88  See  J.  H.  Van  Vleck,  Astrophys.  J.  89,  161  (1934)  for  a  dis¬ 
cussion  and  for  some  selection  rules. 

81  The  operators  L„  Ltl  and  L±  in  elliptical  coordinates  were 
given  by  Dalgarno  and  McCarroll8*  and  also  by  Kolos  and 
Wolniewicz.8 

85  A.  Dalgarno  and  R.  McCarroll,  Proc.  Phys.  Soc.  (London) 
A70,  502  (1957).  The  selection  rule  of  A»-=  2  and  AT— 2  may  be 
viewed  as  coming  indirectly  from  the  perturbation  P:(coa°)/p‘  on 
the  united  atom  [see  Eq.  (40)  J. 
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the  effective  spectroscopic  constant  B.  As  a  last  remark, 
if  we  replace  A  by  fi(  =  A+2)  in  all  our  equations,  what 
was  said  about  Hund’s  Case  b'  here  applies  to  Hund's 
Case  a  (or  c  if  L  and  5  are  strongly  coupled)  and  about 
Hund’s  Case  d'  here  applies  to  Hund’s  Case  t. 
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ELECTRIC  QUADRUPOLE  AND  MAGNETIC  DIPOLE  RADIATION  IN  LINEAR  MOLECULES. 

APPLICATIONS  TO  1II  -3H  TRANSITIONS.* 

Ying-Nan  Chiu* 

Laboratory  of  Molecular  Structure  and  Spectra 
Department  of  Physics,  University  of  Chicago 
Chicago,  Illinois  60627 

ABSTRACT 

^he  electric  quadrupole  and  magnetic  dipole  operators  of  a  rotating,  linear 
molecule  interacting  with  a  radiation  field  are  formulated,  in  the  space-fixed  and  in 
the  molecular  coordinate  systems,  as  contractions  of  irreducible  spherical  tensors. 
Radiative  transition  probabilities  are  obtained  for  the  initial  and  final  rotation- 
electronic  states  that  are  in  Hund's  coupling  case  a_  or  b,  using  the  normalized  rota¬ 
tion  matrix  as  the  separated  rotational  wavefunction  in  the  Born-Oppenheimer  approxi¬ 
mation.  Line  strength  formulas  are  derived  for  (1)  transitions  between  singlet  case  b 
states,  in  the  case  of  an  electric  quadrupole,  the  *2  -^2,  1n  -'*'2,  ^A  -^2,  -^H, 

■'■A  -1n,  14>  -1n,  1A  -1A,  **  -1A,  and  1r  transitions;  in  the  case  of  a  magnetic  dipole, 
the  1n  -14>,  1H  -^n,  1A  -1!!,  ■’"A  -1A  and  -1A  transitions  (2)  the  -^n  -^n(a)  transitions 
(2)  the  Xn  -3n(b)  transitions.  The  master  line  strength  formula  as  well  as  intensity 
distribution  for  different  branches  are  given.  In  (2)  and  (2),  some  of  the  transitions 
are  found  to  be  dependent  on  the  absolute  Kronig  reflection  symmetry,  giving,  for  mole¬ 
cules  of  unequal  nuclei,  an  intensity  alternation  for  the  two  A-doubling  components. 

A  discussion  of  this  reflection  symmetry  and  the  inversion  symmetry  is  given  and  a  con¬ 
sistent  set  of  molecular  wavefunctions  of  a  given  symmetry  is  constructed  for  (1) 
singlet  case  b  states  and  triplet  case  a  states  (2)  triplet  case  b  states  expressed  as 
linear  combination  of  case  £  3tate  wavefunctions  through  angular  momentum  coupling. 

The  rotation-vibration  spectra  due  to  these  higher  multipole  radiations  are  briefly 
discussed.  A  new  view  for  the  possibility  of  AA  =  0  (for  A  *  0)  magnetic -dipole  pure 
rotation  spectra  is  advanced. 


*This  work  was  supported  by  a  grant  from  the  National  Science  Foundation, 

NSF  OP-28  Research. 

* Present  Address:  Department  of  Chemistry,  The  Catholic  University  of  America, 
Washington  17,  D.  C. 


321 


F 


I..  INTRODUCTION 

The  relatively  "forbidden"hlgher  multipole  transitions  are  of  interest  in 
planetary  and  stellar  spectra^-  and  in  molecular  spectra  where  the  electric  dipole  transi¬ 
tion  moment  vanishes  because  of  symmetry.  Early  theoretical  work  ranges  from  the  magne- 

O 

tic  dipole  interpretation  of  the  atmospheric  bands  of  oxygen  to  the  calculation  of  the 
intensity  distribution  of  the  electric  quadrupole  rotation-vibration  spectra^  of  Hg  in 
its  ground  electronic  state.  More  recent  experimental  works  of  Wilkinson  and  Mulllken^ 

C 

and  Wilkinson  et_  al_.  make  it  worthwhile  to  pursue  further  studies  in  this  area.  The 
theoretical  line  strength  formulas  we  shall  derive  for  diatomic  molecules  are  equally 
valid  for  rotating,  linear,  polyatomic  molecules  when  the  interactions  between  rotation 
and  vibration  are  not  considered. 


II.  ELECTRIC  QUADRUPOLE  RADIATION 


For  a  system  of  interacting  charged  particles  such  as  the  electrons  and  nuclei 
in  a  molecule,  the  Einstein  spontaneous  quadrupole  emission  probability  An  _*ni  for  the 

%  f. 

transition  from  a  state  n  to  a  state  n'  may  be  written  as^’ 


32tt6  v5  £m,  iSo^nMin'M') \‘ 


n  -*  n' 


5  hc^~ g 


(1) 


where  ^  is  the  electric  quadrupole  tensor  for  the  1th  charged  particle,  the  summation 
index  M  ranges  through  the  gn  degenerate  levels  of  the  n  state,  and  the  other  symbols 
have  their  usual  meaning.  If  we  consider  only  the  degeneracy  of  the  rotational  levels 
explicitly,  the  line  strength  S(J,J')  may  be  defined  in  terms  of  the  quadrupole 


1G.  Herzberg,  Astrophy3.  J.  8£,  428  (1938). 

2J.  H.  Van  Vleck,  A3trophys.  J.  80,  l6l  (1934). 

^H.  M.  James  and  A.  S.  Coolidge,  Astrophys.  J.  8^,  438  (1938).  Note  here,  I,  J,  and  K 
stand  for  the  molecular  axes  instead  of  the  space  axes. 

^P.  0.  Wilkinson  and  R.  S.  Mulllken,  Astrophys.  J.  126,  120  (1957). 

'’P.  G.  Wilkinson,  Communication  with  Professor  R.  S.  Mulllken.  1II„  and  -1n 

g  g  g  g 

transitions  in  N-.  See  also  Vanderslice,  Wilkinson  and  Tilford,  J.  Chero.  Phys.  (to  be 
published).  * 

^E.  C.  Kemble,  "The  Fundamental  Principles  of  Quantum  Mechanics",  Dover  Publications 
Inc.  (1958)  pp.  462-469. 


322 


r 


transition  moment  as  follows: 

S(J.J’)  =  ZM  ZM,  I2  ,  (2) 

where  the  indices  M  and  M'  range  through  the  2J+1  and  2J'+1  degeneracies  of  the  initial 
and  final  states  respectively. 

The  quadrupole  tensor  $  may  be  referred  to  an  arbitrary  space-fixed  axis  system 

(X.  J  K)  or  to  the  molecular  axis  system  (jj^  q^)  .  Should  Cartesian  basis'  be  used, 

I5I2  represents  the  sum  of  the  squares  of  the  nine  components  of  Q.  This  has  been  the 

conventional  treatment^’^  we  chose  to  express  Q  in  the  spherical  basis^  for  the  easier 

2 

evaluation  of  the  matrix  elements .  isr  then  represents  the  sum  of  the  squares  of  the 
five  independent  components  of  the  quadrupole  tensor.  In  the  molecular  coordinate 

O  ■j 

system0  the  electric  quadrupole  tensor  of  James  and  Collidge''  may  be  written  in  the 
spherical  basis  as  a  contraction  of  irreducible  tensors  as  follows: 

^i5i=f^X^iei  Ex^i^i^  T2X^2?2tj~^ 

=  (2/3)*  Z^  Zx  Z.e,  T2XU1n1C1)D2*  ('*)  (3) 

X  (2/3)*  T^(I  i  S)  , 

where  e^  is  the  charge  of  the  ith  particle,  Tg^  is  the  Xth  component  of  the  irreducible 

spherical  tensor  of  the  second  rank;^  in  terms  of  the  spherical  harmonics  on  a  unit 

sphere,9  T2X=  (4tt/5)*  Y2Xj  the  components  (2/3) 5  T*^  (IJK),  are  mutually  orthonormal 

in  as  much  as  the  unit  vectors  IJK  are  orthonormal  when  one  takes  their  mutual  scalar 
2  7 

products.  D^x  is  the  rotation  matrix  of  the  second  rank  and  q>, Q,^  are  the  Euler 
angles  through  which  one  rotates  the  space-fixed  axis  system  to  the  molecular  axis 

7 

M.  E.  Rose,  Elementary  Theory  of  Angular  Momentum,  John  Wiley  and  Sons,  New  York  (1957). 

®In  the  space-fixed  axlB  system  Z  j  Z^Z  ieiT2u/xiyizi^T2p.^  ~  &  •  uPon  an  inverse 

rotation  to  express  the  space  coordinates  (xyz)  in  terms  of  the  molecular  coordinates 
(ItjC),  the  above  becomes  ZjSl  m  (§)  ^  ieiI^”,i'_0"*)T2X^iTli  ^  ^  and 

is  equivalent  to  the  expression  in  (3)  because  (see  Ref.  7,  p.  54)  D^^f-V'-S-q))  = 

*§(**>• 

Explicitly  Tg0(a  b  c)  =  i(-aa  -  bb  +  2cc) , 

T2,  ±  l^a  b  '  *(3/8)*  Kac  +  oa)  *  i(bc  +  cb)  ], 

T,  ±  2(a  be)-  (3/8)*  [aa  -  bb  ±  l(ab  +  ba)]. 
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system.  We  take  as  a  generalized.  Initial  state  wavefunction 

*i  =  (2J+1/8tt2)*  ^AaA®nvA  l£(f*) 
and  final  state  wavefunction 


10-11 


*f  =  (2J'+1/8tt2)*  DA.bA.®n.v,A.DjI!l.(<P,S.V') 


(4a) 


(4b) 


(See  below  for  the  reasons  of  taking  a  linear  combination  with  summation  Indices  A  and 

*  12 
A')  and  make  use  of  the  following  formula  for  the  integration,  over  Euler  angles,  of 

the  product  of  three  rotation  matrices, 

(2J*+l)  ]*  J'rjJ)**  D2*  Dj£  dq)sin0d9d^  =  (fyryr)*  C(J2J’;AXA’)  C(J2J'j^M')  , 


We  then  get  from  Eqs. 


f(2J+l)  ( 

8tt 

where  C  is  the  Clebsch-Qordan  vector-coupling  coefficient. 

(2) -(3)  the  line  strength 

S(J.J')  -  2MZ^M,[2)A2x2A,aAbA,(n*v-A-|Q2X|nvA)C(J2J';AXA')J  02( J2J- ;HxM') 


?(2J+1)  [Z^x^AaAbA'(n'v'A'  l«2XlnvA)  C(J2J'  ;AXA')  ]‘ 


(5) 


where  the  superscript,  2,  on  C  denotes  the  square  of  the  Clebsch-Qordan  coefficient, 

Qgx  “  T2x(^iT>i^»  v  13  the  vlbrational  quantum  number,  n  stands  for  the  assembly 

of  electronic  quantum  numbers  other  than  A,  (n' v’A' IQ^ |nvA)  stands  for  the  vibronic 
matrix  element  over  vibrational  and  electronic  wavefunctions .  In  singlet  states  of 
Hund's  coupling  case  b1-5  A  stands  for  the  projection  of  the  total  electronic  orbital 
angular  momentum  along  the  molecular  figure  axis  (n^)  .  In  the  event  that  we  must  con¬ 
sider  the  Kronig  reflection  symmetry,  (see  below)  of  the  initial  or  final  state  wave- 
function,  the  summation  over  the  electronic  quantum  number  A  may  be  taken  simply  to 
mean  that  for  A  #  0,  A  assumes  the  values  of  +A  and  -A  and  =  b^  =  ±  1/V2.  In 
states  of  Hund's  coupling  case  a..  A  is  set  to  fl  which  is  the  projection  of  electronic 
orbital  and  spin  angular  momentum  along  the  figure  axis.^  For  a  non-singlet  case  b 


L.  Y.  Chow  Chiu,  J.  Chem.  Phys.  40,  2276  (1964). 

11Y.  N.  Chiu,  "Rotation-Electronic  Interaction  in  the  Rydberg  States  of  Diatomic 
Molecules",  J.  Chem.  Phys.  41,  3235,  (1964). 

12Reference  7,  p.  75. 

Herzberg,  Spectra  of  Diatomic  Molecules,  (D.  Van  Nostrand  Co.,  Princeton,  N.  J. 
(1931)),  PP.  218-240. 

^For  the  case  of  fl  *  0,  see  Section  IV. 
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state,  the  initial  or  final  wavefunction  may  be  expressed11  as  a  linear  combination 
(summation  over  fi)  of  case  a_  wavefunctions.  For  a  Hund's  case  d'  state,  the  wavefunction 
may  be  expressed11  as  a  linear  combination  (summation  over  A)  of  case  b'  wavefunctions . 
For  intermediate  cases  the  wavefunction  can  always  be  expressed,  by  first  order  pertur¬ 
bation  theory  in  terms  of  the  wavefunctions  of  the  idealized  Hund's  cases. 

In  the  reduction  to  the  first  equation  of  (5),  use  was  made  of  the  orthogonality 
of  the  components  of  J  K)  to  eliminate  the  corss  terms  composed  of  a  product  of 

different  p-components  which  represents  the  different  components  of  the  quadrupole 

0 

tensor  in  the  space-fixed  coordinate  system.  In  the  treatment  of  the  Interaction 
between  radiation  and  matter1"’  1^  such  non-mixing  of  different  p  components  follows  from 
the  orthogonality  of  the  analogous  components  of  the  tensor  k(II-.+  H_)  along  the  same 
space  fixed  coordinate  system  where  for  a  transverse  light  wave  and  Ilg  are  the  polari¬ 
zation  vectors  which  together  with  jc,  the  propagation  vector,  form  an  orthogonal  right 
handed  axis  system.  In  Eq.  (5),  one  of  the  three  summation  indices,  M,p,M'  is  redundant; 
we  may  arbitrarily  eliminate  the  index  p.  In  the  reduction  to  the  final  form  of  Eq.  (5), 
use  was  made  of  a  very  general  sum  rule  for  operators  in  the  forms  of  tensors  of  any 
rank  ( i) ,  namely 

Zm,2m  C2(JiJ’;M,M’-M,M’)  =  2J'+1,  l  =  0,1, 2, 3  •••  (6) 

7 

which  follows  from  the  orthonormality  of  the  Clebsch-Gordan  coefficients  and  the  sum¬ 
mation  of  M'  over  the  2J'+1  projections  of  J' .  For  the  electric  quadrupole  tensor 
operators,  £  =  2,  and  for  the  magnetic  dipole  or  electric  dipole  operator,  1=1. 

17 

From  Eq.  (5),  in  principle,  all  the  H8nl-London  type  line-strength  formulas 
for  AJ  =  J'-  J  =  -2,  -1,  0,  +1,  +2  (the  0, P, Q,R,S  branches)  and  for  AA  *  ±2,  *1,  0, 
should  immediately  follow.  However,  there  is  considerable  cancellation  in  actual  cases 
as  well  as  some  complication  due  to  the  differences  in  the  A-doubling  components  (see 
below) .  We  have  computed  some  examples  and  they  are  shown  in  Table  I.  The  formulas 
are  labelled  according  to  the  case  b  designation  and  are,  strictly  speaking,  good  for 

1^J.  S.  Griffith,  The  Theory  of  Transition-Metal  Ions.  Cambridge  University  Press, 

London  (1961),  pp.  52-55- 

1^E.  U.  Condon  and  G.  H.  Shortley,  The  Theory  of  Atomic  Spectra.  Cambridge  University 


Press,  London  (1957),  PP.  93-97. 
^Reference  13,  pp.  127-128  and  p,  208. 
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singlet,  case  b  states  only.  However,  by  setting  A  =  ft,  it  is  clear  from  Eq.  (5)  that 
for  transitions  between  the  multiplet  levels  of  two  Hund's  case  £  states,  the  same  for¬ 
mulas  for  the  J  dependence  are  valid.  The  electronic  and  vibrational  matrix  elements, 
of  course,  differ.  For  example,  the  ^Hg(a)  «-  ^A-j(a)  transition  will  have  the  same  J 
dependence  as  the  ^A(b)  *•  ^(b)  transition.  (See  Section  V  for  more  details.)  In  the 
formulas  given,  where  the  Kronig  reflection  symmetry  (denoted  by  the  superscript  ±)  is 
not  specified,  the  transition  if  occurs,  will  have  the  same  line  strength  formulas  for 
either  of  the  A-doubling  components. 

For  the  *11  -^n  transition,  writing  ^II*  =  dmi  ±  DM-l]  we  see 

a  complication  arises  because  the  Qg2  component  of  the  electronic  quadrupole  tensor 
operator  connects  the  A  =  +1  or  and  the  A  =  -1  or  ^  ^  components.  As  a  result  in 


^■^To  show  this,  one  needs  only  to  know  the  relative  Kronig  reflection  symmetry  and  the 
relative  overall  inversion  symmetry  (parity)  of  the  final  and  initial  states.  As  an 
example,  consider  the  "'"A  -  1II  transition.  From  Eqs.  (4a)  (4b),  if  the  final  state 

1  ±  i  [l  J1*  1  Tf  *  1 

wavefunetion  is  A  =  (i)  2 A*  I  <&2  DM,2  ±  $_2  -2 J  wlth  the  eigenvalue  (overall 

T  t 

parity)  of  ±(-)  under  the  total  inversion  operation,  the  initial  state  wavefunetion 

must  be  1lt  =  (i)^  A  14>1  ±  (-)^J'”  H  1  DM-lj  30  that  under  the  Inversion  opera- 

T»  _  J  J  Jf 

tion  it  will  have  the  3ame  eigenvalue  (parity)  of  ±  (-)  “  (-)  =  ±  (-)  .  This  is 

the  requirement  for  an  electric  quadrupole  or  a  magnetic  dipole  transition.  The  line 
strength  for  the  former  is,  according  to  Eq.  (5),  (2/3)(2J+l)  ^*2 1 ®21 1 ^l^  £  x 
C(J2J’;112)  +  (-)J'*  J(i) (1®_2lQ2-il1^-i)  C( J2J' ; -1-1-2) ]2 .  From  the  relationship 
between  the  vibronic  matrix  elements,  which  follows  from  our  definition  of  the  elec¬ 
tronic  state  under  the  total  Inversion  (see  Section  IV),  for  singlet  states, 
(^-glQg-ll1*  ^)  =  (1$>2|Q21|1$1)  and  from  the  relationship  between  the  Clebsch-Gordan 
coefficients  (see  Ref.  7),  C( J2J' j-1-1-2)  =  (-)J'_  J  +  2  C(J2J';112),  we  reduce  the 
line  strength  formula  to  (2/3) (2J+1) ($2 | l®^) 2 | C( J2J' ;112) |2  an  expression  totally 
Independent  of  the  ±  sign  that  specifies  the  Kronig  reflection  symmetry. 
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the  transition  matrix  element1 * 1^  there  are  cross  terms  of  the  above  kind  which  have  signs 
of  (±),  dependent  on  the  Kronlg  symmetry.  Hence  the  two  A-doubling  components  of  mole¬ 
cules  of  unequal  nuclei  will  have  different  line  strength  formulas, ^  ancj  wm  give  rise 

1  1 

to  line  doublets  of  unequal  intensities,  in  contrast  to  the  electric  dipole  n  -  n 
20 

transitions  where  the  two  components  of  a  line  doublet  have  equal  intensities.  An 
analogous  dependence  of  the  matrix  element  on  the  Kronig  symmetry  may  be  found  in  the 
fine  structure  formula21  of  the  ^n*(b)  =  (5)^  ^IIU(A  =  +1)  ±  ^Eu  (A  =  -1) j  state  of  Hg 
in  Hund's  coupling  case  b,  where  the  Y^2(ei2q>12)  sPace  component  of  the  spin-spin  inter¬ 
action  double  tensor  connects  the  ^IIU(A  =  +1)  and  ^DU(A  =  -l)  components. 

III.  MAGNETIC  DIPOLE  RADIATION 


For  magnetic  dipole  radiation,  the  Einstein  spontaneous  emission  probability 

6  l1! 

for  the  transition  between  the  state  n  and  n’,  may  be  written  as  *  J 


6<MrV2)M2)M,|Z1P1(nM;n»M')  |2 
3hC5  gn 


(7) 


where  D^  =  (e^/2m^c) =  (e^/2m^c) (£^+  Sj)  is  the  magnetic  dipole  vector  for  the  i 
charged  particle  with  mass  m^,  charge  e^,  orbital  angular  momentum  and  spin  angular 
momentum  s^,  the  other  symbols  have  the  same  meaning  as  those  in  Eq.  (1).  The  magnetic 
dipole  line  strength  is  defined  as  follows: 


s(j,j*)  =  2m2m,  i£1p1(JM;J'm’)  I2 


(8) 


In  spherical  basis,  the  magnetic  dipole  vector  in  the  molecular  coordinate 


1%o  use  these  formulas,  one  must  know  the  absolute  Kronig  reflection  symmetry  and  the 

absolute  overall  inversion  symmetry  of  the  states.  Following  footnote  18,  let  the 
final  state  be  =  (£)*  A'  [$+1  D^*x  ±  ^'-1]  and  the  lnltlal  atate  be 

1II  =  (i)^  a|®+1  Djj^  *  ♦.j  dm-i]’  The  llne  stren6th  according  to  Kq.  (5)  is 

(l/4)(2/3)(2J+l)  [(♦+1iQ20l*+1)  C(J2J»;10l)  +  (-) J''J(«.1lQ20l®.1)  C(J2J* ;-10-l)  + 

(-)  J,‘J(4,+1lQ22|4'.l)  C(J2J*;-l2i)  ±  (•_1lQ2.al*+i)  C(J2J' jl-2-1)]2  an  expression 
containing  the  ±  sign  that  specifies  the  Kronig- symmetry  of  the  final  state. 

20Reference  13,  p.  268. 

21P.  R.  Fontana,  Phys.  Rev.  125.  220  (1962) .  For  a  correction  of  a  factor  of  two  in 
these  formulas,  see  L.  Y.  Chow  Chiu,  Ref.  10,  footnote  20.  The  writer  is  indebted 
to  L.  Y.  Chow  Chiu  for  bringing  up  this  point. 
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22 

system  may  be  written  as  a  contraction  of  irreducible  tensors  as  follows: 

Ei»i  =  ^Zi(ei/2mic)  Tlx(Ji^,  JlT1,  Ji^)  Tix^^nrin^  = 

V  V  V  i*  ^ 

Z^xZi(ei/2miC)  Tlx(j1?,Jln,Jlc)  D^W^fUK), 

t*  Vi  7 

where  T^x  is  the  X  component  of  the  irreducible  spherical  tensor  of  the  first  rank;' 
the  components  of  (I  J  K)  are  mutually  orthonormal  and  D^x  is  the  totation  matrix 
of  the  first  rank.  Using  the  same  initial  and  final  wavefunctions  as  in  (4a)-(4b)  and 
following  the  same  reduction  to  Eq.  (5),  we  get  from  Eqs.  (8) -(9)  the  line  strength 

S(JJ')  =  fijl+1}  [ZAZxZA,aAbA,  (n' v'A' |Dlx|nvA) 

X  C(J1J';AXA)  j2  C2(J1J'  (10) 

=  (2J+l)[2AZxZA,aAbA,(n»v'A'|Du|nvA)  C(J1J'  ;AXA')  j2  . 

The  J  dependence  of  formula  (10)  for  AJ  =  J'-J  =  -1,0,1  (the  P,Q,R  branches) 
and  for  AA  =  ±  1,0  is,  aside  from  definitive  factors,  the  same  as  that  of  the  HBnl- 
London  line  strength  formulas1^  for  electric  dipole  transitions.  For  illustrative 
purposes,  we  have  computed  a  few  examples  and  have  given  these  along  with  the  master 
formulas  in  Table  II.  These  formulas  are  equally  applicable  to  electric  dipole  transi¬ 
tions,  but  the  vibronlc  matrix  elements  of  course  must  be  different.  In  the  examples 
given,  there  is  no  need  to  give  the  Kronig  reflection  symmetry  for  the  states  involved, 

22In  the  space  axis  systems  Z^  =  Z^Zi(ei/2mic)  T^f JlxJlyJlz)  T^(I  J  K)  = 

Z  XZ  ^Z  iCe^/am^c)  D^(-^,-e,-«p)  Tlx(J1?jlT)j1?)  T*4(I  j  K)  aid  is  equivalent  to  Eq. 
(9),  see  Refs.  7  and  8. 

2^In  terms  of  the  spherical  harmonics  on. a  unit  sphere  T^x  =  (4n/jS)^  Y1X.  Explicitly, 
T10(abc)  =  c,  T1±1(abc)  =  *  (l/V2)(a  ±  ib) . 


23 
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as  the  formulas  are  completely  Independent  of  the  ±  sign  that  specifies  this  symmetry.22* 
Therefore,  for  molecules  of  unequal  nuclei  the  two  A-doubllng  components  of  a  line 
doublet  for  transitions  among  the  states  with  A  #  0,  will  have  equal  Intensities.  This 
follows  from  the  fact  that  none  of  the  components  of  the  dipole  vector  can  connect  A 
and  to  give  rise  to  cross  terms.  However,  when  spin-orbit- interactions  are  con¬ 

sidered,  in  both  electric  dipole  and  magnetic  dipole  transitions  of  "''Il(b)  -  ^^(a)  or 
%i(a)  -  •5II0(a),  such  Kronig  symmetry  dependence  does  occur  and  it  is  considered  in 
Section  V.  It  will  be  noted  that  contrary  to  earlier  thoughts2'^  we  have  asserted 
that  even  for  M  =  0  (e.g.  the  and  ^"A  -^A  transitions)  there  should  be  magnetic 

dipole  pure  rotation  spectra.  Because  for  A  *  0,  it  is  clear  that  there  is  a  mag¬ 

netic  dipole  moment  (L^)  which  will  be  oscillating  as  long  as  the  electrons  receive  the 
periodic  perturbation  of  the  radiation  field  and  radiative  transitions  can  occur  as 
long  as  there  is  a  difference  in  energy  between  the  initial  and  final  states.  This 
difference  does  not  have  to  be  that  in  electronic  energy  but  can  be  that  due  to  the 
difference  in  rotational  energies. 

IV.  THE  ABSOLUTE  REFLECTION  AND  INVERSION  SYMMETRY  OF  MOLECULAR  WAVEFUNCTIONS . 

Many  of  the  transition  intensity  formulas  we  have  considered  are  dependent  on 

the  Kronig  reflection  symmetry  of  one  of  the  states  involved.  These  transitions  are 

for  example,  1H±  3no(a) j  1n±  £  5nx(a);  and  1n±  5n(b),  where  the  ±  sign 

denotes  the  Kronig  reflection  symmetry  of  the  final  state  and  the  a/ s  and  b' s  inside 

TTl - 

To  show  this,  consider,  as  an  example,  the  magnetic  dipole  transition  between  the 

final  state  12±(J')  =  A'1®*  DjJ,'  *0  and  the  initial  state  %  =  (i)^  A  1®+1  D{£  ± 

(-)J  *J  DM-l]*  ■rhe  llne  strength  according  to  (10)  is  (2J+l)£  (1®q|D1_1|'*'®+1) 

C(JlJ’jl-lO)  ±  (14’olDlll1®-l^  C(J1J';-110)]2.  Because 

(^IDi.iI^i)  =-(±)(1®*|Dn|1®_1)(Sec.  IV)  and  C(J1J';1-10)  =  (-) J'  ”J+1C(J1J'  ;-110) , 
the  line  strength  reduces  to  2(2J+l) (®q|D11|®_1)2  C2(J1J' j-110) ,  an  expression  inde¬ 
pendent  of  the  ±  sign  that  specifies  the  Kronig  symmetry  of  the  final  state.  For  an 
electric  dipole  transition,  the  initial  state  should  be 

Xn  =  (£)^  A^®+1  dmi  *  (~)J  "J+1  ^-l  DM-lJ‘  as  the  electric  dipole  (R)  matrix 

element  (1*olRl-ll1®+l)  *  (*) (1*olRll!1*-l)»  the  result  ls  the  same  as  above»  but 
with  D  replaced  by  R. 
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the  parentheses  denote  the  Hund's  coupling  cases  of  the  states  concerned,  R,  D,  and  Q 
stand  for  the  electric  dipole,  magnetic  dipole  and  electric  quadrupole,  respectively, 
it  is  therefore  necessary  to  know  the  absolute  Kronlg  symmetry  and  the  absolute  total 
Inversion  symmetry  (overall  parity)  of  the  wavefunctions  used.  Our  emphasis  here  is  on 
the  Kronig  symmetry  which  for  states  of  A  *  0  we  can  only  draw  an  analogy  to  the 
state  by  calling  as  our  normalized  (normalization  constant  A')  singlet  state  wavefunction 
(ip)  in  Hund's  case  b  coupling 

^(lnN'=  j») =  *  HJ,i]  ®(ln+i)  Dil!i  =  (±)*a-  [®(\j  dj;*  ±  *(1n.1)  (id 

,25-26 


which  upon  the  total  Inversion  operation  1  gives  an  eigenvalue 


(overall  parity)  of 


^The  assertion  that  the  wavefunction  in  Eq.  (11)  has  this  eigenvalue  implies  a  very 
different  (from  the  old  convention),  new  definition  of  the  electronic  wavefunction,  4>, 
which  now  has  the  property  that  under  the  Kronig  reflection  operation  with  respect  to 
a  plane  passing  through  the  i-C,  axes  (this  operation  is  equivalent  to  changing  the 
electronic  azimuth  angle  from  q>  to  27r-q>  or  to  -q>) ,  =  (-)  1>(1I1_1)  or  more 

generally  0^  =  HA  for  a  singlet  state.  Similarly,  under  the  reflection 

with  respect  to  a  plane  passing  the  tj-£  axes  (this  operation  is  equivalent  to  changing 
9  to  7t— qp)  =  4>(1n_1)  or  more  generally  0^  The  most  general 

definition  of  a  singlet  case  b  state  of  an  arbitrary  A  and  with  a  parity  of  (±)(-)J 
is  then  jt)  =  (i)^  A' [^*+4  dm'A  *  ^*-A  ®M'-a]’  0ur  kind  of  electronic  wave- 

functions  have  properties  that  correspond  to  the  spherical  harmonics  (Ref.  7)  used  to 
represent  the  Slater  atomic  orbitals  in  the  construction  of  molecular  orbitals.  In 
the  old  convention  0^  and  ev^®±A  *  The  most  general  definition  of 

a  singlet  case  b  state  in  the  old  convention  is  Jt)  =  (£) 

(-)^  ®m'*a]  80  as  to  have  the  same  eigenvalue  under  inversion  of  (*)(-) J  .  This 

kind  of  electronic  wavefunctions  appear  in  the  correlated  molecular  wavefunctions 
where  one  simply  represents  the  azimuth  dependence  as  exp(*iAq>). 


26 

There  are  two  ways  to  bring  about  the  total  inversions  of  the  coordinates  of  all 
particles  referred  to  the  space-fixed  axis;  namely  to  go  from  x^,  y^,  «*► 

*xl*  _yi’  -Z1  for  a11  i:  W  The  Euler  angles  (Ref.  7)  change  from  a,  p,  y  to  tt  +  a, 
-  P  and  if  -  y  respectively,  with  corresponding  change  of  the  molecular  axes  from 
n5*  ntj*  nC  to  n5*  -nrj*  The  net  effect  on  the  electronic  coordinates  referred  to 

the  molecular  axis  system  being  that  of  the  operation  6^.  Under  such  an  inversion. 
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the  rotational  wavefunction  changes  from  to  (-)J"A  dm-A’  The  Euler  angles  change 

to  7T  +  a,  7T-  0,  and  2 n  -7  (or  -7)  respectively  with  corresponding  change  of  the  mole¬ 
cular  axes  to  -n^,  n^,  n^.  The  net  effect  on  the  electronic  coordinates  is  equivalent 
to  0^.  Under  such  an  inversion  the  rotational  wavefunction  changes  to  (-)JDjJj_A. 

When  these  transformation  properties  of  the  rotational  wavefunctions  and  those  of  the 
new  electronic  wavefunctions  (Ref.  25)  are  taken  into  account  together,  we  get  the  eigen¬ 
value  (overall  parity)  of  the  state.  The  eigenvalues  obtained  from  both  ways  of  inver¬ 
sion  are  the  same  as  they  should  be.  In  either  cases  i  *  (~)^  ^-a^M-A' 


For  triplet  states  of  A  4  0  we  draw  an  analog  to  the  ^2  state.  Thus  for  Hund's 


case  ^  state  we  have  for  fi  =  0,  1,  and  2,  the  state  function  (<t)  as  follows: 

=  (*)*  a[*(\)d£  *  *(3Ka)»£n} 


(12) 


which  under  total  Inversion  gives  an  eigenvalue  of  (-)(±)(-)J,  the  extra  minus  sign  being 

27 

due  to  the  odd  properties  of  the  triplet-state  spin  eigenfunction  under  inversion.  ' 

For  Hund's  case  b  states,  we  express  the  state  function  (V)  as  a  linear  combination  of 
the  case  statefunctions  (4>)  as  follows  * 

f(\)  =  (i)*[i  ±  (-)Ni]v'(3nJ=1)  =  (±)*[^K34=+1)  *  “  2)nbN£1  *(3nJ)  (13) 

where  bNfl  =  C(  JlNjfi, -2,+l)  is  the  Clebsch-Qordan  coefficient,  S  =  (±)(-)J+N+1  is  the 
Kronig  reflection-symmetry  designation.  The  wavefunctions  on  either  side  of  Eq.  (12) 
under  total  inversion  will  consistently  give  the  same  eigenvalue  (overall  parity)  of 
(±)(~)  .  Such  consistency  permits  the  generalized  treatment  that  will  follow.  In  the 
reduction  to  the  final  form  of  Eq.  (13)  use  was  made  of  the  expression  of  the  case  b 
wavefunction  (characterized  by  N  and  A)  in  terms  of  the  case  a.  wavefunctions  (charac¬ 
terized  by  J  and  fi)  through  a  coupling  of  angular  momentum11  jJ  with  -S(S  =  1  for  a 
triplet) ,  namely 


27J.  H.  Van  Vleck,  Phys.  Rev.  40,  544  (1932),  p.  559- 
^Explicitly,  *(3nJ+ 1)  =  2nbJ+]fi  *(X>. 

.iiX-i)  =  Znbj.in  ®(X  •  Compare  these  results  of  Kovacs  (Can.  J.  Phys.  ^6,  309, 

■*  x 

1958)  who  gave  a  different  definition  for  the  Hj)  state.  The  inconsistency  intro¬ 
duced  by  this  definition  has  been  remarked  upon  by  Chiu  (Ref.  11) . 
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^(X_±1)  =  A  C(JlH;dflfTS,±l)*(3nia)Dj^in  ,  (14) 

and 

(-)N1  ^(3nJ=+1)  -  (-)J+N+1  A  c(JiNjft, -s,+i)«(5n_fl)D^*ft 

=  A  En  C(JlN;-n,+S,-l)®(3n_n)Dj*n  =  ^(3l4=_1)  .  (15 


V.  APPLICATIONS  TO  THE  Xn  -  3II(a)  TRANSITIONS 


Except  for  the  complication  due  to  the  Inversion  property  of  a  triplet-state 
spin  eigenfunction,2^  the  magnetic -dipole  and  electric  quadrupole  line  strength  formulas 
for  the  1n  -3n2(a)  and  1n*-3II1(a)  transitions  where  the  triplet  state  Is  in  Hund's 
coupling  case  a_  can  be  obtained  from  the  -^A,  "''ni-^TI  transitions  In  Tables  I  and  II. 

The  case  of  ^n±-3no(a)  transitions  presents  some  new  aspects2^  but  follows 
essentially  the  same  principles.  We  give  the  simplified  and  condensed  master  line 
strength  formulas  for  these  transitions  in  Table  III.  In  the  reduction  to  the  master 
formulas  the  following  relationships  are  used: 


C(JiJ';AXA')  =  (-)"AJ+1  C(JiJ»;-A-\-A'),  AJ  *  J’-  J, 

^  =  (-)n+1  ®(3n_n),  a^*(\)  -  (-)*(1n_1). 


(16) 


D. 


1,X 


-  (-)X+1  D^.x*  Di,0 


■  D, 


i,-0’  'P  «2,X  "  (-)A  «2,-X'  Ss.O  *  «2f-0- 


2^We  take  as  the  final  state  function  ^(^n*)  =  (£)^  A'  |®(^n^)  DjJ, ^  ±  <l>(1n_1)  DjJ'-l]  and 
as  the  initial  state  function  «(3II0)  =  (£)^  aJ*(31I+0)  ±  (-)AJ+1  *(3n_0)J  D}J0.  Both 
of  these  have  the  same  parity  of  (*)(-) J'  under  inversion.  The  magnetic  dipole  or 
electric  quadrupole  line  strength  formula  for  the  ^11*  -31Iq  transitions  is,  before 
any  reduction  or  simplification,  S(J,J')  =  (1/4)  (2J+1)  J^n^lF^pn^)  C(JiJ'jOll)  + 

(.)AJ+i(1n_1|Pi.1|3n_0)  c(jij' jo-i-i)  *  (-)AJ+1(1n1|Pn|3n_0)  c(jij'jou)  ± 

(1n  1|P£_1|3n+0)  C(JIJ' ;0-l-l)]2  where  for  a  magnetic  dipole  1  =  1,  F^±1  =  Dlj±1^ 
and  for  an  electric  quadrupole  1  =  2,  F^  ^  R°r  an  electric  dipole  (R) , 

however,  we  must  replace  (-)A^+^  by  (-)^,  set  =  ^1±1  and  ^  ~  i»  where 

Rl,±l  =  ^  Iei (^i±iTli)  which  has  the  properties  fs  follows:  o^  RljX  ■  (*)Xr1j_x 

with  R1>0  *  R^.q  and  flnA’  lRl,X-nl5nJp  “  f~^ln-A' l^.-A'+fll311-^  • 
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Prom  the  last  four  relationships,  and  using  the  fact  that  the  matrix  elements  should  be 
Invariant  under  the  operation^®  a^,  we  get  the  relationships  for  the  vlbronlc  matrix 
elements,  with  1nA,  standing  for  «(1nA,)  etc., 

(1nA,  lDi,A._al'\})  =  (  n-A'  lDi,-A'+nl3n-fl)  • 

and  (17) 


(lnA*l«2,A*-fil3n^  =  H(1n_A,lQ2j_A^I3n_n)  , 

where  A'  may  be  ±1,  Cl  may  be  ±2,  ±1,  ±0  and  the  notation  Is  self-evident.  In  the  same 
reduction  we  have  used  the  following  abbreviations: 


a  = 

iQgi 

\2) 

> 

p  = 

(lni 

l®20 

\) 

9 

7  * 

(lni 

l®21 

9 

6  = 

(\ 

iQgi 

3n-o^ 

9 

€  = 

(\ 

1^22 

\l) 

• 

we 

reDlace  a 

JLjuA 

by  a,b,c. 

(18) 


replace  by  D11  in  the  above  abbreviations. 

In  all  formulas,  the  J  dependence  of  the  magnetic  dipole  transitions.  Is  equally 
applicable  to  the  electric  dipole  transition  except  when  (-)AJ+1  occurs,  it  must  be  re¬ 
placed  by  (-)AJ.  The  net  effect  Is  to  replace  D  by  -D.  Explicit  formulas  for  the 
different  branches  are  computed  and  given  in  Tables  IV  and  V  where  we  have  assumed  a 


normal  multiplet  with  the  case  a  states,  namely 
states  5Hjj=j+1»  5nj,=j>  3nN=J_1,  respectively. 


correlate  to  the  case  b 


VI.  APPLICATIONS  TO  THE  1II  -  3n(b)  TRANSITIONS 


When  the  triplet  state  is  of  Hund's  coupling  case  b  we  express  the  state  func¬ 
tion  as  a  linear  combination  of  case  a  wavefunctions  as  in  Eq.  (13).  The  magnetic- 
dipole  master  line  strength  formula  is  as  follows: 

For  V-^lUb),  S(J,J')  =  (2J+1)  [(-)AJ+1  A  bMO  C( J1J' ;-21-l)  + 

(19) 

B  bN1  C(J1J';101)  +  C  bN0  C(J1J';011)  ±  (-)AJ+1  D  bNQ  C(JlJ'jOll)]  2 

^°If  we  use  the  o^  operator,  the  relationships  between  the  matrix  elements  so  obtained 
are  the  same  as  they  should  be. 
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For  XH  -  ^Il^b),  one  simply  replaces  the  coefficient  of  D,  which  is  ±  (-}AJ+1,  by 
±  (-)J+N+1.  por  electric  dipole  transitions,  one  changes  (-)AJ  to  (-)AJ+1  in  the  above 
formulas.  The  electric-quadrupole  master  line  strength  formula  is  as  follows: 

For1n±-3n(b),  S(J,J')  =  (2/3)(2J+l)[(±)(-)AJ+1  e  bN1  C(J2J<;-121) 

+  (-)AJ+1  a  bN2  C(J2J';-21-1) 

+  p  bN1  C(J2J';101)  +  7  bN0  C(J2J'j011) 

±  (-)AJ+1  6  bN0  C(J2J';011)]2 

For  1n_  3n*(b)  one  simply  replaces  the  coefficients  of  6  and  e,  which  are  (±)(-)AJ+1 
by  (*)(-) J+N+1*  Explicit  formulas  for  the  different  branches  are  given  in  Tables  IV 
and  V. 

VII.  DISCUSSIONS 

In  all  of  the  initial  and  final  state  functions  employed  here,  we  have  made  use 

of  the  Born-Oppenhelmer  (B.O.)  approximation  to  separate  out  the  rotational  wavefunction. 

If  the  B.O.  approximation  is  valid,  the  vibronlc  matrix  elements  between  different 

electronic  states  tire  small.  In  particular,  for  a  linear  molecule  only  the 

OgQ  “  i2nuc|  enuc£^znucl"  rnuc/^  component  of  the  nuclear  vibrational  matrix  element 

contributes  to  the  rotation -vibration  spectra. 

If  rotation-electronic  interaction  is  considered,  states  of  the  same  J  (or  NJ 

but  different  fl  (or  AJ  are  mixed  into  the  statefunction,  we  then  will  have  the  P  and  R 

1  ±  i  V 

branches  of  the  magnetic  dipole  s-s  well  as  the  electric  quadrupole  in  Z  —  2  transi¬ 
tions  where  the  initial  and  final  states  are  of  different  Kronig  symmetry.  For 
^Z*— 12*  transitions  where  the  initial  and  final  states  are  of  the  same  Kronig  symmetry, 
there  is,  besides  the  electric-quadrupole  0,  Q  and  S  branches  (AJ  =  -2,0, +2)  which 
exist  anyway,  a  magnetic -dipole  Q  branch  after  rotation-electronic  interaction  Is 
introduced. 

It  should  be  noted  that  for  3  in  gist-triplet  transitions,  as  the  spin  magnetic 

dipole  vector  S  =  E  is  diagonal  in  the  Russell-Saunders  representation,  there  is  no 
pure  spin  magnetic-dipole  transition.  All  magnetic  dipole  transitions  of  this  type 
must  come  through  the  spin-orbit  interaction.^  In  our  treatment  here,  spin-orbit 
interaction  appears  only  in  the  electronic  matrix  elements. 

51  Only  In  multiplets  involving  more  than  two  electrons  will  spin-spin  interaction 
connect  different  multiplicities. 
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For  homopolar  diatomic  molecules,  the  formulas  for  the  electric  quadrupole 
magnetic  dipole  transitions  are  of  course  applicable  only  to  1ng-^ng  or*  lnu"^nu 
transitions.  In  these  cases,  besides  the  normal  intensity  alternation  due  to  the  popu¬ 
lation  difference  governed  by  nuclear  spin  statistics,  there  is  an  additional  intensity 
fluctuation  due  to  the  two  different  intensity  formulas  appropriate  to  the  two 
A-doubling  components.  The  derivation  of  the  condensed  formulas  are  straight-forward, 

once  the  principle  behind  it  is  mastered.  Readers  interested  in  the  detailed  steps 

l8  IQ  24  2Q 

are  referred  to  four  of  the  footnotes  ’  *  each  giving  a  different  type  of 

examples.  Applications  of  the  present  technique  to  cases  intermediate  between  Hund's 
case  a  and  b  and  estimate  of  the  electronic  matrix  elements  will  be  treated  in  a  future 
article. 
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TABLE  la.  LINE  STRENGTH  FORMULAS  FOR  ELECTRIC  QUADRUPOLE  TRANSITIONS1 * 2 
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TABLE  II.  LINE  STRENGTH  FORMULAS  FOR  MAGNETIC  DIPOLE  TRANSITIONS' 
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’o(J)  SS(J-2)  T  €]2  x  [T  e  +  a(J+2)V2  +  +  (7  *  «)JV2]2 


respectively.  For  other  explanations,  see  legends  for  Table  IV. 


o  « 


ct 

to  to 
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ELECTRIC  QUADRUPOLE  LINE  STRENGTH  FORMULAS  FOR  1U± — TRANSITIONS  (Cont*d.) 


ON  THE  INTENSITY  OF  ELECTRIC  DIPOLE  TRANSITIONS* 

Ying-Nan  Chiu 

Laboratory  of  Molecular  Structure  and  Spectra 
Department  of  Physics,  University  of  Chicago 
Chicago,  Illinois  60637 

■'  and 

Department  of  Chemistry 
The  Catholic  University  of  America 
Washington  17,  D.  C.** 

ABSTRACT 

A  new  method  is  proposed  to  derive  the  electric  dipole  transition  intensity 
distributions  for  the  electronic  bands  of  diatomic  molecules.  The  theoretical  founda¬ 
tion  of  the  use  of  the  H8nl-London  intensity  formula  and  its  shortcomings  are  discussed. 

In  the  derivation  of  the  intensity  formula,  it  has  been  a  common  practice 
(Schlapp  1932,  Kovacs  I960,  and  James  1963),  to  equate  the  square  of  the  transition 
dipole  moment1"  | Rnn ’  | 2  =  | Xnn '  |  2  +  j  Y1111 '  | 2  +  |Znn'|2  to  three  times  |Znn'|2,  the  square 
of  the  Z  component  of  the  electric  dipole  transition  matrix  element.  The  J  dependence 
of  the  latter  which  gives  rise  to  the  line  strength  is  usually  taken  from  the  H8nl- 
London  formula  (Herzberg  1931,  p.  208) .  It  is  the  purpose  of  this  work  to  discuss  the 
theoretical  foundation  and  the  Inadequacy  of  this  approach  and  to  propose  a  general 
alternative  method  for  computing  the  intensity  formula  for  the  electronic  bands  of 
diatomic  (or  linear)  molecules. 

From  the  Interaction  of  radiation  and  matter,  we  know  that  the  oscillating 
material  (a  molecule,  for  example)  dipole  may  be  referred  to  an  arbitrary  space-fixed 
axis  system  (.£,  J,  £)  or  to  a  molecular  axis  system  (n^,  n^,  n^)  .  Thus 
£  =  +  YjJ  +  Z|C  =  ?n^  +  Tjn^  +  £n^.  We  choose  to  use,  instead  of  this  Cartesian  basis, 

a  spherical  basis  (Rose  1957,  PP*  63-67)  for  the  easier  evaluation  of  the  matrix 
elements.  In  terms  of  this  the  Z  component  of  the  electric  dipole  vector  reads 

* 

This  work  was  supported  by  a  grant  from  the  National  Science  Foundation,  NSF  OP-28. 

*» 

Present  address. 

*For  brevity,  we  shall  throughout  use  the  coordinate  axis  symbol  to  denote  the  compo¬ 
nent  of  the  electric  dipole  along  this  coordinate  axis.  For  example,  Z  =  Z ieizi 
where  e^  is  the  charge  of  the  i^*1  particle. 
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z  -  ExJ>fo(-*,  -*)  vuf^n,0  =  ZXD-X*(q>,e,^  V1X  (4,t),0  and  the  complete  dipole 
in  the  space  axis  system  reads  £  =  Y,  Z)  *(£,  J,  Kj  = 

VU(?,T,,?)  V^*(I,  4,  D  where  D|x*(q>,  0,1?)  is  the  rotation  matrix 
(Rose  1957,  p.  5^i  p.  60)  and  q>,  0,  ¥  are  the  Euler  angles  through  which  one  rotates 
the  fixed  space  axis  system  to  the  molecular  axis  system.  V-^,  is  the  component  of 
the  spherical  tensor  of  the  first  rank  which  constitutes  the  spherical  basis. * 

We  shall  consider  explicitly  only  the  intensity  formula  in  the  rotational 
structure  of  an  electronic  band  of  a  diatomic  molecule.  For  a  singlet  state  in  a  Hund's 
coupling  case  13  (Herzberg  1931,  pp.  218-240),  we  write  the  initial  state  function  as 


*n  = 

and  the  final  state  function  as 

*n»  -  (l^}i  V 

where  the  rotational  wavefunctions  which  are  the  rotation  matrices,  have  2J  +  1  and 
2J'+  1  degeneracies  represented  by  the  indices  M  and  M*  respectively,  which  designate 
the  space  components.  The  square  of  the  transition  matrix  element  for  the  Z  component 
of  the  dipole,  after  integrating  out  the  rotational  wavefunctions  (Rose  1957),  is 

Zm£m,  |znn'|2=  (^^■<A*|Ri,A*-A|A)2C2(J1J';A,A»-A,A»)  x  Zm2m,C2(J1J'  ,  (1) 

and  for  the  dipole  as  a  whole  is 

IMZM,  I Rnn ’  1 2  =  ( | j r+  (A’  IR^A’-AIA)2  x 

where  R^  x  =  Vlx(?,t},C)  and  (Ar |R^  At_AlA)  ls  the  vibronic  matrix  element,  the  super¬ 
script  2  on  C  (J1J' jJ^iM') ,  etc.  denotes  the  square  of  the  Clebsh-Oordan  coefficient. 

As  M  +  p  =  M* ,  one  of  the  indices  in  Eq.  2  is  redundant,  we  have  therefore  the  sum  rule* 


(2) 


tr 


In  the  molecular  axis  system 


ZxVlx(5,Tj,C)ViX*(n?  nn  nc) 


Zx2^Vlx(?,Tj,i;)D^x*(»,e,I)Vlvi*(S,  J,  jC);  the  expression  is  identical. 

^Explicitly,  the  first  rank  tensor  (vector)  components  are  the  following: 

VQ(a,b,c)  =  c,  and  Vx  (a,b,c)  =  *  (1/V2) (a  ±  i  b) . 

*In  fact  for  a  tensor  operator  of  any  rank,  I,  we  have  the  most  general  sum  rule 
as  follows: 

HM2M,C2(JiJ';M,M'-M,M')  -  ZM2liC2(J/J,jM,p,M  +  p)  =  D^ZM,C2(JiJ' ;M'-p,p,M')=  2J’+  1. 
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of  2m2m,C2(J1J';M,M'-M,M’)  =  2J'  +  1,  which  Is  a  generalization  of  the  orthonormality 
of  the  Clebsch-Gordan  coefficients  and  Is  the  basis  of  the  sum  rule  for  vector  operators 
given  by  Condon  and  Shortley  (1951).  In  Eq.  (1)  because  (Rose  1957,  p.  58) 

SmC2(J1J'  jMOM)  =  (2J'+  l)/3  Em  C2(JJ'1jM-M0)  =  (2J'+  l)/3  , 


It  Is  therefore  perfectly  valid  to  equate  the  results  of  Eq.  (2)  to  three  times  that 
of  Eq.  (l).  Although  It  will  not  be  shown  here.  It  Is  easily  proved**  that  before 
taking  square  and  summing  over  M  and  M’  the  matrix  elements  of  the  X,  Y,  and  Z  compo¬ 
nents  are  not  Isotropically  equal. 

In  the  reduction  to  Eq.  (2),  U3e  has  been  made  of  the  orthonormality  of  the 
different  p.th  components  of  (I,  J,  JC)  which  follows  from  the  orthonormality  of  the 
unit  vectors  along  the  rectangular  coordinate  axes  I,  J,  and  1C. 

For  a  general  initial  state  wavefunction  (Chiu  1964) 

*n  -  A  bnn 

and  a  final  state  wavefunction 

*n'  =  A  * 

where  A  =  (2J+1/8tt2)^  and  A'  =  ( 2J'  +1/87T2) s ,  the  general  line  strength  formula  read3, 
^M^M'^nn’l2  “  (2J+D  bn,n,  bnn  (n'|RljA|n)c(JlJ’;fiMl’)]2  (3) 

Prom  the  relationship  between  the  vibronlc  matrix  elements  such  as 

(-O’lR^.J-A)  =  (-)s(±)s'(n-|R1>A|n) 

where  S  and  S'  depend  on  the  operator  R  as  well  as  the  electronic  wavefunction  (see 
below)  and  from  the  relationship 

C(JlJ';-n,-A,-ft')  =  (-)AJ+1  C(JlJ';fi,X,fi') 

one  can  eliminate  the  sum  over  negative  ft’, A  and  fl  without  losing  the  correct  sign. 
Whereas,  the  straightforward  use  of  Htfnl-London  formulas  which  do  not  give  explicitly 
the  relationship  between  the  J  dependence  for  +A  and  -A  states,  as  the  Clebsch-Gordan 


For  this  purpose,  one  writes  X  =  (1/^/2)  V1X(£,T),4) 

and  Y  =  (1/V2)  £a[dJ*  +  Vlx(?,ij,0  • 
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coefficients  here  do,  may  lead  to  errors  of  signs.  For  example  in  the  +■  ^A^  (a) 
transitions,  we  have  for  the  initial  state 

*n  =  A^V§)  [^A+l>  DJl  *  HAJ  <-l] 

and  for  the  final  state 


*n-  «  A'4^S0)  K'l 


and  we  get  the  line  strength,  for  AJ  =  J'-  J, 


2m2m. 


-,nn '  1 2 


=  £(2J+1) [(Ol^  _1|1)  C(JlJ'jl-lO) 


±  (-)AJ(0|R1j;l|-1)  C(J1J';-110)]£ 


(*) 


2(2J+1)(0|R-  . |-1)2  C2(J1J’ j-110) 

1,  1 


where  (0|R.  .  |l)  =  a^(0|R,  .|l)  =  ( =F)  ( 0 1 ,|-1)  and  were  we  have  made  use  of  the 

V  i-  f  -L 

relationships  such  as  reflection  with  respect  to  the  ££  plane 


and 


aj?  *(1S*)  =  R1jX  =  (-)*  R1^_x 


-  h1*1  > 


Inversion  with  respect  to  the  coordinate  origin 


and 


-  (±)(-)J’®(1S^d5;*o 


-  HJ+1  ^?A-^DS-fi 


Eq.  (4)  is  independent  of  the  Kronlg  reflection  symmetry  of  the  *2  state.  The  reason 
is  that  regardless  of  whether  the  upper  state  is  ^2+  or  ^2”  there  is  always  a  A- 

doubling  component  of  the  lower  ^A^  state  from  which  transition  may  take  place.  We 

**  , 

thus  take  exception  to  the  Eq.  (4a)  of  Kovacs  (I960)  which  gives  a  line  strength  for 

T* -  . 

Similar  objections  may  be  raised  to  the  general  line  strength  formulas  (4b),  the 

—  ^Ag  and  “  ^A1  transltions*  However,  these  objections  all  appear  to  be  a 

matter  of  minor  technicality  as  the  branch  intensity  given  in  Kovacs'  tables  actually 

makes  no  such  discrimination  against  certain  branches  and  are  the  same  for  Z+  and 

2"  states. 
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*2*  states  proportional  to  [1  ±  (-)AJ+5]  where  6  is  even  for  ^Z"1"  and  odd  for  1Z~  states. 
This  latter  line  strength  formula  would  then  exclude  P  and  R  (AJ  *  1)  branches  for  the 
■'"Z*  states  if  the  ±  signs  are  read  consistently  and  6  is  chosen  as  above.  A  more 
detailed  discussion  of  our  method,  its  extension  to  electric  quadrupole  and  magnetic 
dipole  transitions  with  application  to  the  —  ^n(a)  and  —  ^n(b)  transitions  will 
be  treated  in  a  separate  article. 
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ON  THE  VECTOR  ADDITION  THEOREM  FOR  THE  EXPANSION  OP  SOLID  SPHERICAL  HARMONICS* 
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Expansion  of  solid  spherical  harmonics  rbn  Ynk( 0b,<pb)  or  rb-n-1  Ynk(eb,<pb)  of 
vector  rfe  referred  to  center  b  in  terms  of  those  on  another  center,  as  well  as  the 
expansion  of  solid  spherical  hannonics  of  the  lnterelectronic  vector  In  terms  of 
those  of  individual  electron  position  vectors  and  jjg  are  useful  in  the  evaluation 
of  molecular  integrals  that  occur  in  the  study  of  electric  and  magnetic  interactions 
in  molecules. 

In  a  recent  paper1  (hereafter  referred  to  as  paper  I),  Chiu  demonstrated  the 

common  principle  behind  the  above  kinds  of  expansions  and  showed  the  vector  addition 

nature  of  solid  spherical  harmonics  expansions  through  expressing  them  as  coupling  of 

irreducible  spherical  tensors.  Prom  this  principle  we  shall  reformulate  in  a  clearer 

way  the  vector  addition  theorem  and  shall  give  a  thumb  rule  for  its  ready  application 

to  physical  problems.  By  use  of  this  theorem  one  can  easily  write  down  any  expansion 

2-9 

of  solid  spherical  harmonics,  including  those  in  existing  literature.  * 

In  essence  the  theorem  says  that  given  vectors  E^,  Eob  in  space  and  vector 
-£ab  as  Soa  ~  >  the  3olid  spherical  harmonics  of  the  above  vectors  couple 

to  give  one  another  as  Irreducible  spherical  tensors  (aside  from  definitive  constants) 
according  to  the  vector  addition  model. 

The  definitive  constants  may  be  accounted  for  by  defining1  the  irreducible 
tensor  of  regular  solid  spherical  harmonics  as 

Rnk(Xb )  s  [W(2N+l)t]s  vn  Ynk(0b,<pb)  (1) 

and  the  irreducible  tensor  of  irregular  solid  spherical  harmonics  as 

ink(£b)  s  IMaOH*  V0*1  Ynk(V?b) 

This  work  was  supported  by  a  grant  from  the  National  Science  Foundation,  NSP  OP  28 
Research. 

Present  Address:  Department  of  Chemistry,  Catholic  University  of  America, 

Washington  17,  D.  C. 
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Ab  an  example  of  the  theorem,  according  to  the  vector  addition  relationship 
JTob  ’Sob.  +  (--Tab5  we  have 

n  l 

Rnk^ob>  “  2  2  C( i,n-/,n;m,k-ro,k)  R/(i:oa)  ^(-j^,)  (?) 

^*0  in«“£ 

and  . 

00  l 

*n(£ob)  «  E  E  C(i,n+i,n;m,k-m,k)  R/'fc  )  (4) 

£te0  m*-i 

where  and  stand  for  the  larger  or  smaller  of  £Qa  and  -£ab*  The  vectors  stand 
for  the  lengths  of  themselves  and  the  polar  and  azimuth  angles  [as  in  Eqs.  (l)  and 
(2)]  made  by  them  with  respect  to  the  mutually  parallel  sets  of  local  axes  at  the 
origin  of  these  vectors.  Since  the  origin  does  not  really  come  into  the  expression, 
XQ&>  XQb  and  rab  may  well  be  the  sides  of  a  triangle  in  space  and  o  a  space  point,  not 
any  particular  space-fixed  origin. 

For  mnemonic  purpose  we  have  arbitrarily  written  the  first  irreducible  tensor 
on  the  right  hand  side  of  (3)  [or  in  (4),  the  tensor  with  the  lesser  argument  r  ]  as 
R^1”.  But  as  the  rank  £  and  the  azimuth  quantum  number  m  are  dummy  indices,  by  chang¬ 
ing  their  designation  but  keeping  the  relative  magnitudes,  one  can  reduce  (3),  (4)  to 
(5.1a)  and  (10,1a)  of  paper  I.  C(i,n±i,njm,k-m,k)  is  readily  identified  to  be  the 
Clebsch-Gordan  or  Wigner  vector  coupling  coefficient10  which  also  gives  the  conserva¬ 
tion  of  azimuth  angular  momentum  quantum  number  on  both  sides.  For  an  inverse  vector 
we  have  R^f-*)  =  (-)N  R„M(r)  and  INM(-r)  =  (-)N  l/(L). 

As  it  stands  Eqs.  (3) -(4)  may  be  viewed  as  the  expansion  of  spherical  har¬ 
monics  of  the  vector  j?ob  referred  to  the  origin  £  in  terms  of  those  of  j^a  referred  to 
the  same  origin  and  those  ofj^  referred  to  a  different  origin  b.  With  repeated  ap¬ 
plications  of  (3)  and  (4)  expansions  in  terms  of  vectors  at  yet  another  center  may  be 
obtained.  This  constitutes  the  two-center  (bipolar)  expansions^’ ^  which  along  with 
the  case  of  unparallel  local  axes  systems  have  been  t. sated  at  the  end  of  paper  I. 

For  r^L  along  the  polar  axis  (3),  and  (4)  represent  the  displacement  theorem 
of  Hobson;2  for  arbitrary  orientation  of  r&b  they  lead  to  existing  results  in  litera- 
ture.l,5.7,8,9 

From  (3)  and  (4)  it  is  clear  that  the  rank  of  the  second  irreducible  tensor 
on  the  right  hand  side.  Instead  of  a  range  of  values  can  take  only  one  value:  n -l 
for  regular  solid  spherical  harmonics  expansions  demanding  that  the  ranks  of  the  two 
tensors  on  the  right  add  to  give  n  which  is  the  rank  of  the  tensor  on  the  left;  n+i 
for  Irregular  solid  spherical  harmonics  expansions  demanding  that  these  ranks  subtract 
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to  give  n.  This  is  of  course  a  very  special  case  of  the  coupling  of  angular  momentum 
vectors  as  here  we  assert  that  the  "wavefunctions"  corresponding  to  all  these  vectors 
are  spherical  harmonics,  which  in  truth  the  wavefunctions  in  composite  space  are  not.11 
This  limitation  on  the  values  of  the  ranks  of  tensors  although  resulting  from  detailed 
analysis1  can  be  conceived  as  related  to  the  dimensionality  of  the  radial  function 
r^11  on  the  left  hand  side. 

If  a  represents  electron  1,  b  represents  electron  2,  then  following  (3)  and 
(4)  the  expansion  of  rlg  according  to  j?12  =  +  (-J^)  will  give  for  n«k«0  the  coulomb 

potential  expansions,  for  n  =  2,  k  ■=  0  and  ±2  the  electron  magnetic  dipole-dipole 
interaction  operators.^  Our  (3)  and  (4)  with  arbitrary  n  and  k  are  of  course  the  more 
general  and  will  give  expansions  for  operators  of  higher  (than  dipole)  magnetic  multi¬ 
pole  interactions. 


REFERENCES 

1.  Y.  N.  Chiu,  J.  Math.  Phys .  j>,  283  (1964);  referred  to  as  paper  I. 

2.  E.  W.  Hobson,  The  Theory  of  Spherical  and  Ellipsoidal  Harmonics,  (Chelsea  Publish¬ 
ing  Company,  New  York,  1955)  pp.  140-141. 

3.  B.  C.  Carlson  and  0.  S.  Rushbrooke,  Proc.  Carob.  Phil.  Soc.  46,  626  (1950). 

4.  R.  J.  Buehler  and  J.  0.  Hirschfelder,  Phys.  Rev.  83,  628  (1951);  §Z,  149  (1952). 

5.  M.  E.  Rose,  J.  Math,  and  Phys.  31,  215  (1958). 

6.  R.  M.  Pitzer,  C.  W.  Kern,  and  W.  N.  Lipscomb,  J.  Chem.  Phys.  3£*  267  (1962). 

7.  J.  P.  Dahl  and  M.  P.  Barnett,  Quarterly  Progress  Report  No.  48,  Solid  State  and 

Molecular  Theory  Group,  M.I.T.,  p.  53  (1963). 

8.  R.  A.  Sack,  J.  Math.  Phys.  £,  000  (1964). 

9.  J.  P.  Dahl,  Quarterly  Progress  Report  No.  52,  Solid  State  and  Molecular  Theory 
Group,  M.I.T.,  p.  47  (1964).  In  the  Eq.  (10)  here  the  undefined  function 

Pnn  (ra'R^  oan  be  ab80rl3e<i  ln  our  definition  of  irreducible  tensors,  Eqs.  (l)  and 
(2).  The  summation  index  n^  can  take  one  value  of  N+n  or  N-n  only  as  shown  in  our 
Eqs.  (3)  and  (4)  because  this  is  not  the  ordinary  case  of  coupling  of  angular 
momenta. 

10.  Algebraic  expressions  of  the  necessary  coefficients  are  given  in  paper  I,  Ref.  1. 

11.  M.  E.  Rose,  Elementary  Theory  of  Angular  Momentum,  (John  Wiley  and  Sons,  New  York, 

1957),  P-  61. 


351 


Reprinted  from  The  Journal  ok  Chemical  Physics,  Vol.  41,  No.  S,  1377-1382,  1  September  1964 

Printed  In  U,  S.  A. 

Isotope  Shifts  and  the  Vibrational  Structure  in  Some  Weaker  Systems  of  N2f 

D.  Mahon-Suith 

Department  of  Physics,  V niversity  College,  Dublin,  Ireland 
and 

P.  K.  Carroll 

Laboratory  of  Molecular  Structure  and  Spectra,  Department  of  Physics,  University  of  Chicago,  Chicago,  Illinois 

(Received  14  February  1964) 

1  he  emission  spectrum  of  16Na  has  been  studied  in  the  region  2000-9000  A  with  a  view  to  investigating  the 
vibrational  structure  of  some  of  the  weaker  systems.  In  the  cases  of  the  Herman  infrared  bands  and  the 
Gaydon-Herman  green  bands,  it  has  been  possible  to  decide  between  alternative  vibrational  schemes 
which  have  been  suggested.  Observations  have  also  been  made  on  the  Goldstein-Kaplan  and  the  B'—>B 
systems.  In  the  near-ultraviolet  spectrum  it  is  shown  that  the  h—*a,  s'—>a,  r'—*a,  m—>a,  and  d — *a  progression 
all  arise  from  upper  levels  with  »>0.  The  possibility  that  some  of  these  progressions  may  belong  to  a  single 
system  is  discussed.  The  vibrational  schemes  for  the  fifth  positive  and  Kaplan’s  first  and  second  systems 
have  been  confirmed.  Some  new  bands  of  UN»  corresponding  apparently  to  hitherto  unobserved  transitions 
are  reported. 


I.  INTRODUCTION 

IN  the  spectrum  of  Nj  there  are  still  many  systems  of 
which  our  knowledge  is  far  from  complete.1  For 
some  of  these  the  nature  of  the  electronic  states  in¬ 
volved  has  not  yet  been  established,  while  for  others 
even  the  vibrational  analysis  is  subject  to  considerable 
uncertainty.  The  present  paper,  which  describes 
investigations  of  the  spectrum  of  “Nj  in  the  region 
2000-9000  A,  is  concerned  with  the  vibrational  struc¬ 
ture  of  some  of  these  less  well  understood  systems.  Part 
of  the  present  data  on  the  near  ultraviolet  spectrum  has 
already  been  reported  briefly.1 

II.  EXPERIMENTAL 

Several  sources  were  used  in  the  course  of  the  present 
experiments.  For  the  Goldstein-Kaplan  and  for  the 
B'—*B  systems,  an  ordinary  transformer  discharge 
through  pure  nitrogen  was  used.  To  excite  the  Herman 
infrared  system  and  the  Gaydon-Herman  green  bands 
rather  specialized  sources  had  to  be  employed.  In  the 
case  of  the  former,  the  bands  were  studied  in  a  weak  low 
current  subnormal-type  discharge1  while  the  green 
bands  were  found  to  be  considerably  enhanced  in  dis¬ 
charges  cooled  to  liquid-nitrogen  temperatures.  For  the 
near-ultraviolet  bands,  a  mildly  condensed  discharge 
through  pure  nitrogen  was  used  for  all  systems. 

In  the  visible  and  near  infrared  the  spectra  were 
photographed  on  a  small  Wadsworth  grating  spectro¬ 
graph,  which  gave  a  dispersion  of  about  8  A/mm  over 

tThis  work  assisted  by  the  Office  of  Naval  Research  under 
Contract  Nonr-2121(01)  and  by  the  U.  S.  Air  Force,  through 
Electronic  Systems  Division,  Air  Force  Systems  Command  under 
Contract  AF19(628)-2474. 

1  For  a  recent  and  detailed  account  of  the  band  spectrum  of  Nj, 
see  A.  Lofthus,  “The  Molecular  Spectrum  of  Nitrogen,”  Spectro¬ 
scopic  Report  No.  2,  University  ot  Oslo,  1960. 

’  P.  K.  Carroll  and  D.  Mahon-Smith,  J.  Chem.  Phys.  39,  237 
(1963). 

*  P.  K.  Carroll  and  N.  D.  Sayers,  Proc.  Phys.  Soc.  (London) 
AM,  1138  (1953). 


the  region  studied.  For  the  near-ultraviolet  systems, 
a  large  Hilger  quartz  spectrograph  which  gave  a  dis¬ 
persion  of  4  A/mm  at  2500  A  was  used. 

ID.  HERMAN  INFRARED  SYSTEM 

Using  a  low-current  discharge  cooled  to  liquid- 
nitrogen  temperatures,  Herman4  observed  eight  bands 
degraded  to  shorter  wavelengths  in  the  region  7000- 
8600  A.  A  vibrational  analysis  was  given  and  it  was 
suggested  that  the  system  might  arise  from  the  singlet 
transition  v-+q  I2„+.  Carroll  and  Sayers’  studied  the 
system  under  higher  resolution  and  were  able  to  identify 
six  heads  or  features  in  each  band.  The  possibility  of  a 
singlet  transition  was  eliminated  and  a  new  vibrational 
scheme  was  proposed  in  which  the  v'  values  of  Herman 
were  reduced  by  unity. 

In  the  present  work  the  bands  were  studied  with  both 
“Nj  and  lsNt  and  the  data  for  five  bands  of  the  system 
are  given  in  Table  I.  The  measurements  for  the  first  four 
bands  refer  to  the  long- wavelength  head.  In  fact  it  was 
possible  to  measure  between  four  and  six  heads  in  these 
bands  and  each  Av  value  in  Table  I  is  the  average  of  the 
isotopic  shifts  observed  for  corresponding  heads.  In 
the  case  of  fifth  band,  due  to  overlapping  by  first  posi¬ 
tive  structure,  it  was  possible  to  give  a  reliable  measure¬ 
ment  for  the  short-wavelength  head  only.  For  the  same 
reason  the  isotope  shifts  of  the  Herman  bands  in  the 
region  7570-7440  A  could  not  be  determined  with  any 
accuracy  and  so  the  data  are  not  given. 

Columns  4  and  5  of  Table  I  show  the  isotope  shifts 
calculated  on  the  vibrational  scheme  of  Herman  and 
that  of  Carroll  and  Sayers,  respectively.  It  is  evident 
that  the  latter  analysis  is  in  fact  the  correct  one. 

IV.  GAYDON-HERMAN  GREEN  SYSTEM 

This  system,  occurring  in  the  region  6400-5000  A,  is 
very  similar  in  character  and  excitation  conditions  to 

*  R.  Herman,  Compt.  Rend.  333,  738  (1951). 
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Table  I.  Herman  infrared  system. 


Carroll-Sayers  Herman 


X(A)»NS 

X(A)“Nj 

Ax  (obs) 

v'—v" 

Av 

v'-v" 

Ax 

8101.4 

8102.0 

1.3 

0-0 

3.4 

1-0 

32.4 

7869.4 

7877.8 

13.9 

2-2 

16.0 

3-2 

39.9 

7095.4 

7123.9 

56.8 

2-0 

59.9 

3-0 

84.4 

7033.2 

7062.9 

60.1 

3-1 

62.2 

4-1 

84.1 

8549* 

8536.6* 

-16.9 

0-1 

-20.0 

1-1 

9.3 

*  Short-wavelength  head. 


the  Herman  infrared  system  and  will  therefore  be  con¬ 
sidered  next.  Gaydon5  observed  seven  bands  of  the 
system  while  Herman8  independently  discovered  the 
three  strongest  bands.  Later  another  band  at  5047  k 
was  reported*  while  Griin7  using  electron  beam  excita¬ 
tion  observed  17  bands  in  all. 

The  tentative  vibrational  analysis  proposed  by 
Gaydon  was  quite  different  from  that  given  by  Herman. 
It  is  the  most  likely  scheme  and  has  been  generally 
favored.  The  results  of  the  present  work  are  given  in 
Table  II  where  the  measurements  refer  to  the  short- 
wavelength  heads.  Several  features  were  in  fact  meas¬ 
ured  in  each  band  and  the  tabulated  Ax  is  the  average 
isotope  shift.  Column  4  gives  the  shifts  calculated  from 
the  vibrational  analysis  of  Gaydon  and  it  is  seen  that 
the  values  are  in  excellent  agreement  with  those  ob¬ 
served  experimentally.  Gaydon’s  analysis  is  therefore 
established  as  being  correct. 

Both  the  green  bands  and  the  infrared  bands  dis¬ 
cussed  in  the  previous  section  are  quite  difficult  to  ob¬ 
serve  and  require  special  conditions  of  excitation. 
Nothing  is  known  about  the  electronic  states  involved 
and  no  transition  between  any  of  them  and  the  other 
known  states  of  Nj  has  so  far  been  observed.  Until  now 
the  possibility  at  least  existed  that  one  or  both  of  these 
systems  might  not  be  due  to  the  nitrogen  molecule. 
However  the  present  work,  apart  from  establishing  the 
vibrational  schemes  for  both  of  these  systems,  shows 
conclusively  that  Nt  must  be  the  emitter. 

V.  B'  *U,  INFRARED  SYSTEM 

It  was  with  a  view  to  studying  this  transition  at  a 
time  when  little  was  known  about  it  that  the  present 
work  on  the  spectrum  of  "Ng  was  initially  undertaken. 
The  first  band  was  observed  in  emission  from  a  nitrogen 


Table  LI.  The  Gaydon- Herman  green  bands. 


v'-v" 

X(A)“Na 

X(A)«NS 

Ay  (obs) 

Ax  (calc) 

0-0 

5574.5 

5575.3 

2.6 

2.6 

1-0 

5308.6 

5317.4 

32.3 

32.1 

2-1 

5271.1 

5281.9 

36.8 

35.6 

2-0 

5073.3 

5089.0 

60.1 

59.9 

3-1 

5047.1 

5062.6 

60.6 

61.6 

*A.  G.  Gaydon,  Proe.  Phys.  Soc.  (London)  56,  85  (1944). 
•  R.  Herman,  Ann.  Phys.  (Paris)  29,  241  (1945). 

»  A.  E.  Griin,  Z.  Naturforsch.  9a,  1017  (1954). 


discharge3  while  later  the  system  was  found  to  be 
developed  in  cooled  afterglow  sources.8  From  a  rota¬ 
tional  analysis  of  the  8265.5- A  band,  it  was  shown*  that 
the  B'  state  was  32„_  while  the  same  result  was  ob¬ 
tained10  independently  from  a  study  of  the  far-ultra¬ 
violet  forbidden  transition  jB'<— X.  Bayes  and  Kistia- 
kowsky11  observed  the  afterglow  spectrum  using  15Nj, 
and  although  their  work  was  apparently  carried  out  at 
quite  low  resolution,  their  results  left  little  doubt  as  to 
the  vibrational  numbering  in  the  B'  state.  The  present 
more  accurate  data  on  different  bands  of  the  system 
observed  in  the  discharge  tube  are  presented  merely  as 
conclusive  evidence  for  the  vibrational  analysis. 

As  the  spectral  region  of  interest  is  heavily  covered 
by  first  positive  bands  the  system  is  difficult  to  observe 
in  discharge  tube  sources  and  with  14Nt  only  one  band 
(5—1)  can  be  detected.  However,  in  I5N*  due  to  a 
favorable  shift  of  both  systems  four  bands  could  be  ob¬ 
served  and  measured.  The  data  for  these  bands  are 
given  in  Table  III  and  it  is  seen  that  the  observed 
frequencies  of  the  Ri  heads  are  in  excellent  agreement 
with  those  computed  on  the  basis  of  the  work  of  Bayes 
and  Kistiakowsky. 

VI.  GOLDSTEIN-KAPLAN  SYSTEM 

This  system  consists  of  a  long  progression  of  bands 
extending  from  the  green  to  the  near  ultraviolet.  Nor¬ 
mally  the  intermediate  bands  are  not  observed  due  to 


Table  III.  The  B'  *B  ’II,  bands.  A»  heads. 


v'-v" 

X(A)**N, 

x(cm-')“N, 

x(cm-1)  calc 

8-2 

7035.8 

14  209 

14  202 

8-3 

7924.9 

(12  615)* 

12  616 

4-0 

8195.1 

12  199 

12  195 

5-1 

8402.5 

11  898 

11  901 

*  Computed  from  *Jtu  bead.  Ml  head  obacured. 


*  F.  LeBlanc,  Y.  Tanaka,  and  A.  Jursa,  J.  Chem.  Phys.  29, 
879  (1959);  G.  B.  Kistiakowsky  and  P.  Wameck,  ibid.  27,  1417 
(1957).  See  also  M.  Brook,  Scientific  Report  No.  2,  Institute  of 
Geophysics,  University  of  California,  Los  Angeles  (1953). 

1  P.  K.  Carroll,  and  H.  E.  Rubalcava,  Nature  (London)  184, 
119  (1959);  Proc.  Phys.  Soc.  (London)  76,  337  (1960). 

“  P.  G.  Wilkinson,  J.  Chem.  Phys.  32,  1061  (I960).  The  transi¬ 
tion  was  observed  in  emission  by  M.  Ogawa  and  Y.  Tanaka, 
ibid.,  p.  922. 

11 K.  It.  Bayes  and  G.  B.  Kistiakowsky,  J.  Chem.  Phys.  32, 
992  (1960). 
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the  great  strength  of  the  second  positive  bands  in  the 
same  region.  Gaydon*  in  fact  believed  that  two  systems 
were  present,  one  in  the  visible  and  one  in  the  near 
ultraviolet.  Recently  rotational  analyses1*  have  been 
made  of  two  of  the  ultraviolet  bands  and  one  of  the 
visible  bands  and  this  work  shows  that  both  groups  do 
in  fact  belong  to  a  single  system  which  has  the  well- 
known  B  mt  state  as  the  lower  state.  The  upper  state, 
C',  was  shown  to  be  of  Species  *n„  in  which  the  coupling 
was  almost  pure  Case  b. 

The  vibrational  quantum  number  of  the  upper  level 
has  been  given  the  most  natural  value  of  «  =  0  but 
as  some  isolated  ultraviolet  progressions  have  been 
shown  to  arise  from  excited  vibrational  levels  (see  be¬ 
low),  it  seemed  worthwhile  to  check  the  vibrational 
numbering  in  the  C'  state.  It  was  also  hoped  to  make  an 
estimate  of  «/  from  the  isotopic  shift.  Furthermore,  as 
the  potential  curve  for  the  C'  ’ll,  state  must  “cross” 
that  of  the  C  'll.  state,  the  possibility  arises  that  an 
interaction  between  these  two  states  of  the  same  species 
might  give  rise  to  an  anomalous  isotopic  shift.  In  par¬ 
ticular  it  is  conceivable  that  the  C'  state  might  behave 
like  a  higher  vibrational  level  of  the  C  ’ll,  state. 

Due  to  the  unfavorable  shifts  in  the  “N*  spectrum 
most  of  the  Goldstein-Kaplan  bands  are  rather  badly 
obscured  by  strong  second  positive  bands.  In  fact  it  was 
possible  to  make  measurements  on  only  three  bands 
and  these  data  are  not  of  high  precision.  The  results  are 
given  in  Table  IV  and  it  is  seen  that  to  the  accuracy  of 
the  measurements  the  shifts  are  accounted  for  by  the 
isotopic  displacements  in  the  B  *11,  state.  This  shows 
that  the  Goldstein-Kaplan  bands  arise  from  the  v-0 
level  in  the  upper  state  and  that  there  is  no  anomalous 
isotope  shift. 

Using  a  suitable  mixture  of  isotopes  some  observa¬ 
tions  were  also  made  with  14N  '*N  and  in  this  case  the 
shift  in  the  0-11  band  could  be  measured  quite  ac¬ 
curately.  By  combining  this  with  the  calculated  dis¬ 
placement  in  the  t>=  11  level  of  the  B  *11,  state,  the 
actual  displacement  of  the  upper  level  could  be  ob¬ 
tained.  From  the  resulting  value,  7  cm'1,  it  was  possible 
to  estimate  u,  as  ~860  cm"1  for  the  C'  ’ll.  state.  The 
value  obtained  from  the  relationship  ui.-B^/BB  is  651 
cm-1  and,  considering  the  uncertainties  involved,  these 
two  results  may  be  taken  to  be  in  reasonable  agreement. 
Hamada1*  classified  two  weak  bands  in  the  near  ultra- 


Tablb  IV.  The  Goldstein-Kaplan  bands.  P,  beads. 


MA)MNt 

X(A)“N, 

(cm”‘)obs 

Ac  (cm-1) 
calc,  for 

B*n, 

0-11 

4728.4 

4613.0 

529 

535 

0-10 

4432.3 

4335.3 

505 

502 

0-7 

3707.1 

(3653. 7)» 

394 

386 

•  Calculated  fro*  P>  Wad.  Pi  head  obscured. 


»  P.  K.  Carroll,  Proc.  Roy.  Soe.  (London)  A372,  270  (1963). 
«  H.  Hamada,  Phil  Maf.  28,  25  (1937). 


Tabus  V.  Progressions  to  a  *n,.  Wavelengths  of  heads.* 


Transition 

A(A)«N, 

X(A)“Ni 

k-0 

2281.5 

2294.2 

h- 1 

2371.6 

2382.3 

h- 3 

2569.5 

2575.3 

h-  4 

2678.7 

2680.0 

j'-O 

2397.1 

2407.9 

i'-l 

2496.8 

2505.0 

s'- 2 

2603.3 

2608.6 

r'-O 

2671.7 

2676.8 

r'-i 

2796.0 

2797.5 

n- 1 

2877.9 

2883.4 

m-2 

3020.3 

3021.5 

d- 0 

2795.4 

2802.9 

d-l 

2932.0 

2935.2 

d-  2 

3079.9 

3078.4 

*  In  this  and  in  the  subsequent  Tables  the  wavelengths  for  “Ni  are  taken 
from  Ref.  1. 


violet  as  the  1-4  and  1-5  transitions  of  the  system.  On 
this  identification  one  estimates  a,  to  be  f«1450  cm-1, 
which  is  much  greater  than  the  values  derived  above. 
However,  for  independent  reasons,  it  has  been  sug¬ 
gested1*  that  the  bands  of  Hamada  do  not  belong  to 
the  Goldstein-Kaplan  system,  a  view  which  seems  to  be 
confirmed  by  the  present  results.  This  is  satisfactory 
because  it  is  believed  that  the  C'  U.  state  either  goes 
to  the  dissociation  limit  4S+*Z?  or  else  is  predissociated 
by  some  state  from  this  limit. 

VH.  NEAR-ULTRA  VIOLET  BAUDS 

The  main  features  of  the  N*  spectrum  from  2000  to 
3000  A  are  the  second  and  fourth  positive  bands.  Under 
suitable  excitation  conditions,  however,  numerous  other 
bands  appear  which  have  been  assigned  to  a  considera¬ 
ble  number  of  systems.  These  systems  may  be  classified 
as  falling  mainly  into  two  groups:  (1)  Those  involving 
transitions  from  highly  excited  states  to  the  well- 
known  a  lII,  state.  Most  of  these  systems  consisted 
apparently  of  the  v' =0  progression  only.  (2)  Those  aris¬ 
ing  from  transitions  between  the  *  *2,",  o'  l2*~,  y  'll,, 
w  'A.,  and  s  ‘A,  states. 

a.  r'—a,  s'— a,  and  h—a  Bands 

These  three  systems  were  first  observed  by  Gaydon’4 
while  Herman*  independently  discovered  the  h—a 
transition.  Although  working  at  fairly  low  resolution, 
Gaydon  was  able  to  analyze  the  fine  structure  of  some 
bands  in  each  transition.  Subsequently  Lofthus'* 
studied  the  rotational  structure  under  much  higher 
resolution.  In  all  three  cases  the  upper  states  were 
shown  to  be  ‘2,+  and  some  anomalies  in  the  rotational 
structure  and  in  the  vibrational  intensities  were  re¬ 
ported. 

><  A.  G.  Gaydon,  Proc.  Roy.  Soc.  (London)  AIK,  286  (19*4). 

»  A.  Lofthus,  Can.  J.  Phys.  36,  216  (1957). 
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Fig.  1.  Isotopic  shifts 
as  a  function  of  vibrational 
energy.  Crosses:  observed 
shifts  in  the  r',  s',  and  h 
levels.  Line:  shifts  calcu¬ 
lated  on  the  assumption 
that  the  r',  s',  and  h  levels 
belong  to  the  same  elec¬ 
tronic  state. 


tinergy  (cm-1) 

Table  V  gives  the  wavelengths  of  the  heads  of  these 
bands  measured  in  both  14Nj  and  I#N|.  The  most 
convenient  way  of  treating  the  data  is  to  combine  the 
isotope  shifts  for  the  a  ‘II,  state,  which  can  readily  be 
computed,  with  the  observed  band  displacements  and 
hence  find  the  isotopic  lowering  of  the  upper  levels.  The 
results  of  this  procedure  are  shown  in  Table  VI.  From 
these  data  it  is  at  once  evident  that  none  of  the  upper 
levels  corresponds  to  »=0.  While  it  is  fairly  obvious 
that  the  value  of  v  in  the  r'  level  is  probably  unity,  the 
numbering  of  the  other  levels,  for  which  the  shifts  are 
considerably  greater,  is  less  certain.  However,  the 
transitions  involving  s'  and  h  could  very  reasonably  be 
assigned  to  vibrational  levels  with  ®=3  and  4,  respec¬ 
tively,  and  as  the  upper  states  are  of  the  same  species, 
12«+,  it  is  just  possible  that  the  three  progressions  belong 
to  a  single  system.  The  levels  r',  s',  and  k  can  in  fact  be 
fitted  satisfactorily  to  a  vibrational  formula  with  w,= 
2191.5  cm-1,  xu.= 9.6»  cm-1.  Furthermore,  as  shown  in 
Fig.  1,  the  isotopic  shifts  in  the  upper  levels  plotted 
against  G'(v)  yield  an  essentially  straight  line  which 
passes  through  the  origin.  (See,  however,  below.) 

Nevertheless,  several  difficulties  arise  in  considering 
the  three  progression  as  belonging  to  the  same  system: 
( 1)  The  B  values,  although  of  similar  magnitudes,  do 
not  decrease  in  the  usual  regular  way  with  increasing  ® 
(see  Table  VI).  (2)  While  the  isotopic  shifts  in  the 
upper  levels  plotted  against  G'(»)  give  a  straight  line, 
their  magnitudes  are  noticeably  less  than  the  computed 
values  (see  Fig.  1).  (3)  The  ®'=2  progression  is  not 
included  in  the  analysis.  This  could  be  identified  as  the 
k—a  progression  of  Lofthus1*  as  the  upper  state  is  of  the 
correct  species  and  energy,  but  the  B  value  (1.425 
cm-1)  would  be  quite  anomalous.  (The£— *a  bands  were 
not  observed  in  “Ns  due,  it  seems,  to  their  being  dis¬ 
placed  in  such  a  way  as  to  be  obscured  by  adjacent 
strong  bands.  Such  a  shift  would  be  consistent  with  r'= 
2.)  (4)  The  r=  0  progression  is  not  observed.  In  particu¬ 
lar  the  0-0  band  in  both  MN*  and  “Ni  should  lie  in  a 
comparatively  dear  spectral  region  but  no  good  evi- 

H  The  pm  for  the  single  system  would  be  35  246  cm'1. 


dence  for  its  presence  could  be  found.  (5)  The  to,  value 
is  rather  large,  especially  when  compared  with  the 
rotational  constants  of  the  levels. 

Despite  these  difficulties,  the  possibility  that  a 
single  state  is  involved  cannot  be  ruled  out.1*  The 
anomalies  listed  above  may  be  due  to  perturbations  and 
predissociations17  which  are  likely  to  be  common  at  the 
high  energies  where  the  levels  lie.  If  in  fact  a  single  state 
is  involved,  the  vibrational  structure  at  least  would 
suggest  that  it  is  a  Rydberg  state  as  the  to,  value, 
2191.5  cm-1,  is  very  close  to  that  of  the  X  s2„+  ground 
state  of  N»+  (2207.2  cm-1). 

b.  m-*a  and  d—*a  Bands 

Herman*  and  Janin1*  observed  two  progressions  of 
bands  which  were  considered  to  arise  from  the  levels 


Table  VI.  Isotope  shifts  for  the  h,  s',  r',  m, 
and  d  levels  of  Nj. 


State 

£* 

(cm-1) 

Ar 

(cm-1) 

Suggested 
r  value 

B 

(cm"1)' 

A‘S.+ 

112  767.7 

274 

4b 

1.655 

s'  >2.+ 

110  656.5 

215 

3*- 

1.595 

r'  *S.+ 

106  368.3 

98 

1 

1.711 

m'n. 

105  343.7 

150 

5  or  6 

1.361 

•  •  • 

104  713.2 

122 

5  or  6 

... 

*  Energy  of  level  in  “Ki  relative  to  M  of  tfce  grand  state. 
b  A  seaming  r\  s',  aad  t  belong  to  a  siagk  system 

•  Foe  “Ns. 


"The  t’  level  is  known  to  be  predissociated  for  />11.  The 
breaking  off  in  rotational  structure  occurs  at  13.214±0.003  eV 
which  is  just  below  the  dissociation  limit  ,S+tP  at  13.330  eV. 
The  predissociation  is  therefore  almost  certainly  due  to  a  repulsive 
state  from  ,S+,D.  Consequently  the  predissociating  state  must 
be  either  triplet  or  quintet  so  that  the  process  is  an  intersystem 
one.  The  appearance  of  bands  from  higher  vibrational  levels 
would  therefore  not  be  surprising.  The  predissociation  also 
most  likely  fails  into  Case  c*  of  Mulltken  [].  Chem.  Phys.  33, 247 
(1960)3.  Here  the  curves  cross  rather  sharply  so  that  on  the 
Franck-Condon  principle  the  reappearance  of  transitions  from 
higher  vibrational  levels  will  be  favored. 

*  J.  Janin,  Compt.  Rend.  317,  392  (1943) . 
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v  =  0  and  1  of  a  state  d,  the  lower  state  of  the  transition 
being  a  'II,,.  The  v'=l  progression  was  independently 
discovered  by  Gaydon14  and  was  later  studied  under 
high  resolution  by  Lofthus14  who  confirmed  Gaydon’s 
analysis  of  the  upper  state  as  'll*.  This  particular  level 
has  been  identified  as  the  lowest  observed  vibrational 
level  of  the  m  state  of  Worley.19 

In  the  present  work  the  two  progressions  were  ob¬ 
served  in  both  uNa  and  !4N2  and  the  measurements  are 
given  in  Table  V,  while  the  resulting  isotopic  displace¬ 
ments  in  the  upper  levels  are  given  in  Table  VI.  It  is 
quite  clear  from  the  magnitudes  of  the  shifts  that  the 
vibrational  quantum  numbers  must  be  greater  than  0 
and  1.  If  the  bands  are  assigned  to  a  single  system,  the 
most  likely  values  for  v  are  4  and  5.  This  interpretation, 
however,  gives  poor  quantitative  agreement  with 
theory  and  would  suggest  a  negative  value  of  xue  for 
the  upper  state.  For  this  reason  it  is  believed  that  the 
two  levels  belong  to  different  electronic  transitions. 
This  is  supported  by  the  fact  that  the  vibrational 
interval,  640.3  cm-1,  would  be  too  small  to  correspond 
to  an  extension  of  the  m  progression  of  Worley. 

The  vibrational  numbering  in  the  m  state  cannot  be 
determined  with  great  certainty  because  (a)  the  three 
bands  observed  in  the  far-ultraviolet  spectrum  show  a 
somewhat  anomalous  spacing,  and  (b)  the  isotopic 
shift  is  known  for  only  one  level.  The  procedure  adopted 
was  to  use  the  two  equations  AG(v+\)  2 xu, ( »+ 1 ) 

and  Ak=(1— p)u,(t)+|)  — (1— p2J*w«(ti+^)2;  in  the 
first  of  these,  the  lowest  observed  vibrational  interval, 
764  cm-1,  for  the  tn  state  was  introduced  while  in  the 
second  the  observed  isotopic  shift  was  used.  Over  the 
likely  range  of  xw.  (say  4  to  12  cm-1) ,  the  resulting  value 
of  v  lies  between  5  and  6.  We  can  therefore  say  that  the 


Table  VII.  Fifth  positive  system,  x  l2u~. 


v'-v" 

A(A)“N, 

A  (A)  “Nj 

dr 

(cm“l)obs 

A» 

(cm"1)  calc 

2-2 

2165.2 

2166.4 

-27 

-29 

1-1 

2181.5 

2182.3 

-17 

-18 

0-0 

2198.9 

2199.1 

-4 

-6 

2-3 

2235.9 

2234.9 

21 

29 

O-l 

2274.3 

2272.0 

44 

44 

1-3 

2331.1 

2326.6 

82 

88 

1-4 

2411.8 

2404.6 

124 

119 

2-6 

2469.9 

2460.6 

153 

151 

1-5 

2496.7 

2486.5 

164 

168 

0-4 

a 

2513.7 

181 

2-7 

2556.2 

2543.7 

194 

192 

1-6 

2586.6 

2572.7 

209 

210 

2-8 

2647.1 

2631.3 

227 

223 

1-7 

2681.5 

2663.5 

253 

251 

*  Obscured  in  >*N«  spectrum. 


“  R.  E.  Worley,  Phys.  Rev.  64,  207  (1943).  In  the  earlier  note 
(Ref.  2)  on  the  present  results,  it  was  suggested  that  the  progres¬ 
sion  might  not  have  m  as  the  upper  state.  This  was  based  on  the 
B  value,  1.461  cm-1,  given  by  Lofthus  (Ref.  1,  p.  25)  for  the  near 
ultraviolet  bands.  In  the  original  patter,  however,  the  B  value 
is  given  as  1.36!  cm"1  which  agrees  well  with  Worley’s  value,  1.36 
cm"1,  for  the  m  state.  This  together  with  the  other  evidence  shows 
that  the  up(>er  state  of  the  two  transitions  is  in  fact  the  same. 


Table  VIII.  Kaplan’s  first  system,  y  'll,— a’  ‘S,,-. 


v'—v" 

A  (A)  “Ns 

A  (A)  “Ns 

(cm"1) 

0-3 

2381.7 

2374.0 

136 

1-4 

2366.4 

2360.2 

no 

0-2 

2301.9 

2297.1 

92 

0-1 

2225.9 

2223.8 

43 

0-0 

2153.6 

2154.0 

-10 

first  observed  level  of  the  m  state  at  105  347  cm-1  has  a 
vibrational  quantum  number  of  5  or  6. 

Little  can  be  said  about  the  d  state  except  that  it  is 
an  excited  vibrational  level.  However,  its  energy  104  713 
cm-1,  is  very  dose  to  that  of  the  second  observed  vibra¬ 
tional  level  in  the  l  progression  of  Worley19  at  104  702 
cm-1.  If  this  identification  is  made  and  the  procedure 
for  the  m  state  applied,  one  finds  that  vibrational 
quantum  number  to  be  5  or  6,  the  latter  value  being 
slightly  favored.  The  first  member  of  the  l—X  progres¬ 
sion  would  therefore  have  r=4  or  5.  However,  the 
identification  is  quite  tentative  and  for  confirmation  a 
rotational  analysis  of  the  d—a  bands  would  be  re¬ 
quired. 

e.  Other  Bands  Involving  the  a  1  II„  State 

On  the  plates  of  14N2,  several  of  the  other  singlet 
systems  were  present.  In  particular,  bands  of  the 
P'— >a,  l-*a,  k—>a,  g~>a,  and  d'—*a  transitions  were  ob¬ 
served.  However,  in  these  cases  the  analogous  bands  in 
14N2  could  not  be  found  or  identified  due  to  unfavorable 
shifts  with  respect  to  the  strong  second  positive  bands 
or  due  to  blending  with  other  structure.  Conversely, 
some  bands  were  found  in  ,4N2  whose  analogs  in  14N2 
are  apparently  not  known.  In  particular,  three  bands 
degraded  to  shorter  wavelengths  at  2667.9,  2787.9,  and 
2916.7  A  are  fairly  obviously  the  v— 0,  r  —  1 ,  and  v—2 
bands,  respectively,  of  a  new  progression  to  the  a  ‘II, 
state.  The  observed  AG  values  for  the  lower  state  are 
1612.0  and  1583.9  cm-1,  while  those  calculated  for  a  'II, 
in  14Nj  are  1610.8  and  1585.0  cm-1.  The  bands  have  a 
structure  rather  similar  to  the  h—a  and  s—a  transitions 
so  that  the  upper  state  is  probably  The  new  state 
lies  at  106  760.7  cm-1  above  the  ground  state  of  14N2; 
the  corresponding  energy  for  HNi  cannot  be  determined 
as  only  one  vibrational  level  of  unknown  v  is  observed  in 
the  l4Nj  spectrum. 

Several  other  new  bands  were  found  in  both  '*Nt  and 
15Ni  but  no  satisfactory  groupings  or  correlations  could 
be  made. 

d.  Fifth  Positive  and  Related  Systems 

The  lower  state  of  the  fifth  positive  bands, 142021 
x  >o'  is  also  the  lower  state  of  Kaplan’s 
first  system,2245  y  ‘II t—*a'  '2U~.  Furthermore,  it  com- 

*  A.  Van  der  Ziel,  I’hysica  1,  513  (1934). 

«  A.  Lofthus,  J.  Chem.  Phys.  25,  494  (1956). 

»  J.  Kaplan,  Phys.  Rev.  46,  534,  631  (1934) ;  47,  259  (1935). 

“A.  Ljfthus  and  R.  S.  Mulliken,  J.  Chem.  Phys.  26,  1010 
(1957). 
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Table  IX.  Kaplan’s  second  system,  y  lne— w  ‘A«. 


v'—v" 

X(A)‘<N2 

X(A)“Nj 

Ap  (cm-1) 

0-4 

2741.9 

2728.0 

186 

1-5 

2722.0 

2709.4 

171 

0-3 

2636.2 

2626,6 

138 

1-4 

2619.3 

2610.3 

132 

0-2 

2536.6 

2530,8 

90 

1-3 

2522.3 

2517.2 

81 

0-0 

2354.5 

2355.2 

-13 

1-0 

2263.4 

2266.9 

-69 

bines  both  in  emission24  and  absorption25  with  the 
ground  state.  All  the  observations  leave  no  doubt  as  to 
the  vibrational  numbering  of  the  a.'  state.  The  original 
numbering  for  the  upper  state  *  has  been  modified  by 
Gaydon14  and  the  satisfactory  intensity  distribution 
within  the  system  indicates  that  the  vibrational 
analysis  is  correct.  However,  as  the  system  was  well 
developed  on  the  present  plates,  it  seemed  worthwhile 
to  measure  the  isotopic  shifts  as  a  final  check.  The  data 
are  given  in  Table  VII  and  the  good  agreement  be¬ 
tween  the  observed  and  calculated  shifts  shows  in  fact 
that  the  vibrational  analysis  is  correct. 

Kaplan’s  first  system,  y— >a,  although  moderately 
intense,  is  less  extensive  than  the  fifth  positive  system 
and  there  is  consequently  more  uncertainty  about  the 
vibrational  numbering  of  the  upper  state.  Five  bands 
were  observed  in  the  15Ni  spectrum,  the  measurements 
for  which  are  given  in  Table  VIII.  It  is  clear  from  the 
magnitudes  of  the  shifts  that  the  vibrational  analysis  is 
correct  especially  as  the  isotopic  displacements  of  the 
levels  in  the  lower  state  are  known.  The  upper  state  will 
be  considered  in  some  more  detail  below. 

Kaplan’s  second  system  involves  a  transition  from 
from  y  'II„  the  upper  state  of  the  first  system,  to  the 
w  'Au  state.  In  the  present  work,  the  results  of  which  are 
given  in  Table  IX,  the  second  system  was  better  de¬ 
veloped  than  the  first  and  it  was  therefore  used  for 
studying  the  vibrational  structure  of  the  y  state.  Due 
to  the  fact  that  only  two  vibrational  levels  are  observed, 
it  is  not  possible  to  determine  the  vibrational  constants 
oit  and  Xu,.  As  in  the  case  of  single  progressions  there¬ 
fore,  the  isotope  shifts  calculated  for  the  lower  state25 
were  combined  with  the  observed  band  displacements 
and  the  lowering  of  the  upper  levels  were  thus  com- 

**  M.  Ogawa  and  Y.  Tanaka,  J.  Chem.  Plys.  »,  1354  (1959); 
33,  754  (I960). 

*  P.  G.  Wilkinson  and  R.  S.  Mullikcn,  J.  Chem.  Phys.  31,  674 
(1959). 

*  In  Ref.  23,  the  values  of  w,  and  xu,  for  the  state  were  given 
as  1548  cm-1  and  8  cm-1,  respectively.  These  proved  unsatis¬ 
factory  so  the  data  were  re-examined  and  the  values  1557.7 
and  xwi— 11.5  cm-1  derived.  With  the  new  constants  the  vibra¬ 
tional  structure  of  both  HN:  and  “Nj  could  be  represented  within 
experimental  error. 


puted.  The  values  obtained  were  38  and  95  cm-1  which 
show  that  the  vibrational  levels  involved  are  v=0  and 
v—  1,  respectively.  It  is  also  clear  that  the  two  progres¬ 
sions  belong  to  the  same  system.  This  was  the  interpre¬ 
tation  of  Lofthus  and  Mulliken,23  in  spite  of  the  anoma¬ 
lous  behavior  of  the  B  values  ( BX>B0 ) . 

In  principle  it  should  be  possible  to  determine  u.  and 
xue  for  the  y  state  from  the  isotope  shifts  and  the  ob¬ 
served  AG(i)  values.  Attempts  to  do  this  were  unsuc¬ 
cessful  however.  The  reason,  it  is  fairly  clear,  is  that  a 
vibrational  perturbation  is  present  in  the  v=\  level. 
Confirmation  of  this  is  provided  by  the  fine  structure 
analysis  of  the  v=  1  level  by  Lofthus  and  Mulliken.23 
They  found  that  the  rotational  levels  were  considerably 
displaced  from  their  normal  course,  the  displacement 
varying  smoothly  as  a  function  of  J.  It  is  this  behavior 
which  gives  the  anomalous  Bx  value  mentioned  above 
and  the  effect  is  one  which  might  well  be  expected  as 
the  result  of  a  vibrational  perturbation. 

SUMMARY 

The  vibrational  numbering  of  most  of  the  weaker 
systems  of  nitrogen  in  the  region  2000-9000  A  has  been 
established  or  confirmed.  In  particular  the  vibrational 
analyses  of  the  Herman  infrared  system,  the  Herman- 
Gaydon  green  system,  the  B’—B  bands,  the  Goldstein- 
Kaplan  system,  the  fifth  positive  and  Kaplan’s  first 
and  second  systems  are  now  known  with  certainty.  In 
the  v=  1  level  of  the  y  'ITe  state,  evidence  is  found  for  a 
vibrational  perturbation  which  can  be  correlated  with 
the  unusual  rotational  structure  of  this  level. 

The  progressions  in  the  near  ultraviolet  to  the  a  1II„ 
state  show  a  curious  behavior.  The  m— >a  and  d—*a 
progressions  belong  fairly  definitely  to  different  transi¬ 
tions  and  in  each  instance  we  have  a  single  vibrational 
level  of  fairly  high  v  (5  or  6)  being  excited.  A  similar 
effect  may  be  taking  place  in  the  r'—Ki,  s'-^a,  and 
h— >o  progressions,  but  in  this  case  it  is  possible,  but 
by  no  means  certain,  that  the  bands  belong  to  a  sin 
gle  system.  In  any  event,  the  behavior  is  not  easy  to 
explain.  Because  of  the  range  of  energies  involved  and 
because  of  the  nature  of  the  source,  it  is  difficult  to 
believe  that  selective  excitation  in  the  usual  sense  is 
occurring.  It  seems  more  likely  that  the  effects  are  due 
to  processes  in  the  molecule  itself  and  that  their  inter¬ 
pretation  will  depend  on  a  fuller  understanding  of  the 
high  energy  states  of  and  the  interactions  between 
them. 
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The  Hej  band  systems  3po,  ‘•l2t+-*2s,  ‘••Z«+  are  described  in  detail.  The  rotational  and  vibrational 
constants  of  the  2s,  a  *2„+  and  A  'Su+  and  3 po,  c  *2,+  states  are  improved  and  the  data  for  the  A  and  c 
states  extended  from  1  to  t  »3  and  4,  respectively.  The  3pc  C  *2,+  state  (identified  for  the  first  time)  has 
been  characterized  through  r—S.  The  apparent  dissociation  energy  of  the  c  •2,+  state  is  found  to  be  ~0.7 
eV  too  high  to  be  consistent  with  the  theoretical  dissociation  energy  of  He»+.  If  the  Do  value  for  Hei+  is 
correct,  large  maxima  must  be  present  in  the  potential  curves  of  a  number  of  electronic  states  of  He».  Also 
discussed  is  the  observed  and  expected  behavior  of  states  associated  with  npo  UAO’s. 


I.  INTRODUCTION 

WHILE  the  spectrum  of  the  Hej  molecule  was 
extensively  investigated  prior  to  1935,  few  spec¬ 
troscopic  additions  have  appeared  since  that  time.  How¬ 
ever,  recent  theoretical  work  on  the  Rydberg  states 
of  molecules1  has  drawn  attention  to  the  incompleteness 
of  the  existing  experimental  data,  two  of  the  more 
obvious  deficiencies1  being  a  general  lack  of  vibrational 
information  and  the  almost  complete  absence  of  transi¬ 
tions  associated  with  npo  MO’s.  Therefore,  in  order 
to  remedy  these  defects  and  to  clarify  the  behavior 
of  the  various  molecular  states  at  large  intemuclear 
distances,  an  extensive  reinvestigation  of  the  Hej  spec¬ 
trum  has  been  undertaken. 

Although  the  entire  Hej  spectrum  between  2800- 
11  500  A  is  under  study,  this  paper  is  concerned  pri¬ 
marily  with  the  transitions  3 fur,  *2 s,  ,',2.+  which 

occur  in  the  region  7000-10  000  A.  For  the  Hej  mole¬ 
cule,  the  ground-state  configuration1  ler,2  l<r«*  is  un¬ 
stable,  but  many  stable  states  exist  for  configurations 
corresponding  to  the  excitation  of  one  of  the  hr* 
electrons  to  a  Rydberg  MO,  which  can  be  best  charac¬ 
terized  by  a  UAO  symbol.  Transitions  among  these 
stable  Rydberg  electronic  states  produce  a  discrete 
spectrum  on  the  long-wavelength  side  of  about  3000  A, 
while  transitions  to  the  unstable  ground  state  produce 
the  well  known  “Hopfield”  continuum  in  the  vacuum 
ultraviolet.  The  lowest-lying  stable  electronic  states 

*  This  work  was  supported  by  a  grant  from  the  National 
Science  Foundation,  NSF  GP  28  Research,  and  by  the  U.S.  Air 
Force  Cambridge  Research  Laboratories,  Office  of  Aerospace 
Research,  under  Contract  AF19  (628) -2474.  Preliminary  discus¬ 
sions  were  presented  at  the  Regional  American  Chemical  Society 
meeting  in  Charlotte,  North  Carolina  (1963),  and  at  the  Ohio 
State  Symposium  on  Molecular  Structure  and  Spectra  in  Colum¬ 
bus,  Ohio  f  1964). 

'R.  S.  Mulliken,  J.  Am.  Chem.  Soc.  86,  3183  (1964);  Parts 
VI  and  VII  of  this  series  (to  be  published). 

1  G.  Herzberg,  Spectra  of  Diatomic  Molecules  (D.  Van  Nostrand 
Company  Inc.,  New  York,  1950),  2nd  ed.,  Vol.  1. 

•United-atom  orbital  (UAO)  symbols  are  used  throughout 
this  paper,  since  the  Rydberg  MO’s  (molecular  orbitals)  for  He» 
in  the  region  around  r,  would  correspond  fairly  closely  to  the 
united  atom  form.  The  Hej+  core  would  more  closely  correspond 
to  the  LCAO  form  Since  no  confusion  results,  core 

symbols  are  often  omitted  and  a  single  UAO  symbol  used  to 
designate  a  Rydberg  MO. 


for  He2  are  the  a  s2.+  and  A  12«+  states  of  configuration 
l<r„1lo-u2 s.  The  lowest-lying  stable  states  involving 
npo  UAO’s  must  be  of  the  configuration  \o?\ou3po, 
since  the  hru  MO  correlates  as  r— *0  with  the  UAO 
form  2 pc}  The  only  previously  observed  transitions 
involving  npo  MO’s  were  the  0-0  and  1-1  bands4  for 
the  transitions  3 pa,  c  *2e+— >2 s,  a  *2,,+,  and  several 
0-0  bands*  corresponding  to  transitions  from  higher 
members  of  the  ns  and  nd  triplet  series  to  3 fur,  c  *2,+. 
In  the  present  work  it  has  been  possible  to  obtain 
sufficient  vibrational  structure  for  the  c— >a  transition 
to  determine  accurate  molecular  constants  for  both 
the  c  and  a  states  and  to  make  reasonable’  estimates 
of  the  apparent  dissociation  energy  of  the  c  *2e+  state. 
In  addition,  the  previously  unreported  3p<r,  C  12,+— *2s, 
A  l2,+  transition  has  been  observed  and  both  the  C 
and  A  states  characterized. 

n.  EXPERIMENTAL 

The  conventional  method*  of  producing  the  emission 
spectrum  of  He;  consists  of  passing  a  mildly  condensed 
discharge  through  flowing  He  gas  at  pressures  of  about 
20-40  mm.  However,  in  initial  experiments  it  was  found 
that  the  visible  spectrum  could  be  greatly  enhanced 
by  the  complete  removal  of  trace  impurities  of  Hj  and 
argon.  Thus,  sealed  discharge  tubes  filled  to  pressures 
of  about  40  mm  with  assayed  reagent-grade  helium 
were  used  in  the  present  work.  These  tubes  have  very 
long  lifetimes,7  while  the  resulting  Hej  emission  is 
completely  free  of  atomic  or  molecular  contaminants 

4  W.  F.  Meggers  and  G.  H.  Dieke,  J.  Res.  Natl.  Bur.  Std.  4, 
121  (1932).  .  __ 

•  G.  H.  Dieke,  S.  Imanishi,  and  T.  Takamine,  Z.  Physik  57, 
305  (1929). 

*  For  an  excellent  discussion  of  the  “conventional”  procedures 
and  apparatus,  see  R.  E.  Huffman,  Y.  Tanaka,  and  J.  C.  Larra- 
bee,  Appl.  Opt.  2,  617  (1963).  While  Huffman  et  at.  describe 
optimization  of  the  He»  continuum  in  the  600-1 100- A  region, 
similar  conditions  seem  to  apply  to  the  visible  He«  spectrum  ob¬ 
tained  from  discharge  tubes  using  flowing  He  gas. 

7  One  tube  at  least  has  been  used  over  600  h  without  any  notice¬ 
able  change  in  its  spectral  properties.  In  general,  the  tubes  are 
0-shaped,  with  tungsten  electrodes  sealed  into  their  side  arms. 
They  are  cleaned  and  filled  by  the  same  general  procedures  em¬ 
ployed  to  make  sealed  Xe  and  Kr  lamps  for  use  in  the  vacuum 
ultraviolet;  cf.  P.  G.  Wilkinson  and  Y.  Tanaka,  J.  Opt.  Soc.  45, 
344  (1955). 
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and  is  at  least  several  times  more  intense  than  the 
emission  from  similar  tubes  utilizing  conventional 
flowing  pro  edures.  An  air-blow  spark  gap  in  series 
with  a  15  000-V  transformer,  together  with  a  capaci¬ 
tance  of  about  1500  pjiF  supplied  the  condensed,  dis¬ 
ruptive  discharge  used  in  excitation  of  the  spectrum, 
with  the  power  input  to  the  transformer  being  generally 
about  200  W. 

The  7000-11 000- A  region  of  the  spectrum  was  photo¬ 
graphed  in  the  first  orders  of  two  spectrographs:  a 
30-ft  Paschen  circle  and  a  3.4-m  Ebert,  with  reciprocal 
dispersions  of  approximately  0.9  and  2.0  A/mm,  re¬ 
spectively.  For  spectrograms  taken  on  the  30-ft  circle, 
exposure  times  on  hypersensitized  I—N  and  I—M 
plates  ranged  from  a  few  hours  for  the  stronger  bands 
to  as  much  as  50  h  for  the  weakest.  Using  the  Ebert 
spectrograph,  comparable  exposures  were  obtained  in 
about  one-fourth  the  time  required  for  the  circle.  The 
effective  resolving  power  ranged  from  about  100  000 
for  the  shorter  exposures  to  about  70  000  for  the 
longest,  the  higher  figure  being  attained  only  on  circle 
plates.  Iron  arc  lines— superimposed  before,  during,  and 
after  the  exposures— were  used  as  standards,  and  meas¬ 
urements  were  made  by  the  superposition  of  optical 
density  profiles  using  a  Grant  spectrum  line  measuring 
comparator.  In  almost  aH  cases,  the  spectrum  lines 
were  measured  on  three  different  circle  plates  and  one 
Ebert  plate,  and  the  resulting  wavenumbers  averaged. 
In  some  regions,  the  maximum  deviations  in  the 
“absolute”  line  positions  determined  from  the  four 
sets  of  data  reached  values  as  high  as  ±0.03  cm'1. 
However,  the  agreement  of  the  relative  positions  of 
unblended  lines  was  generally  somewhat  better,  being 
in  most  instances  within  about  ±0.01  cm-1. 

m.  ANALYSIS  OF  THE  SPECTRUM  AND 

EVALUATION  OF  MOLECULAR  CONSTANTS 

In  any  molecular  spectrum  which  has  its  branch 
lines  widely  separated  from  one  another,  rotational 
analysis  must  precede  everything  but  the  most  tenta¬ 
tive  electronic-state  and  vibrational-level  estimates.  In 
the  case  of  4He*  this  is  particularly  true,  since  4He 
has  a  nuclear  spin  of  zero  which  requires  alternate  lines 
to  be  missing.  Also,  it  should  be  noted  that  the  triplet 
splitting  for  most  of  the  electronic  states  of  Hei  is  too 
small  to  be  resolved,  the  only  known  exception  being 
the  partial  resolution  of  the  splitting  for  the  2pw, 
•II,  state. 

The  wavenumbers  of  the  lines  of  nine  bands  of  the 
transition  3 pc,  c  ,2,+— >2r,  a  *2«+  and  eleven  bands 
of  the  transition  3 pa,  C  l2,+— >2j,  A  12„+  are  given 
in  Tables  I  and  II.  Since  the  triplet  splitting  is  not 
resolved  for  the  c—>a  transition,  the  triplet  states  neces¬ 
sarily  must  be  treated  in  the  same  manner  as  the  singlet 
states.  Thus,  the  effective  rotational  constants  for  all 
bands  were  obtained  by  fitting  the  data  in  Tables  I 


and  II  to  the  relation1 

AiF.(A0  =  £«<(#+*)»«,  (1) 

i-0 

where 

a,=  (4fl.-6Z>.+W), 

o1=-(8D,-28H,), 

and 

oj=  +  12£T,.  (2) 

The  B„  D„  and  H,  constants  in  (2)  are  the  first  three 
coefficients  of  the  expansion  of  the  rotational  terms 
in  the  power  series 

F,(N)  =  B,N(N+ 1)  —D~N*(N+l)* 

+F^V*(1V+1)H— •  ,  (3) 

and  the  lower-  and  upper-state  AtF,(N)’s  are  given 
by  R(N-l)-P(N+l)  and  R(N)-P(N),  respec¬ 
tively.  In  all  cases,  the  a<  values  were  determined  both 
by  the  method  of  least  squares  and  by  standard 
graphical  procedures.1  Using  the  method  of  least 
squares,  one  finds  that  the  values  of  the  constants  in 
Eq.  (1)  are  somewhat  dependent  on  the  total  number 
of  A2F,(A)’s  used  in  their  determination  (i.e.,  the 
a/s  change  slightly  as  one  successively  deletes  from 
the  calculations  the  AiF,(N)  ’s  corresponding  to  the 
highest  N  values).  As  expected,  this  effect  is  small 
for  oo,  but  can  be  appreciable  for  <h  and  a*  In  each 
case,  the  various  a,-  values  determined  by  different 
least-squares  fits  of  the  data  were  averaged  with  the 
results  of  the  graphical  method  (the  at  and  ax  being 
determined  by  intercept  procedures).*  The  final  values 
of  B„  D„  and  H,  obtained  from  (2)  are  listed  in 
Table  HI* 

Band  origins  v(v',  v ")  were  obtained  by  fitting  the 
data  in  Tables  I  and  II  to  the  relation 

F(iV)+P(iV)  =  i:5£Ar(A7+l)]<,  (4) 

i-O 

both  by  graphical  methods1  and  by  least  squares,  where 

bt=2v(W',,")-\-2B,’-\-4D,'.  (5) 

Band  origins  obtained  from  the  two  methods  of  fitting 
(4)  agreed  to  ±0.01  cm-1  and  fell  into  three  sequences 
corresponding  to  Ar=0,  +1,  and  +2  as  shown  in 
Tables  IV  and  V.  It  should  be  noted  that  the  peculiar 
distribution  of  these  tables  is  due  to  the  rapid  loss  in 
photographic  plate  sensitivity  to  the  long-wavelength 
side  of  about  8900  A  (11  200  cm-1).  This  feature  also 
accounts  for  the  many  P(N)  branches  in  Tables  I 
and  II  which  are  much  shorter  than  their  associated 
R{N)  branches. 

•  F.  H.  Crawford  and  T.  Jorgensen.  Phys.  Rev.  47,  358  (1935). 

'  As  a  further  check,  A Bs  A D„  ana  AH,  values  were  calculated 
using  the  b>,  bt,  and  4»  coefficients  obtained  from  the  least-squares 
determinations  of  the  band  origins  £Eq.  (4)3-  These  resulting 
values  were  in  agreement  with  the  constants  listed  in  Table  III. 
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Table  I.  Wavenumbers  of  the  bands  of  the  c  transition  of  He*.**b 


V(Q- 

(0-0)' 

,,=  10  889.48 

(1-0) 

=  12  369.50 

(1-1) 

»(i_i)  =  10  637.37 

N 

W) 

pm 

xm 

pm 

xm 

pm 

1 

10  915.43 

10  874.31 

12  393.64 

12  354.34 

10  662.00 

10  622.67 

3 

935.34 

839.61 

409.41 

317.85 

680.19 

588.58 

5 

949.18 

799.17 

416.69 

273.28 

691.79 

548.31 

7 

956.84 

753.14 

415.36 

220.64 

696.71 

501.97 

9 

(958.17) 

701.61 

405.24 

160.10 

694. 78 

449.61 

11 

953.13 

644.64 

386.20 

091.68 

685.88 

391.31 

13 

941.58 

582.40 

358.06 

12  015.46 

669.83 

327.18 

15 

923.40 

514.92 

320.60 

11  931.40 

646.42 

257.18 

17 

898.47 

442.28 

273.59 

839.49 

615.42 

181.35 

19 

(866.66) 

364.54 

216.68 

739.68 

099.57 

21 

827.75 

281.76 

149.98d 

631.80 

23 

781.58 

193.89 

12  071.82 

516. 12d 

25 

727.90 

100.86 

11  982.70 

391.10 

27 

666.37 

881.48 

257.40 

29 

596.52 

767.05 

113.99 

31 

517.86 

638.51 

(2-0) 

(2-1) 

(2-2) 

13  741.22±0.06 

»<,-„  =  12  009.08 

»(,—„  =  10  354.74 

N 

xm 

pm 

xm 

pm 

xm 

pm 

1 

(13  763.47)* 

f 

12  031.73 

11  994.38 

10  377.85 

10  340.58 

3 

(774.52) 

13  687.62 

045.22 

958.29 

393.85 

306.96 

5 

(774.52) 

638.33 

049.50 

913.39 

402.55 

266.50 

7 

(763.47)* 

(578,49) 

044.40 

859.70 

403.88 

219.22 

9 

f 

507.78 

029.51 

797.26 

397.46 

165.27 

11 

705.19 

426.49 

12  004.79 

726.08 

383.20 

104.50 

13 

658.17 

334.41 

11  969.86 

646.14 

15 

598.60 

231.48 

924.37 

(557.23) 

17 

525.98 

13  117.47 

867.79 

459.31 

19 

439.72 

12  992.08 

799.55 

351.94 

21 

338.82 

854.81 

718.76 

234.76 

23 

221.71 

704.96 

623.76 

107.06 

25 

540.99 

(3-1) 

=  13  256.64 

(3-2) 

=  11  602.29 

*(4-t) 

(4-2) 

=  12  698.13 

N 

xm 

pm 

xm 

pm 

xm 

pm 

1 

13  276.95 

13  241.95 

(11  623.06) 

11  588.20 

12  715.94 

12  683.93 

3 

285.02 

203.53 

(633.67) 

552. 14 

719.44 

645.00 

5 

280.64 

153.17 

(633.67) 

506.25 

708.40 

592.10 

7 

263.56 

090.83 

(623.06) 

(450.31) 

682.12 

525.02 

9 

233.38 

13  016.46 

(601.29) 

384.42 

639.98 

443.52 

11 

189.65 

12  929.95 

568.03 

.308.36 

580.82 

347.01 

13 

131.79 

830.% 

522.64 

221.8.3 

503,04 

234.62 

15 

13  058.97 

719.13 

464.39 

124.53 

104.98 

17 

12  970. 19 

593.86 

392.40 

016. 13 

19 

863.82 

454.32 

21 

(737.67) 

299.03 

23 

12  125.94 

•  Parentheses  denote  blended  lines. 

b  The  estimated  error  of  all  band  origin  determinations,  with  the  exception  of  the  (2-0)  band,  is  cm  *. 

*  This  band  was  reported  in  part  by  Meggers  and  Dieke  (see  Footnote  4).  Because  of  the  much  higher  dispersion  and  resolution  of  the  instruments  used  in  the 
present  work,  the  values  reported  below  may  be  more  accurate  than  the  previous  data. 

6  Perturbed  lines. 

•  Strongly  overlapped  by  Rt  of  II  *S«+— C  (0-0). 

*  Completely  obscured  by  the  7281  -A  line  of  He  I. 
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Table  II.  Wavenumbers  of  the  bands  of  the  C  'S,+-*A  *S»+  transition  of  Hej.,  b 


»'(♦-») 

(0-0) 

-10  945.50 

"(i-i) 

(1-1) 

-10  726.57 

(1-0) 

vo-0- 12  517.32 

N 

xm 

P(N) 

X{N) 

P(N) 

R(N) 

P(X) 

1 

10  971.82 

10  930. 17 

10  751.85 

(10  712.00) 

12  542.16 

12  501.98 

3 

(10  992.25) 

«  895.20 

771.06 

677.48 

559.13 

465.52 

S 

11  006.70 

(854. 69)“ 

784.13 

637.44 

568.15 

421.46 

7 

015.10 

808.48 

790.92 

591.71 

569.12 

369.92 

9 

017.40 

757.00 

791.39 

540.41 

561.98 

311.00 

11 

013.50 

700.28 

785.47 

483.63 

546.63 

244.83 

13 

11  003.38 

638.42 

773.07 

421.54 

523.02 

171.51 

IS 

10  987.01 

571.55 

754.13 

354.25 

491.07 

091.20 

17 

964.30 

■  499.88 

728.60 

(281.76) 

450.69 

12  003.93 

19 

(935.34) 

423.42 

401.81 

11  909.85 

21 

899.75 

342.40 

344.34 

809.03 

23 

256.90 

278.18 

701.56 

25 

203.18 

587.31 

27 

119.15 

(466.31) 

29 

12  025.84 

338.86 

31 

11  922.99 

(2-0) 

^0- 14  006. 61  ±0.06 

'(J-l)1 

(2-1) 

-12  215.80 

(2-2) 

»(,_,)*  10  496. 13±0. 06 

N 

R  (AT) 

P(N) 

R(X) 

P(X) 

RUf) 

P(N) 

1 

14  029.8, 

12  239.55 

12  200.89 

10  520.35 

3 

043.34 

(13  953.66) 

255.13 

165.15 

538.23 

10  448.3 

5 

(046.59) 

905.64 

262.48 

121.49 

549.68 

408.66 

7 

039.74 

848.34 

261.48 

070.11 

554.62 

363.20 

9 

14  022.71 

781.58 

252.06 

12  010.99 

552.96 

311.86 

11 

13  995.31 

705.54 

234.10 

11  944.32 

544.52 

254.7 

13 

957.56 

e 

207.48 

870.20 

529.33 

15 

909.07 

525.73 

(172.13) 

788.65 

507.18 

17 

850.06 

421.94 

127.86 

(699.79) 

19 

780.13 

309. 19 

074.60 

603.64 

21 

699.13 

187.31 

12  012.13 

500.23 

23 

607.03 

13  056.31 

(11  940.20) 

389.58 

25 

12  916.08 

858.66 

271.52 

>W-» 

(3-1) 

-13  617.93 

(3-2) 

-11  898.22 

(4-2) 

-13  206.39 

N 

R(W) 

pm 

RW 

P(N) 

R(lt) 

*m 

1 

13  640.0, 

13  602.9, 

11  920.78 

11  883.78 

13  227.14 

13  191.95 

3 

651.78 

565.63 

934.78 

848.66 

236.94 

155.03 

5 

653.05 

518. 14 

(940.20) 

805.27 

235.71 

107.42 

7 

643.79 

460.64 

936.79 

753.68 

223.23 

13  049.20 

9 

623.74 

393.24 

(924.37) 

694.02 

199.32 

12  980.44 

11 

592.87 

316.00 

903.24 

626.37 

163.82 

901.17 

13 

550.98 

228.95 

872.76 

550.74 

116.42 

811.33 

15 

497.89 

132.14 

832.93 

467.17 

13  056.86 

710.83 

17 

433.41 

13  025.58 

783.53 

375.70 

12  984.71 

599.61 

19 

357.22 

12  909.18 

724.26 

(276.28) 

899.45 

477.44 

21 

269.02 

782.88 

654.86 

168.74 

800.50 

343.90 

23 

168.37 

646.44 

574.88 

198.56 

25 

054.77 

499.59 

483.79 
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Table  II  ( Continued ) 


(4-3) 

x(4_,)«  11  558.42 

'M ' 

(5-3) 

-12  761.75 

N 

R(N ) 

P(.N ) 

R(N) 

P(N) 

1 

11  579.61 

11  544.44 

3 

591.78 

509.83 

12  788.34 

12  711.17 

S 

594.70 

(466.39) 

783.81 

663.04 

7 

588.13 

(414.22)' 

766.94 

603.32 

9 

572.25 

353.38 

(737.67) 

532.04 

U 

546.49 

283.84 

695.50 

449.20 

13 

510.78 

205.64 

(639.98) 

(354.85) 

15 

464.78 

118.76 

570.50 

(247.84) 

17 

486.43 

128.70 

*  Parentheses  denote  blended  lines. 

b  The  estimated  error  of  all  band  origin  determinations,  with  the  exception  of  the  (2-0)  and  (2-2)  bands,  is  ^^±0.02  cm'1. 
0  Overlapped  by  Pi$  of  g  *2tf+  (0-0). 

4  Overlapped  by  Qt,  Pw  of  (0-0). 

*  Completely  obscured  by  R»,  B  05*+  (0-0). 

*  Overlapped  by  P%  of c  •Xg*  (1-1). 


The  B,  and  AG<,+j>  data  in  Tables  III-V  were  fitted 
by  least  squares  to  the  usual  (v+i)  expansions*  of  the 
vibrational  and  rotational  energies.  For  the  c  *Se+  and 
C'V  states,  the  values  of  these  coefficients  depended 
somewhat  on  the  number  of  terms  used  in  the  expan¬ 
sions— a  phenomenon  occurring  fairly  frequently  in  the 
excited  electronic  states  of  light  molecules  (i.e.,  H2, 
hydrides,  etc.) .  For  the  states  of  He*  in  question,  the 
deviations  are  relatively  small  and  generally  result  from 


a  rather  rapid  and  monotonic  decrease  in  the  various 
effective  constants.  The  values  reported  in  Table  VI 
correspond  to  the  minimum  set  which  reproduces  the 
experimental  data  within  the  estimated  errors. 

IV.  DISCUSSION 

Since  all  of  the  stable  electronic  states  of  He,  are 
Rydberg  states,  it  is  useful  to  preface  this  discussion 


Table  III.  Rotational  constants  (cm'1).* 


a  *Xu* 

A  >2„+ 

c>2,+ 

C'S * 

A 

7.586,±0.0010 

7. 671,  ±0.001, 

6.852,±0.002, 

6.945,±0.001, 

A 

7. 348, ±0.001, 

7.446,±0.001» 

6.556,±0. 001, 

6.699, ±0.001, 

A 

7.098,±0.001, 

7. 218, ±0.001, 

6. 224i±0.001, 

6.441,±0.001, 

B, 

6. 985, ±0.002, 

5.837,±0.001, 

6. 166,±0.001, 

B 4 

5.340,±0.001, 

5.867,±0.001, 

B, 

5.530,±0.001, 

AX  10* 

5.5q±0.05 

5.43±0.02 

5.56±0.02 

5.13±0.02» 

AX10* 

5.6,±0.04 

5.40±0.03 

5.76±0.02 

5.24±0.01 

AX  10* 

5.5±0. 1 

5,41±0.03 

6.11±0.08 

5. 32  ±0.02 

AX10* 

5,40±0.06 

6.98±0.05 

5.56±0.02 

AX10* 

8.57±0.04 

5.83±0.03 

AX  10* 

6.6U±0.05 

//oX10* 

2.5±0.4 

3.0±0.1 

1.3t±0. 1, 

1.7,±0.2 

/AX  10* 

2.2±0.5 

2.5±0.3 

— 0.4»±0.2# 

1.6,  ±0.1, 

/AX  10* 

2.3±0.4 

—  5.3±0.9 

1.0±0.3 

/AX  10* 

—  13.c±l.,b 

0.0±0. 1, 

/AX  10* 

—54.  »±2.,b 

—  2. 4,  ±0.3 

/AX  10* 

-6., ±1.0 

*  The  “errors”  listed  in  this  table  are  the  maximum  deviations  from  the  average  of  the  constants  determined  by  different  fitting  procedures  (see  text).  As  such, 
they  are  a  measure  of  reproducibility  and  internal  consistency  of  tne  methods  employed  and  probably  give  reasonable  estimates  of  the  otrr^aU  errors  inherent  in 
the  molecular  constant  determinations. 

b  The  kigktst  rotational  levels  observed  for  these  vibrational  states  are  not  fitted  accurately  by  a  three-coefficient  expansion  of  F«(JV).  The  need  for  a  higher* 
order  constant  it  evident  in  both  the  graphical  and  least-squares  procedures,  but  the  probable  reasons  for  this  deviation  (see  text)  are  such  as  to  make  its 
inclusion  unwarranted;  The  H*  values  reported  here  are  determined  after  excluding  the  data  for  the  highest  N  values. 
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Tablx  IV.  Deslandre*  table  for  the  band  origins  (cm-1)  of  the  transition  3  pa,  e  *Z,+— >2r,  a  *Z„+  of  He* 


»" 

•' 

0 

1 

2 

0 

10  839.48 
(1480.02) 

1 

12  369.50 
(1371.72) 

(1732.13) 

10  637.37 
(1371.71) 

2 

13  741.22 

(1732.14) 

12  0O9.O8 
(1247.56) 

(1654.34) 

10  354.74 
(1247.55) 

3 

13  256.64 

(1654.35) 

11  602.29 
(1095.84) 

4 

12  698.13 

Tabu  V.  Deslandres  table  for  the  band  origins  (cm' 

'*)  of  the  transition  3 pa,  C  *2, +-*2j,  A  *Z»+  of  He* 

v" 

»' 

0 

1 

2  3 

0 

10  945.50 
(1571.82) 

1 

12  517.32 
(1489.29) 

(1790.75) 

10  726.57 
(1489.23) 

2 

14  006.61 

(1790.81) 

12  215.80 
(1402.13) 

(1719.67) 

10  496.13 
(1402.09) 

3 

13  617.93 

(1719.71) 

11  898.22 
(1308.17) 

4 

13  206.39  (1647.97)  11  558.42 

(1203.33) 

5 

12  761.75 

Tabu  VI.  Molecular  constants  (cm-1). 


State 

8*2,+ 

A  >Z.+ 

C*Z,+» 

c*v* 

T. 

a 

A 

o+ll  005.8, 

.4+11  050.8, 

«• 

1809.91 

1861.27 

1583.85 

1653.43 

Xttit 

38. 8« 

35.0, 

52.7, 

41.0. 

-0.105, 

-1.256, 

0.354, 

see. 

-0.487, 

-0.131a 

B, 

7.710, 

7.787, 

7.004, 

7.067, 

04 

0.243| 

0.228, 

0.310b 

0.244, 

7lX10* 

0.162, 

0.0117, 

7.x  10* 

-0.065, 

-0.0135, 

r.(  A) 

1.045, 

1.039, 

1.096, 

1.091, 

*  The  higher -order  vibratioeal  ronsUate  for  tile  >ute  Mem  scenewhat  anomalous.  The  thrae-conataat  least-squares  fit,  while  not  within  the  experimental  errors 
(standard  dtviation-2.fi)  is  more  regular,  and  shows  the  trend  more  graphically:  C(s+J)-  lM4.59(t+ J)-36.7i(e+i)»-3AIsi(»+l)*. 

*  The  higher-order  rotational  constants  lor  this  tuts  teem  somewhat  sewn  slews  While  MN  seder  cawetaata  are  at  qwietliashli  impertaace.  swch  hsherisr  prob¬ 
ably  1*1  is  i slight  •*inrlt“Tf  T*-,  nr"1 — -1  —  *' - *— *— - ■ — ■-»—«-«»—  —  ■ - «... r-i- — »■ - * - j  — rr  The aext 

lower  order  it  (standard  deviation -UN)  It  given  by  *.-?JSlr-UU.(v+J>-SJIiae(t+i)». 
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with  a  brief  listing  of  several  properties10  of  Rydberg 
states  in  general.  For  Rydberg  states,  (1)  at  low  n, 
the  bonding  properties  of  the  core— in  this  case,  of 
He2+ — are  somewhat  modified  by  the  presence  of  the 
Ryuberg  electron,  but  to  a  rapidly  decreasing  extent 
as  n  increases;  (2)  the  observed  molecular  constants 
(such  as  AG,+j,  B„  etc.)  rather  rapidly  approach  those 
of  the  core  as  n  increases;  and  (3)  penetration  into  the 
core  occurs  for  Rydberg  MO’s  when  the  core  contains 
one  or  more  MO’s  of  the  same  species11  (i.e.,  the  Ryd¬ 
berg  series  has  one  or  more  “initial  members”  in  the 
core).  Further,  the  electronic  states  of  He2  obey  the 
usual  Rydberg  relation  for  neutral  molecules  : 

T=R/nn=R/(n-&)*,  (6) 

where  5  is  the  term  defect,  R  is  the  Rydberg  constant, 
»  is  the  principal  quantum  number  for  the  UAO  state 
in  question,  and  T  is  the  term  value. 

Because  of  the  general  lack  of  vibrational  data  for 
He2,  consistent  values  of  T  usually  have  been  obtained 
by  fitting  the  convergence  of  the  (0-0)  bands  of  the 
previously  observed  Rydberg  series.1  Until  this  defect 
can  be  remedied,  it  is  more  practical  to  consider  To 
values  (the  energies  necessary  for  the  removal  of  the 
Rydberg  electron  from  the  *=0  level  of  the  Rydberg 
state  to  that  of  He2+)  when  using  Eq.  (6),  and  the 
resulting  n*  and  6  values  must  be  interpreted  ac¬ 
cordingly. 

With  the  above  statements  in  mind,  there  are  several 
features  of  the  behavior  of  the  states  associated  with 
the  npa  Rydberg  series  which  should  be  emphasized. 
Using  the  T0  values  for  the  2r  singlet  and  triplet  states 
given  by  Herzbetg,1  the  «'(o_o)’s  from  Tables  IV  and  V 
and  Eq.  (6),  one  calculates  «*=  2.164  and  2.285  for 
3pa,  c  32„+  and  3 pa,  C  121)+,  respectively,  where  the 
large  values  of  5,  0.836  and  0.715,  are  of  particular 
note.11  Consideration  of  the  variation  of  n*  values1  with 
M  for  the  states  associated  with  the  known  npa  series 
of  H2  would  lead  one  to  estimate  «*=3.24  and  3.30 
for  the  4 pa,  32„+  and  12,+  states,  respectively,  so 
that  one  would  predict  that  these  unreported  states 
lie  23  650  and  24  230  cm-1  above  the  2s,  a  *2«+  state. 
Further,  one  sees  from  Tables  IV-VI  that  the  A(7j 
and  B,  values  for  the  3 pa,  1'52„+  states  lie  slightly 
below  the  corresponding  values  estimated  for  the  ground 
state  of  He2+,  which  ate  1627.2  and  7.22  cm-1,  respec¬ 
tively.1  Thus,  for  low  *,  the  npa  Rydberg  electron-core 
interaction  seems  to  produce  resultant  electronic  states 
which  are  slightly  less  bonding  than  the  He2+  core 
itself.  This  effect  should  decrease  rapidly  with  increas¬ 
ing  n,  so  that  the  AGj  and  Be  values  for  higher  members 
of  the  npa  series  should  increase  from  those  of  the 
3pa  UAO  and  rapidly  approach  their  asymptotic  He2+ 

10  For  further  discussion  of  this  material,  see  Refs.  1  and  2. 

11  In  He2,  the  npa  and  ns  series  have  one  “initial”  member,  2 pa 
and  lr,  respectively,  in  the  core  and,  therefore,  will  be  penetrat¬ 
ing.  However,  the  npa  series  has  no  core  “ancestor”  and  should 
be  nonpenetrating.  The  large  term  defect  observed  for  the  states 
associated  with  the  ipa  orbital  is  attributable  in  part  to  its  pene¬ 
trating  properties  (Ref.  1). 


Fig.  1.  Birge-Sponer  extrapolation  for  the  3pa,  e*2,+  state  of 
He2. 

values.  Similar  behavior  is  already  well  known  for  the 
ns  and  npi r  series,  except  that  the  observed  AGj  and 
B,  values  decrease  with  increasing  n  and  approach  the 
asymptotic  He2+  values  from  above,  the  Rydberg  elec¬ 
tron-core  interaction  for  these  series  resulting  in  Ryd¬ 
berg  states  which  are  slightly  more  bonding  than  the 
He2+  core. 

Another  result  of  the  previous  lack  of  vibrational 
data  was  an  inability  to  obtain  even  a  reasonably  ac¬ 
curate  value  for  the  dissociation  energy  of  He2  by  direct 
means.  Estimates1  of  D„  from  the  relation  o>oV4xmo 
yield  A£=2.6  eV  for  the  a  32„+  state,  but  such  esti¬ 
mates  are  at  best  only  very  approximate.  In  addition, 
it  should  be  noted  that  there  has  been  a  major  objection 
to  a  value  as  high  as  2.6  eV,  since  this  requires  that  the 
dissociation  energy  for  He2+  be  about  3.1  eV,  which 
is  1  eV  higher  than  the  currently  accepted  theoretical 
values.11  With  the  more  extended  vibrational  data 
given  in  Tables  IV  and  V,  one  can  attempt  better 
estimates.  At  present,  the  most  advantageous  case 
seems  to  be  that  of  the  c  32„+  state,  the  Birge-Sponer 
extrapolation  for  this  state  being  reasonably  short,  as 
can  be  seen  in  Fig.  1.  In  this  figure,  the  “most  likely” 
extrapolation  yields  an  apparent  dissociation  energy 
for  the  c  32„+  state  of  about  7400  cm-1.  The  energy 
given  by  Area  A",  the  difference  between  a  linear 
extrapolation  of  the  last  two  experimental  values  and 
the  “most  likely”  curve,  can  be  used  as  a  reasonable 
estimate  of  the  error,  while  Area  A  corresponds  to  the 
energy  of  the  last  observed  vibrational  level.  Since 
the  a  32*+  state  should  dissociate  into  the  same  atomic 
terms  as  the  c  32„+  state1  (i.e.,  Is2$,  ’A'+lr1,  •£),  one 
obtains  from  Fig.  1  and  Table  VI,  an  apparent  dis- 

“  P.  C.  Reagan,  J.  C.  Browne,  and  F.  A.  Matsen,  J.  Am.  Chcm. 
Soc.  84,  2650  (1962).  See  also  Ref.  13,  Footnote  9. 
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Fio.  2.  Dissociation  scheme  for  the  lower  electronic  states  of  Het. 
The  relative  positions  of  the  s-0  levels  of  the  lower  electronic 
states  of  He*  are  taken  from  Table  39,  Ref.  2,  and  from  the  pre¬ 
sent  work.  The  apparent  dissociation  energy  of  the  c  *Z„+  state 
has  been  employed  in  estimating  the  relative  positions  of  the 
molecular  states  and  atomic  term  limits,  and  the  correlations 
made  assuming  the  validity  of  the  noncrossing  rule. 


sociation  energy  of  2.2(±0.1|  eV  for  the  a  32„+  state. 
This  is  still  about  0.7  eV  above  a  value  necessary  for 
agreement  with  the  theoretical  calculations  on  He2+; 
however,  even  if  one  uses  the  energy  corresponding 
to  the  last  observed  vibrational  level  in  Fig.  1  (which 
certainly  must  be  above  the  lowest  limit  possible  since 
rotational  levels  are  known  to  2V>  13  in  ®=4),  the 
resulting  A  for  the  a  32«+  state  would  be  only  about 
0.3  eV  lower  than  the  “best  value.”  Thus,  one  is  led 
to  the  conclusion  that  either  the  theoretical  dissociation 
energy  for  He2+  is  too  low  or  the  potential  curves  for 
the  states  associated  with  the  3jxr  UAO  exhibit  rather 
high  and  broad  potential  maxima. 

Because  of  the  possibility  of  peculiarities  in  the  po¬ 
tential  energy  -urves  for  the  c  *2,+  state,  considerable 
effort  has  been  made  (1)  to  extend  the  existing  vi¬ 
brational  data  and  (2)  to  extend  the  rotational  analysis 
in  the  hope  of  unambiguously  identifying  predissocia¬ 
tion  phenomena.  As  yet,  neither  effort  has  been  suc¬ 
cessful  enough  to  warrant  discussion  here.  It  should 
be  noted,  however,  that  the  lack  of  success  in  extension 
of  the  vibrational  analysis  is  somewhat  striking  since 
the  weaker  transition  C  12,+— *A  12«+  has  been  extended 
to  ®'=5  (compare  Tables  IV  and  V),  and  this  feature 
together  with  the  behavior  of  the  observed  molecular 
constants  suggests  rather  strongly  that  the  c  *2,+  state 
predissociates  by  ®'=5  or  6. 

Using  the  apparent  dissociation  limit  of  the  c  ,2„+ 


to  fix  the  lr2^,  ••S+li*,  lS  term  limit,  one  can  esti¬ 
mate  the  positions  of  the  molecular  states  of  Hej  rela¬ 
tive  to  the  known  atomic  terms,  as  shown  in  Fig.  2. 
As  is  obvious  from  Fig.  2,  all  of  the  excited  states  of 
He2  should  be  intrinsically  stable.  This  feature  should 
remain  even  in  the  event  that  a  rather  high  maximum 
exists  in  the  3pa,  320+  potential  curve,  since  one  would 
expect  a  similar  maximum  in  the  4^<r,  *2,+  potential 
curve.1* 

In  a  recent  paper,1*  Mulliken  has  postulated  the 
existence  of  rather  high  and  broad  potential  maxima 
in  a  number  of  electronic  states  of  He2;  in  particular, 
the  states  associated  with  the  3 pa,  3d<r,  3dr,  and  4 fa 
Rydberg  MO’s  (as  well  as  their  higher  »-value  homo¬ 
logs)  .  Such  considerations  are  compatible  with  the  data 
presented  here,  although,  as  pointed  out  above,  the 
experimental  results  would  also  be  consistent  with  a 
higher  value  of  A  for  He2+  than  is  accepted  currently . 
It  is  interesting  to  note,  however,  that  present  studies 
of  transitions  involving  the  3d  complex  (i.e.,  especially 
the  triplet  members  3d<r,  *2»+,  3dr,  *11.,  and  3dS,  *A») 
show  that  these  states  are  more  stable  than  expected 
from  Fig.  2.  In  particular,  the  3dx,  *11.  state  has  vi¬ 
brational  levels  which  are  quite  stable  at  least  through 
v=3,  a  level  which  is  approximately  equal  to  the  energy 
of  the  1j2^,  lP+  li2,  lS  term  limit,  if  the  A(o  *2,+) 
estimated  from  the  c  *2e+  state  is  valid,  and  which 
would  be  considerably  above  this  limit,  if  one  uses  the 
current  A  value  for  He2+  as  a  basis.  In  fact,  the  general 
behavior  of  the  3dr,  ’II.  state  is  that  of  a  state  tending 
to  dissociate  into  a  much  higher  term  limit  than  is 
indicated  in  Fig.  2.  Such  a  situation  requires  that  either 
there  is  a  high  maximum  (intrinsic  or  produced  by 
avoided  crossing)  in  the  potential  curve  for  this  state 
or  there  must  be  a  violation  of  the  avoided  crossing 
rule.  Presently,  the  experimental  evidence  cannot  dis¬ 
tinguish  between  the  two  alternatives,  although  the 
theoretical  considerations1’  make  the  former  seem  more 
plausible. 
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